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PRKFACF 


Tins Text -hook of ICJomentarv Mensuralio(f is intended 
to* neet tin* iio^ds Af I wo classes of learners. It. ace, ** r, ’n«j]y 
inclines a first an 1 second* course The Tirst course |»ift> 
'Tides for those w hose knowing* of (1 comet rv i# eon tint (1 
t to Kuelid’s First l>obk, ami of \Wln*i, to tin*, ffteumn" of 

ii It 

the simplest, symbols* while m (lie second* ^ourse some¬ 
what. more ditlienlt, questions air ojl‘ered,to students* vfho 
have maslend the Sixtli Book of Kuelid, liei e aitanird 
some facility,in all ordinary alnelnaie.il /ladhods as far as 

tlu‘ I>ilionr#M Theorem, and have made a held lining w.'A'f’i 
, . • • * t n 
Trigonometry# 1 

The Kxamph*. in 1 lie just rouir-e are therefore of a Wry 
easy Kind, dependin&snerely on the simpler processes of 
Arithmetic. On the other hand the chief object of the 
lusher eoiitse of questions is to leinfof'ee ordinary lessons 
in (JVometiry and Al^hra* (as well as in Arithmetic) # by a 
series of concrete /d Inst rations. 4 Tine/the purpose of the 
hook is not teolxiical. It. is designed lirst of all to*supple¬ 
ment. the ^staple subjects of ah elementary mathematical 
(laming: and for this verson' every opportunity has bOen 



VI PREPACK, 

(J « * . '• . 

of illustrating tl'jft principles of Euclid's Third,'Fourth, 
and Sixth Books by sueL groups of questions as are foiled 
on pages 65, ^2, 9J aiyl «lsewhf-re. At the same time it'is 
hoped that tliis treatment of tfio street w<ll fbe us4ful a? 
.an introduetidli to those student#who may afterward/have 
occasion to study^pract-ical applications of Mensuration in 
works of atuore technical character., *’ 

Proofs of fornmhe have been given or indicated whenever 
,th*/ seemed likely to be intelligible to learners whose 
acquirements fall within the limits above mentioned ; b*t 
it has not been .thought well to trench u|>on*i he ground of 
tlieore(J<(al Solid Geometry. Nor have 1 considered it within 
the scope of a rirst fext-book of ,\Jensu ration to deal with 
the jtwiwverous applications of the “Prinmoidal Formulh” 
and its important practical development. 

•The Examples in the, body of the book are with feit' 
exception/original, Having beeivfram&'l from time to time, 
for the use of rny.pupils in Clifton College. To candidates 
tedding for admjssionjto the ltoyal Military Colleges the 
flfei of 'Miscellaneous Examples 8» be worked" by means of 
Logarithms {Chapter xxm^ will, it is believed, be found a 
rS^uhexerciiL In the specimen examples werked out in 
this chapter I Have been glacl tc^ follow the arrangement of 
logarithmic workfcidopted by my colleague Mr 11. S. Hall 
and the late*l)r Knight in their Klemtyitary Trigonometry— 
particularly in the now general practice of discarding the 
ten frorn^the tabulJtr logarithm of » trigonometrical ratio 
befoj-e Imploying ii in calculation. To Mr Hall also I 
am indebted for sftne df 1 the rfuestioikf to be solved by 
logarithms. 

The formula; of Elejieiftary Mensuration* are collected 
foLreference and revision in Chapter xxiv, and are followed 
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^b y aa exercise eonfestmg yf questions fselected from recefrt 
examination papers. 

I h'a^e-to thank my colleague’ Mr M. U Play ne for 
kindly sverifywg*a number of examples in Part II. 

b\ H. HTEVENS. 

*» ) 

Clifton Cojj.kok, 

November , i^95. 



NOTH . 

* .* 

gPN the Weight of a given Volume of Water and the 
(Capacity of the (Alt, on. 

* 

Tn the examples of Part II the usually accepted stnndan] 
(fixed Act of Parliament untfi the year 1878) has bwjji 
retained. 'fids' givcf the weight oj; 1 cubic uieh of distilled 
watej;.%i 252*458 grains, and the weight of *L euhie foot of Waiter 
997*137 ojs. Av. ; and by ephsequer^o it determines the 
capacity £>( one gallon (10 11^. A\f of distilled water) as 277 254 
cubic incites.* 

These result* vary* to sorar extent according to «tfie methods 
ayd instrum&fts ifsed. The latest determination (wlpch has not 
Jipt^rl895—^received legal sanction) gives 252 286 grains as the 
weight of Cne cubic inch of distilled water %t flic temperature 
62° Fahrenheit, barometer at 30 inches. Under Jdus deterniina- 
«, cubic loot of water weighs 996*458 oz. A\*j*and 1 gallon 
columns 277*463 cubic inches. 
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the" MENSURATION OF PLANE FIGURES. 

• . 


•CHAPTER I. 

• 

INTRODUCTORY. # . 

# • 

1. The object of Mensuration is to iiitfl th^lengtWk of 
Nines, the area t>f Surfaces and t he volume of sc#id figures 

by means of* given rules and formula’. • • • 

* » 

2. It is^not necessarily within the scope of an #le 
mentary text-b#ok on Mensuration to prove, the rulesrivnd 
formuhe by which it. works: these are derive# from Geometi*, 
Trigonometry, and oth^p branches of theoretical mathe¬ 
matic* Mensuration * teaches their Vse and practical 
applicatjpn. 

3. Tn stating and applying the rules of Mensuratjon 
we shall assume that the l^giimenlia#* knowledge of so 
much AJgebrw as will enable him to uiylerstnnd the meaning 
of a simple formula. In addition to this he is expected to 
have read the first Book of Euclid. *The methods by which 
he will worlt will depend (in the elementary course) on the 
ordinary mles of Arithmetic*especialij the rules of decimals; 

s. B. ft. 



» 

2 , JLBHENTAKY MMlSCRATlOS. |t : [cHAf. 

flr.d in particular Up \s stftfagly aifisil to acquire %t the 
outset the practice of Contrafi&d, Multiplication an d'pivii* 
sion t -which (le should' invariably use where approximate 
results are required. * c * 

4. ThesV, methods we will ‘-.xpfhin by examples . 1 


CoNTUAQTBD MULTIPLICATION. 


*v?zmb 

26*146 


Example i. Multiply 3*680456 n by 2">* 14( l >J, the result being 
, *cquired true to three places of deoimals. r 

1 Arrange the decimals one under the other so that the decimal 
points may be in a ‘.‘ertical column. As the result is to be true to 
three places , it ie necessary to retain four decimal figures at each stage 
of the N&ork. r 

Draw a fv. ucal lint, after the third decimal figure. We shall begin 
the multiplication with the left -hand figure of the multiplier, that is 
with the 2, and wor’- from left to right, but lefore doing so, we erase 
all decimal figures of the multiplicand beyond the fifth. For since to 
multiply by - in the tens’ place is in reality to 
multiply by 20, the result of each figure must 
be written one pia. to the left of its natural 
position, the decimal point bein'* kept in the 
same column as those above it. It will be seen 
then, as only four decimal figures are to be 
retained in the work, that we require (in thifi 
case) only five decimal aigures in the multi- 
. plicand. 

It should be noted, however, that in begin¬ 
ning to multiply at the fifth decimal figure of 
' the multiplicand, wt musUcarry to the result 

the number which would have been carried if 
the remai: ing figures 69 had not been eraseef; thus the right-hand 
figure in the first line ( of the work is I (»?t 0). @ 

Now cross out in the multiplicand the ne^t figure 6 on tffe right, 
and multiply through by the next figure 5 of the jnultfplier, this 
time (af the multiplying figure is t in the units’ place) writing each 
result under the figure t from which it is derived. * 

C r 

Again, cross out the next figure bn the right in ihe multiplicand, 
and multiply through by the next figure 1 of the multiplift, ranging 
the result one place to the right. Continue this jgooess until all the 
figures in the multiplies*! are 'crossed out, or all % figures in the 
multiplier are exhausted. Then add, retaining three decimal places in 
Ine product. 




3 


h] ‘ CONTRACTED MULTIPLICATION 0» DgC^MALS. 

Exdihplf ii. Multiply ^06^30166465 -^28566^83, retaining 

Result true to four placis of decimals. * • 


• 

4-wim 

•0&5 

o’lc: 

654^3 

IFfiRio 

3 

•8504 

1 

•0531 

5 

•0063 

« 

•0005 

3 

•0000 4 

•#0365:4 


Note (D At each stage o/ the work Jive 
figures areVretainfd* Ti*e lir#t multiplying 
figule 2 tffeing in the hundredths’ place, the 
result is written two places to |he right, thus 
three decimal figures pnly are’ retained in the 
multiplicand. 

(ii) In carrying to the first figure in the 
second line 8 is counted as 10; in the fourth 
line 18 is counted as 20. # 

i iiii) Had tho fifth decimal figure in tl^ 
ircxJwct exceeded 5, in rejecting it we should 
iave added one to the frjprth decimal figure. 


EXAMPLES. I. A* 

• • 

On Contract Multiplication of Decimals. 

9 1. Multiply 3‘2508Lfft\y 4*556281, gifjng your'V^ult true 
to three decflnal places. • • • 

2. Find*the square of 3*14159 to tTiree places of decimal* 

• o • • • 

3. Multiply Sof-06085016 by *000853421, giving a^esult true 

to four decimal places. * * * 

4 . MqJtipTy £21*6824$ toy *13406, and give your result tjue 

to the nearest penny. • • 

5. Find to the nearest penny the value of tfc030<h& % 

£7. 8*. 2| d. # 

Contracted‘Division &p Decimals. • # 

5. Definition. The figures of* a ntmber or decimal, 
other th^in OVstanding at the beginning or end, are called 

significant figures? . 

For example in 27080900, 2708*C&, and *000270809, the 
significant figures in each c«fee are 2, J, 0, 8, 0, 9. 
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[CHAT. 


' -I 

Cn, Example i. \lt is rqjpfyred t<r divide 7&<488p6245 by 3 -20(&()25, the 
quotient to be correct 1 1 two decimal<places. » r , 


First determine by inspection tyow many integral figures»there will 
be in the quotient** In tf.is catfo there will clearly be tyvo integral 
figures. And as two decimal figures are‘required, it follow^ that* we 
have to find the first four significant figifces of the qfiotient. r f 

Itetain in the divisor Jive figures (including the integer); that is to 
say, retain one m&e than the number of significant figures required 
in the qubdent: aud in the dividend retain as many figures as are 
needed to take the first step in the division, in this cas e,jirc. 

Omitting the decimal points, the work will now stand thus: , 

We now proceed with the division in 
the ordinary way, except ^hat at each 
stage, instead of bridging down a new 
figure fropi the dividend, we. cross off' a 
figure from the tight of the divisor, taking 
care, however, on multiplying to make use 
of the figure last crossed off lor the purpose 
of obtaining a canning number. 

Thu.< wo obtain as the quotient the 
figures 2477 : but since it has been already 
determined \lrJ there will be tico integral 
figures, the required result i»24 j 77. c 


32004(70438 

164120 
‘ 15 s * 1 6 

2485 
2244 
241 
. 2241 


247? 


, ( (Example ii. Divide •026289475^7 by 3-0685, the result to be correct 
to etyht deiimal places. a *r 


3068500 2&189475 856753 
24548000 


1741475 

15342F9 


207225 

184110 


23115 

21478 

16C6 

1534 

102 

92 


Here we see at once /by moving for- 
*u ward the decimal point the same num¬ 
ber of places pi divifkw and dividend) 
that there will be Jwo 0’S before the 
first‘'significant figure in the quotient. 
Hence to make up the required eight 
places of decimals we have to findP«fa 
significant figures. 0 

This makes it necessary to retain 
seven figures in the dfVisor, which is 
done cn tl^is case by adding two 0’s. It 
will be noticed that the first step in 
the division requires eight significant 
figures in the dividend *» 

The decimal points as before are 
ofnitted iu the numerical work. 


Ihus the required result; is -00856753. 



' •CONTRACTED DiyiSJON OP DBCIM *’ « 


EXAMPLES. J. B* 

;• •. . 

On Contract®!) Division. 

* . . 

1. Divide 286*34805 by 5-300816G, giving tlio result true to 

two places of decimals. 0 

’ • 

2. Divide •0009477824 by -04609508, giving the result correct 

to five places of decftaals. • • 

• • ' 4 # 

3 . Find the first seveft decimal figures in the quotient, when* 

•019824826 if dialed by 43-06. • 

• * 

( 4. Find correct to live decimal places tin; vulu£ of , 

1 -* 3-14159. 

* * • 

6. Find correct to four decimal places the v;*lue of 

230-405 X -0028054 
"4*082 


6. Tl*c following TablSs are those chiefly used in Plgne 
Mensuration. 


( 1. Length of Sines, or Linear«Measure. 

12«inehes= 1 foot, • 

3.fee* = 1 yard, 

5i yaifids = 1 foie, * 

* »!! - 1 fuylong, 

r 220 yards/ . * * 

8 furlongsl , 

1760 yal}"."‘t- 



A ’ ELEMENTARY MENSURATION. ' [CHAP. t. 
r. , ( 1 ' i «** 

II. The Area of Surfaces, or Sjuare Measure. 

144 square inches - 1 squarb foot, , 

9 square feet , - 1 square yard,' *- 
a 30£ square yards == 1 square pole, 

40 square poles 1 rood, 

4 roods or 1 

4840 square yards) * ' lUe ' 


In the practice of Land-Surveying, wh^ch is the most 
important application of plane mensuration, distances are 
measured by a chain (known as Gunter’s Chain). Tins in- 
struuedt jg.|22 yards in length', and consists of 100 litres. 
The length of each link is tlvprefore a little less than 
8 inches (7'92 inches). * i, * 

Thus 2*2 yards’- l chain, 

/*■ (22) 2 , or '84, square yard, 1 square chain. 

, « 

But 4840 square yards - 1 acre. 

» 

1 .*. 10 square chains 1 acre. 

. t t 

Similarly, since 100 links = 1 chain, 

(109) a , or 10000® square links 1 square chain. 

.'. 100000 fquare^inks = 1 ^cre. • 

Thu^.squarc chains are converted info acres by dividing 
by 10, or moving the decimal poin^me place to the left. 0 

For example. 342*5 sq. chains - 34*25, or 34J % acres. 

, V u - • 

t ' And square links are converted^into acres by dividing by 
1000Q0, or moving' the, decimal gjoint five places to the left. 

For example, 698245 square links = $ *9^245 afires. 



CHAPTER II. 


THE SIDES OF A rAhT-ANGLED TKIANutfK. 


S*n 


* 7. The object of this chapter is t# shew how tp line! 
file lengtli of a side of a right-angled triangle, when the 
lengths of the other two silles are known. 

If ABC is a triangle right-angled at 
C, 'the square on the hypotenuse AB is « 
equal to the sum of ihe squares on BC, 
j*Kuc, I. 47.] 


Or, 


AB' = BC't* 0A a . 



Thus if B?, CA, AB contain «,*6, and c 
units of length respectively, then • 

• .'. c~- Ja? + 6 s . ^ 

8. Qiveri the fongths*of theitwo sides including t/^e right 
angle, to find the length of tide hypotenuse. * 

9 Example i. In a right-angled triangle the lengths of4he sides Th- 
cluding the right angle are Jbspeetively U yardg and 18 yds. 2 ft. Find 
the ldfVgth of the hypotenuse. 

Here* * « = 11 vartla = 33fe<tf) D * . . « 

3 = 18yd»,2f..=56fcot} 

And r s =a J + & 2 ♦. = (83)=*-f (66)^ 


*=1089 + 3186 = 4225. 
.• c 


=^4226 =65 feet* 



IjJJSMENTARY MENSURATION. [CHAR 

•..Example ii. A’he tW.o gides containing th^ right angle mqjtsure 
! chains 31 links and 1 chain 60 links respectively: find the length of f ' 
he hypotenuse. • 

t 

Here * a=0 chain's 31 lifiks = 2-31 chains,) / 

, , , . , „ r ' , . r) Required c. 

5=1 chain 60 hnks = l-6 fc chains ,) h } 

e 2 =a 3 + t 6 2 * 

4, (2-31) 2 + (l'C) 3 

= 5-3361+ 2-56 = 7-8961. 

r.=JT-mi 

= 2-81 chains=2 chains ',81 links. 

* 1 

♦ • If 

9. In a right-angled triangle, given th*f lengths of the 9 
hypotenuse and of one side , to jk id the length of the other 
side. ° •-* * < 

With the notation of Art. 7, it has U;en shewn that 
c* a 2 -hb\ 
f< a 2 = c 2 - b J p ■ 
a -'Jc’ — b' 1 . 


, Example. , The hypotenuse of a right-angled triangle is 16 ft. Sin. « 
and on* aiders 8 ft. 8 in.; find the other side. 1 ' 


Here 1 


c = 15 f*t. 5 in. = 1,85 inches; 1 
6= 8 ft. 8 in. = 104c inches,,) 
a 3 =c 2 - 5 9 =(185) 3 - (L04) 2 


Required u ff/ 


= 34225 -10816=23409. 

r 

.-. a =^23409=153 inches 


= 12 ft. 9 in. 

Wote. The numerical work in thih example may bq abridged by 
the dse of factors. «* •• , 

Thus « 9 =c?-5 2 =(c + &)(c-&) o * 

t = (185 +104) (186 - 104) 

c =289 x81 = 17 2 x9 2 
a=J.7 x 9 = 153. 



II.] SIDES OF A°RIGHT-ANGLED TRIANGLE. 9 

* r V 

U). The relation between*fihe svdefof a°square, and 32s 
* dyigvnal. 


At is £t (fiagonah * 

* • 0 . 

Ldt each side contain *u units of 

length, and the diagonal d units. Then 
ABC is a yght-angled triangle. 

ac 2 =ab 2 + bc 9 , 

f • 

or d 9 = a 2 + <f - -d l ; 

„ / 

2 * 

jliagoncd -- side x J'l 

1 



Hence 
That is, 


'{“)• 

«> 


,side*= - diagonal x ^2 •••• - •_(* *)• 

• •! 

Note. The value of ^/2 to five places of dewmalg is 1-41421. 

i 


Example i. The side of a square is 92 p. 1 yd. 2 ft.; find to the 
nearest foot the length of its diagonal. 1 f , 

• • i\m2 


Here a = 22 p. 1yd. 2 ft. = 368 feet. 

diagonab^nule x J 2 

• »3g8x 1-41421 fee| 

— 520 feet, nearly. 


3G8- 
424*2 G 
84-8,5 
11*3 11 
520*4! 


Exgniple ii. The diagonal of a square measures 17 chains 32 links; 
find to the nearest link, the length of its side. 


Side of square =:-j~ diagonal* 

CD (-* 

cr> i4- 

05 >-* 

9 = * Xn /2 x 17*32 chains 

11-31 

■84 

%= 1-41421 x 8-66 chains 

*08 

= 12*26 nearly 

12-24 

= 12 chains 26 finks* 
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f ‘t V f r 

'r *11. Somd questions cOfinectect- wifih the sides’^f 
right-angled triangle 'are solved By algebraical equation?. 

Example. TKe hjrpoteniye of a r fight-angled triangle is*29ieet, and 
the sum of the two sides* containing the right angle is 41 f#.e$, Fij)d 
the sides. f - 

With the notation of’Art. 7 we have 

* c = 29, and a+6=41. 

•. c* 2 =841. 

c*=a*+U i . 3 Euc. i. 4^. 

a*+fc*=841 • .(i), 

•• a +b ~ 41 .f .....(iij. 

f F 

Solving the equations (i) and (ii) by the ordinary algebraical method 
we find" • r " 

a—21, or 20 j ^Result, 21 feet and 20 feet. 
6 =20, or 21.5 . !. . . .. 


Bat 

t 

and 


EXAMTi.ES. II. A. 

f 

V On »the Sides of a Riof/r-A ngled Triangle,. 

*< • • 

, 4 [.Elementary Course.'] 

1. Find fhe hypotenuse of a right-angled triahgle in which 
the,sides containing the rightf an^le measure respectively 

(i) 15 fe^t and 8* feet; 

(ii) 35 feet «yid 12 feet; 

(iii) 4 feet and 1 ft. 2 in.; 

(if) o yds. 2 ft. and 7 yards ; 

(v) 4 chainS &0 lfnks and,! chain 40 links ; 

« 

(vi) 350 links and 120 links ; 

(vii) 3 p. 2 yds. 0 ft. 6 in. and 2 poles ; 

(viii) 2 p. 1 yd. ard 4 y. 3 ^ds. 2 ft. 



u 




nj 


THE SIDES OP Jt RIGHT-ANGLED TRIANGLE. 

' ; / 


' t | <> - 

#. Find the r^mafhing siae of a nght-angled triangle'in 
jvhick the hypotenuse and <)ne of the sides including the right 
angle ^retrospectively f * 

ti (i) ' 29 feet and 20 ft**£; 

%> ^ii) $5 inches acid 3|5 inches ; 

(iii) 5 ft. 5 in. and 4 ft. 8 in.; 

(ivj 32 yds. 1 ft and 24 yds.; 


(v) 2 chains 41 links and 1 cha 

f t . . v 

(vi) 10 chains 90 links and 0 chains ; 

i 

(vii) 2^p. 5 yds. 2 ft. and 2 p. 5 yds. 

3. A\i(Jd£r whoso foot is placed on the ground 36 feet from 
* the front of a house reaches to a window at a height of 48 feet : 
•wliat is the length of the ladder ? * 


, 4 . If a ship saijs 168.miles due North and then 95 miles due 
East, how far will it be from its starting pdint ? 

* 

. ^ 5. A boat making 12 knots aji hour steams for 3 hours due 

South and 4 hours due ]Yest. How far is jt then from^iS starting 

• point* * , * * * 


6. Find to two places of decimals the diagonal of a square 

whose side is 18 feet. * 

7. Find to tfte nearest link the diagonqj of a square whose 

side is 5 chains 11 links. * f ' 


8. Two* ships Are ol*erved«from a signal-station to bear 
respectively N*E., 15 miles distant, and N.W., 8 miles distant. 
How far are they apart 1 ^ 

• 9 . A ladder 29 feet, long is placed so as to reach a point in 

thetfront of a house 21 feet above tlie ground : how far is its foot 
from the house ? • 

10. A balloon at an altitude 1680 feet is 1930 feet distant 
from the pftint from wfiich it asceqdeth * How far has it 3 been 
drifted by thp wind ? ’ 


11 . ABC is a triangle, and from A a^perpendicular AD is drawn 
to the base^Bd. $ 

If AD m 12 inches, BC = S$ inches, and BD=» 9 inches : find the 
lengths ®f AB and AC. 



Given AB = f>inches, B D=3 indhc 
the lengths of AD aiftl DC. 


12 -EIEMENTARV MENSURATION. fcHAP. 

• % 5 • 

lft. ABC is a tfiangllj and froft A a pefpenjlieular AD # is dmwn 
to the base BC. # • # 

, and AC «= 6§ inched Find 

. # *• » 

13. A vessel on leaving port sa$s dhe North ior 5 hoars at 
*the rate of 6 miles an hour, and then due East for 8 hours at the 

rate of 5 miles ant hour. How long would she take to return 
to port, if sfcv sailed in a direct lino at the rate of 10 miles an 
hour ? 

. • / 

14. A vessel making for a port 20 miles distant roaches it # in 

‘"Amours by sailing for half this time lue East at the rate of 
8 miles per hour, aiu^ for the rest due North. At vyjiat sped! 
must she have sailed Northward I 


* EXAMPLES, ill. B. 

« * 

.On the Sjdes of a Right-Angled _ 

« 

« 

# [Higher Course.]* * 

^$ide aittt diagonal of a square.) 

• • 

# 1.*« Find Jo th£ nearest foot th§ diagonal of a square whose 
side is # p. 4ryds. 2 feet. • • 

2. bind in feet correct two places of decimals the side of 
a square 1 whose"diagonal is lOOJeet. f # '•* 

A ladder, 40 feet in length, Veache:. to a Window which is 
as Jiigh above tho §round as the foot of the* ladder is distant 

# from the hof*se. Find tho height of the window to the nearest 

inch. • * • 

4. Find to the nearest link the sidqof a square#field whose 

* diagonal itS'chains 12 linkl. # 

. • • 

5. A.inan takes 3%ftinmtes to walk round a square enclosure 
*at the rate of 4 miles ap hour. Find to the nearest ftpt the 

length of the diagonal. • 

• • 

6. A man walks diagonally from corner to corner«of a square 
enclosure in minutes at the rate pf 3 miles an hour: find to 
the nearest inch the lengif* of a*side. 
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II.] THE SIDES or X right-angled' jrianglk. 

% 2 {Qqometriccd* Question*.) ? 

* . *7. A man travels 20 miles due North, then 15 miles due 

East, finely 28 miles due Soij^h ; what is the (^stance from his 
starting, point ? ’ 

• ‘ • • 

8^ *A num travelled 10 miles due North, a certain distance** 
due East, and finally 31 milks due South. If his distance from* 
home was then 29 miles, how far did he travel duo East l » 

9. AtJC is a triangle, and from A a perpend icuhft* *AD is drawn 
to the base BC. y 

Given AB = 17 feet, AC = 2?) feet, and AD=15 feet. Find BC. 

# 10- ABC is a triangle, and from A a perpendicular AD is dra\?n 
to the bar? BC. ' 

• If AB =37 feet, AC-20 feet, and AD = 12 fefit; find BC. 

• 11. In the quadrilateral ABCD, the angles AE-^, ADC are right 
angles; also AB -12 feet, BO = 5 feet, and CD —112 feet. Find AD. 

12. A ladder 50 feet long is placed so as to reach a window 
48 feet high, and on -Aiming |he ladder over to the other’side of 

^4he street, it reaches a point 14 foet high. Find the ])r^ adth of 
the street. ^ • .r 

• , 

13. A ladder 85 feet long is placed si> as td reach a window 
77 feet high. Find how high the ladder would reach on being 
turned over to the opposite side of the street, »the breadth the 

1 street being 114* f*et. , ■> 

14. A nian walking 4 miles an hour* travels 12 lAilea due 

North, 10 rtyl^s due East, and again 12 miles due* North. If he 
returns his starting potnt in .* direct line, how long will, the 
whole journey ttike him 5 • ** 

15. If it costs* £5. 12 s. to fence in a square erplosure, nhd 
to the nearest penny th|> cost of running^, fence from corner to 
corflkr (diagonally). 

16. *Tf a^uan walk fr#m corner to*cornerV a square,enclosure n 

in 5^ minutes, find to thg nearest second how long he would take 
to walk rourtd it. • • * * 

© * • 

* {Questions requiring Algebraical Equations.) 

17. The hj^otenuse of a right-angfed triangle is 55 feet, and 
the length df one of the sides containing the right angle is £ of 
the othej. Find the two sidfes. 
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?8, The hypotenuse of a right-angled triangle is 52 inches, 
and one df the sides is ^ of the other. Fina the two sides. 

19. In a rigjit-aqglec^ triangle bne of the sides confining the 
right angle is 6 inches, and the h, potenuee is double of tb. other 
side. Find the length of this side in inches to 4wo pCages of 

“■ decimals. 8 

20. In right-angled triangle one of the sides containing the 

right angle is 12 inches, and the hypotenuse is five Times the 
other siae. Find tho hypotenuse to the nca-est hundredth of 
an inch. * v J 

l 

w 21. The hypotenuse of a right-angled triangle is 13 feet, ar.d 
the sum of the sides containing the right angle is VJ feet: find 
the length of the&e sides. 

22. The h)potenui& of a right-angled triangle is 17 feet, and 
the difference of the sides containing the right angle is 7 feet: 
find the length of th~se sides. 


CHAPTER III. 

TH^ area' of the rectangle ano square. 


„ . SECTION I. 

• t • 

JL2. If the number of linear writs in the ^length of a 
rectangle is multiplied bfy the number of linear units in its 
breadth , the product gives the number of % units of‘square 
measure in its area. u « 

For example, if a rectangle is 5 feet long and 4. feet 
wi#e, the area is 5 x 4*(or 2p) stjuare feet. 
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III.] THIS REOTaNGLE AND SQUARE., 

- A) 

Xhe reason of tihis may be’thus shewn. ’ 



- Let ABCD represent a rect¬ 
angle whb?e length AB is '8 feet;* 
add whose breadth BC is 4 
’t i ( 

Divide AB into five equal parts, 
and BC into four equal parts ; and 
through the points of division in 
each line draw straight lines parallel 
to the other. », 



*The rectangle ABCl) is now divided into a number eg 
eot»partni|ntsf each of which represents the square on a 
side of one fjxft, that is, a square foot. Now in the whole 
rectangle there are four rws each containing these 

squares; hence the rectangle contains 3x4 pir 20) square 

feet. 1 

» 

Thus if there arty a linear units in the length oj a rect- 
igle and b linear units in its breadth, then its area contains 
ab units of square meqmre. » • ,4 

• • $ 

And if there are a linear unfits in the side of a. square, its 

area contains a x a, or a B , units of ignore measure. 

• • * • * » 

These stat^hients may be abridged by saying*that? 

* * * * 


tlm^rea of a rectangle — length x breadth .«. (i), 

@ * * * 

the Urea of a squmre - (side) 2 .(*/• 


* Example i. A rectangq^ftr an a is R yds. ^ft. long and 8 yds. 2 ft. 
broad* find its area. 

Here • the lcngtlft= f» yds. 1 ft. fc lfi feet, 

’ the breadth = 8 yds. 2 ft. *11 fe#t; 

. yie area = 16 x 11 square feet 
= 17<> square ft* 


= lSPsq. .^ds. 5 -q. It. 
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9 Example ii. The side of a s^oftre field fnealures 6 chains 76 links. 
Find its area in acres, roods, and poler,. « ® 

Here e ach side = 6 chain%75 links = 6-76 chains « 

th#area=(6-75)i^^uare chains ' < 

= 46*5625 8<^uareK-hains = 4*55625 a£r$s 
= 4 ac. 2 r. 0 p. 

Exavipdt fii. A rectangular allotment of ground measures 26 chains 
16 links in length, and its breadth is five-sixths of its length. Find to 
the nearest penny what rent shouldabe paid at tffe rate of £2. 12#. 4 d. 
acre. 

• l 

Here the length—26 chains 16 links—2616 links^ 
the breadth — £ of 2616 links 2180*lii*ks. 

^the ai%a = 2616 x 2180 Rquare links 

« 

= 6702880 square links = 57’0288 acres. 

The rent of 57*0288 acres at 1)2.12#. id. %n acre. 



1X17*0288 

• 

% 

• * * 

114-0576 

1 #«. = ££ 

28 5144 

2#.- \ of 10#. 

' 5-7021) 

, id. — | of 2#. j 



bxamAes. 'hi. a. 

On € the Rectangle and Square. 

• % 

[Elementary Course.'] 

9 (Given the length nnd breadth* to find the atea.) 

• « 

• . , • « 

1. .Find the artuk <>& the following rectangles, giving the 
results in square feet:— * 

(i) Length 3 ydij 2 ft., breadth 1 yarcf l^t. 

(ii) Length 6 yds* 1 ft., breadth 2 yds. 2 ft. • 

(iii) Length 5 yd% 2 ft^3 in*, breadth 2 yds. 1 6 in. 
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2. ‘*ifind the areas of*the fotlowing*rectanpjTes, giving tlfb 

Jtesultfj in acres :— * • 

( 1 ) • length 20 chains, breadth 1 . r uchains. • 

• * *. # * 

* (ii)* Length $5 chains, biH* Hh 5 chains. 

(id)* Length 20 chains, breadth 8 chains 2ft liffks. 

(iv) Length 1215 links, breadth 10 10 links. 

(v) Length 90 yards, breadtl^ 4 chains 20 links* * 

3. Kind the arejf^ of the folbyving square#:— . 

• (i) Length of eacl| side 4 ft. 3 in.’ give the result in^ 

m square feet and square inches. 

(ii) f^ngtlft of each side 880 yards : givt; the result in 
• acres. # 

* (iii) Length of each side 11 chains*30 lin&s : give the 
result in acres. * 

(iv) Length of*each side 225 links: Jiv^ the result* in 
roods and foies. * 

9 (v) Length of each side 21 chains^75 links; ^.*rtPthe 
• result in acres, roods and poles: ' # 

4. A rectangular field is 23 chains fei length, aftd'it is one- 

fourth jus widft as it is long : what is its acreage ?• * # * 

5. Kind the dbstfof paving a rectangular area, whdfcc length 

is 40 yards and breadth 33 yards 1 foot, at<)»? rate of 3(7. per 
square foot. • • , 

6. Find the cqst of painting a ^ceiling 20 ft. 3 in. long 
, 18 ft. 4 in. wide, at the rate of 1#. 0 <1. per squar^yard. 

?. A rectangular tennjs-ground is 110 yards lonf; and 55 
yards jjide. Find tho expuise of sowing it*with grass-seed, at 
the rate of bushels’to the acre, the price of the seed being 
£l. 1«. 4c/. # perd)ushel. • • % • 

• 

8. The perimeter of a ritpiare is 93 yardsf J foot: find it,s arfa 
in square yards and square feet a 

9. The perimetA' of a square is 17 chains; find its area in 

acres, roods and pftles. • 

• 

10. The perimeter of a square field is 100 chains ; what rei*. 
must be paid for it, at the rate of £'2t lOi.^for one acre ? 
s. e. m. « 
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e * 

(Contracted Multiplication. Approximation.) 

11. Each side of a square measures 23 chains 7 links: tina its 
aim in acres “roods, polos and iFAe nearest square yard. 

lift* 

12. Each side of a square measures 13 chains 28 l.nks : find 
its area in acres, roods, poles and the nearest square yard. 

13. The breadth of a rectangular area is five-sevenths of its 
length, tf the length is 41 chains 23 links, find ita ahea in acres, 
roods, poles, and the nearest square yard. 

p 14. The perimeter of a square field is 7 chains 21 links . find 
'' its area in roods, poles, and tho nearest square yard. 

15. A rectangular allotment of ground is d9 chains 20 links 
in length, and ita width is three-acarters of its length. Find to 
the nearest - niny what rent should bo paid for it, at the rat., of 
£1 an acre. 

16. Each side'of a square plot of ground measures 21 chains 
12 links. Find its area to the nearest square yard ; also find (to 
the nearest penny) the rent at 10s. Grf. per acre. 


SECTION II. 


13. Oiven the area of a rectangle awl • the length of one 
aide,' to fnd the piker side. 


It has been shewn in^ho last section thht* 
the area of a rectangle ' the length x the breadth. 

It follows that. th e length = rr 

the breadth 


and similarly, the breadth 


the a/rea 
thedength ’ 


hut in applying these formulie care must be takeq that the 
linear units and the units of area correspond. Thus an 
area expressed in square feet must be divided by the breadth 
expressed in linea/r feet, the length so obtained being in 
linear feet. ■ , o 
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• • 

*• • • * # • * 

hw-mple 1 . A rectangular area contain# 222 sq. yds. 8 sq. ft., a#d 
*itsj)r$adth is 11 yards \ ft.: fin® its length. * 

Here • the area= 222 sq. ydsjfS sq. ft*=2228 sq. yds , 

• • § • 

• The breadth »= 11yds. Iff* ‘ -111 yards; 

.? The length = 222$ ~lizards —19^ yards* 

—19 yds. 2 ft. • 


Example ii. A rectangular area Contains 4ac. 2r. 9p., and i 
length is 12 chains lA|inks; find breadth 


40 1 9*0 pole s 
• * 12*2 25 roo ds 

4 a^ 2 r. 9 p. = 4*5562.5 acres - 

* . ... 45-5025 , . 

breadth = chains: 

J2-15 


45 *5625 square chains 
= 5*75 chains i 
-3 chains ^5 link-. 


14. Given the, ar$ti of a square , fo jindlhe length of its 

side. * , 

# If there are a lincuA* units in the Side of a* square, it 
has been t#lewn that its area •ontainl a 2 utiits of square 
measure. Jlius if A denote the nuiftbcr of square units in 
# the aree * * * 

a" - A, 


a ~ JAf 

Send the number of linopr *units in the, side is fo^id 
by taldng the square root of the number square units in 
th% area. • 

« * • 

Example. Find td the nearest link the side of a square whose 
area is 6 rfb. 3 «. 4 p. 22 s'q. jgls. % 

• • • 

Express the # area in terznf of acres and thedecimal of an acre. ^ 

Thus 6 ac. 3 r. 4 p. 22 sq. yds. = 6-7f9545f... acres 

* • =67-795464... square ohains. 

Hence the sid#= ^6 7'795464... chains • 

=8-283... chains 

=8 chains 23 linkst(to nearest link). 


2-E-2 
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S&AMPLEo. in. 3. ' 

jFUment&ry Course.] ■ ’ 

U(i * * _ ^ 

{Given the area of a rectangle anf the tengtfi of tyie side, to 
find the other side. 1 

. Given the area of a square to find the length of its side.) 

r, t , . 

1. Find the lengths of ft Hi following rectangles, having given 

that , 

(i) The area is 195 sq. feet, and the breadth is 13 feet. 

(ii) The area is 222 sq. ft., and the breadth is 12 feet 

(iii) Thp area is KMX) sq. yds., and the \?idt.h is 75 feet, 
•qv) The area is 3521 sq. \s’s. K sq. ft., and the breadth is 

rr> 1 yd# 1 ft. 

2. Find the r breadth of the following rectangular fields, 
haVing given that 

(i) The area is 34 a .‘res, and the length is 20 chains. * ' 
(ft) ' The ar«rf is 76i acres, and the length is 3(i(X) links. 

(iii) , J’he acreage, is 3*/‘(5607, and the lengtli is 23 chains 

45 links. «. 

3 . lynd the sides of the following squares, having giveVi 

that* * f f 

(i) JThe area is 28® sq. ft. (Give the resujt in feet.) 

(ii) The area, is 15A sq. yfls. 1 sq. ft. (Givt the result 

in yards and feet.) 

(iii} The ftrea is 2£ acres. ((Jive the result in yards.), 

(iv) The arcto is 19| acres. ((Vive the result in yards.) 

(v) The area is 3(110 acres. ^Give the result in chains.) 

• (Vi) 1 The area is 656T acres. (Give the result in chains.) 

f . v * 

(vii) The artti is 33T24 aefes. (Give the result in links.) 

« t 

4. The area of a square is 169 sq. ft. What is its perimeter 

in feet ? • f 

«• , 

, 5. The area of a square is «22£ acres : find its perimeter in 
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• f • 

•• I • • # , * , 

6. • How long will it lake a man to walk round a^squaie 
.5on£aiping 40 acres, at* the rat£ of four miles an hour '/ 

7. What will it cost to fence*igi a square ten-ao^e field at the 

rate*of ii2. , 12,*. 3c?. per 20 yardsii . # * 

8. «'ffe area of a recftangle is equal to tl#e sflm of three 

squares whose sides arc 18 feet, 19 feet., 20 feet. If otic side of 
the rectangle is 31 ft., find the other side. * 

9. A rectangular field is 3 tnnfs as long as it is wide, and 
its area is 7/r acres : ggud its length and breach in chains. 

10* A rectangular enclosure, 4 times as long as it is wide, >wi 
contains 119 , 025^acres: mid its length and breadth in chains* 
and links. % * 

*11. Kind the length of a rectangular figure whose breadth is 
49*yards, and whose area is equal to that qf a sqimre on ft side 
of 56 yards. • * 

12. Find the length of a rectangular figuift whose breadth is 
4 yds. 1 ft. and whose aJba is equal to that of a Square on a side 
of 30 yds. 1 ft. . 

% 13. It costs £11. 15s. Off. to Hoor a room^vith planking at 8 d. 
]>er square fcot: if the breadth o%the ro<fm is r7 ft. 3 in., find 
the length. • • • 

# 14. The rent of a rectangular plot of ground is £53. 7*.*fe tJ * 
at the rate of 17?. 9d. per acre: if the length is 40 cfcain j find 
the breadth. • •* 

• # 

15. The rdMfof a .square ^ tl lot men t is £8. 3*. 4«., at tlfh rate 
of 8*. Ad. jlbr acre ; find in yardqthff length of each side. ,* 

16. The annual profits derived from a rectangular plot 
ground are £185. 12*. 6</., this being at the rate of £#. 15*. i>er 
acre, Jf its length is three times its breadth, And lioth dimensions 
in chains. 

[Approximation ami. Contracted Division.)’ • . 

. • . a 

17. The area of a rectangular enclosore i#3632'48l37 sq. yds. 
and tlie Jireadtb is 5T2136 yds.: find the length in yards, feet, 
and inches, to the nearest inch. 

• • 

18. A rectangular held has an area 6f 6 ac. 2 r. 18 p. 26 sq. 
yds., and its breadth is 7 chain# 55 links : find the length to tfce 
uearest link. 
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, ‘ , ( < « I 

‘19. A square field contains 14 ac. 3 r. 17 p. 21 sq.-yds.c find 
the length of its side m chains anft links, giving the result- tj*ue\ 
to the nearest link. ’ , , 

20. A rectangular plot of gwvuid is valued, at £58lk '13*. Cd., 
at the rate qf £4(53. 7s. 5d. an aero. the breadth itf G chains 
43 links, find th^Tongth to the nearest link. ‘ 


SECTION lli. 

<» ♦ 

MISCELLANEOUS EXAMPLES ON THE HECTANULfi A_ND SgUABE, 

18 . To find the,area of a square whose diagonal it given. 


Let ABCD be a square, of which i 
AC is a diagonal. v 

each side contain, a units of 
length, And the diagonal d units. Then 
ABC is a rightf-angletl triangle. 

.\‘aC 2 - AB“ + BC 2 , (Art. 7) 
f ‘ or <P - a" + d 1 - 2a 2 .' 



t 1 

But the grea of the square -.« ! = ^ . d?. 

v ‘ , * 

, Hence the area of a square is half the square cm its 
diagonal., * 


• 

Example. The diagonal of a square ih u« mains 50 link*; \ind its - 
area. „ « 

i * 

Here d— 6 chains 59 Xinlyi=f>*& cnains. 

• • i* i 0 

But the area of 8quare=-d 2 =-x(fl*6) 2 square chains 

• 

=21*126 square chaiut 


= 2*1125 acres 
= J2ac.*0r. 18 p. 
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THE RECTANGLE AND SQUARE* 


1^ ’* Questions connected ^ith the fcarpeAing of roon*s 
&re # solved by remefhberingf that the a’rea of the floor is 
equal to,thp area of the strijj of carpet required to cover 
it. 


example, jpina tne cost of cafpet, 30 inches widff, at 4i». 2d. a yard, 
for a room whose length is 20 feet and breadth 18 feet. # 

The area*of the carpet = the area #f the floor 

% = 20 xl$ sq.ft. 

The width of the carpet 130 inches - 2\ feet, 
the length of t^e caipet = 20 x 18^2£ feet 

= 14^ f e: — 18 yards, 
the cost — 4 J 2d. x 48= £10. 

• » 

17. Another typ%of question deals with a rectangular 
sp^ce having a second rectangle # so placed within it as to 
leave a margin of unifor;n width between the two 

* • . • • 

Example. A court-yard 50 feet long hy 42 feet broacUcontains a 

rectangular lawn surrounded by a gravel path of uniform width. If 
e width of the path is 6feet, fi#d the dimension? andtthe area o^ 
e lawn, and the of the path. * • 

» / * 

Let ABQP represent the rectangula* court-yard and EFGH the 
lawn. # • 

• * 

Produce EF both ways to X and Y; 
and produce HG to Z and V. 

ffhen XY = AB=50feet: 
but EXiand FY are each 6 feet; 

• .*. |F = 38 feet. 

Similarly EH = 30 feet. • 

.*. the area of tfte lawn 

? 38x3#=1140sq. ft. * 

Now the path ig made up of the figures AY, ZC, XH, FV; that is,, 
of twice the ngyre AY with twice the figure #(H : hence its area is 

• 2x50x6 + 2x30x0«quare fee^==960s2^ft. 


A_50_ B 
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* *18. We'will now consider a few examples of a some¬ 
what more difficult kind, some of them requiring the solution 
of algebraical equation|. 6 - 1 

.* t 1 . «n .. . 

Example i. The area of a rectangular field*is acrfs, and its 

diagonal is chains. Find the length and breadth. * 


Let a and b denote the length and breadth in chains. 
Then V'bft 2 =(diagonal) 2 =^32*5) 2 square chains 

, = 1050-25 square qh ains .... 

^and ab — area — 37^ acres ^ 

4 = 375 square chains... 9 . 

t 

Solving (i) and (ii) we have ‘ f 

a 4-5-42-5 chains: 


Hence a = 30 chains, 


*' a - b- 17*5 chains. 

» 

and b = 12 chains 50link". 

V 


.(i). 


(*)■ 


Example ii. 'A square and a jectangh* each have a perimeter of 
60 chains, and the difference between th ft ir areas is 10 acres. Finddhe 
diraftTsiqns of the rectangle , 

* 4 

The side of \he square is 1 .Villains; therefore its arf a is (15) a , or 
225 sq. chdnlfe. * 

t ‘Let a and & ‘denote the length and breadth of the rectangle iij 
chains. # • * 

• , 

Then a> bb= 30 # (the semi-perimeter)... .(i), 

and « r 225 - ab = 100 sq. chaing, l ** 

or* ah=125. i.«. * .(ji). 


m Solving (i) and»(ii) by the usual method, 
we have * * a=25 chain^ 

5= 5 chains. 

t Exampie iii. £ path iff uniform wiSth runs rouncl the interior of 
a court-yard 58 feet lopg by 48 feet'broad, and encloses a lawn whose 
area is 222 sq. yds. 2fcq. ft* Find the width of the path. 

See the figure to Art. 17, p. 23. 

Let the path be x fee* wide. 

* • 

Then the dimensions of the lawn are 58 - 2x feet, and 48 - 2x feet. 
• • 

Hence the area of thtf lawn^s (58 - 2x) (48 - 2x) Bq. foe*. 





25 


II*-] 


THE ItECTAI&LE AND 8QCARH 

. • l ' 


• » 1 ' 1. » . 

But by hypothesis the a?ea of the lawn «s 222 sq.*yds. 2 so. ft., or 

.’ 2 (xjo vp ft. r 

•. (58 - 2x) (4£ - 2x)'= 2000, 

or * 2 -r*v+i96=cr. 

. Hence * x—% feel* or 4!) feet. 


Rejecting the last result, since the path cannot be wider than the 
court-yard, wo conclude that the width of the court-yard is^ feet. 

*19. The are\ of an inclined planetmay be. found by 
the *nethod illustrated in the following example. 

• i 

*Example% A fiheet of galvanized iron 50 inches wide is placed 
against the top/>f% wall 0 feet high, while the lower,edge is 5 ft. 5 in. 
ftom the foot of the wall: find the area of the sheet of iron. # 

The length of the sheet i£ evidently the Tiypoteiiwse of a right- 
angled triangle whose sides are 6 feet and 5 ft. 5 m. 

Hence reducing to inch 's, * 

the length = J( 72) J + (?5) 2 =* v /0400 = 07 inches. 

\ the area=97 x oO sq. in. =50 sq. if. €42 sq. in. 

• • 


• •EXAMPLES. III. C. 

MiscEu.AftEp # u£ Exercises on the*Rectangle *nd Square. 
\ElcmcnUtry Course.'] 


(.Diagonals ami A reas.) 


1. Fjnd in square feet the area of a square whose diagonal 

is 8 feet. • • • % # 

2. Find i*i square feet the area of a square whose diagonal 

is 7 yds. 1 ft. • 

3. ftud in sq* poles, sq. yards, and sq. feet the area of a 
square whose diagonal is 6 j>. 2 yds. 1 ftf 


4. The length of a rectangular area is 12 feet, and its diagogal 
ie 16 feet» find its breadth and area. 



26 ELEMENTARY MENSURATION. [CHAP. 

I ' » . , 

( 5. One sida of a 'rectangle 'is 72 feet, and its diagonals 97 
feet: find the other side and the a&a. * 

6. One side of a rectangular lirea is 20 yards* and 'its 'diagonal 
is 36 yds. 1 ft! FiLd the cost o£«paving it at the rate* of 4M. a 
square foot. 


t {Perimeters and Areas.) 

7. lt % t*k s 12 minutes run round a square er.closure at 
the rate ftf miles an hour : wlnit is its acreage '? 

, “ « # « 
u 8. It costs £339. 7s. 0d. to fence in a square enclosure at 
«$2. 11 a 5 d. per 20 yards : what is its Acreage ( 

* f * 

9. How lonjg will it take a man to walk round a square field 
containing 624 acres at the rate of 3 miles an hout*? # 

10. * How itmch wtll it cost to fence in a square field of 14$ 
acres at the rate of £1. 5 a H^. per hozen yards ! 

11. The perimeter of a rectangle is §6 feet: if the length is 

15 feet, find the area. f ^ 

12. Tile cost of forcing in a rectangular field is £13. 7s. 0 d. at ( 

the rate of £l.«2s. 3d.«per 20 yards ; if the field is Slnyards long, 
find its wid'dic < 

« 

’ Cq meripij a rectangular area ieitk tiles, turfs) planks, etc.; ' 

* » i carpeting rooms.) 

13. .How toany tiles 6 inches long and 5 inches wide will be 
required to pave a rectangular areX which measures 20 feet by 
18 feet? 

' 14. A fquare sheet contains 4800 postage stamps '8 incljes 
long and '6 inches wide : what is the length of each side ? 

15. If 64 planks, 6 ft. 3 in. long and 8J in. wide, are re¬ 
quired t# floor,a nfom 25 feet longj; what is its breadth ? 

16. Find the coif of .paving a square room 'whose side is 

20 feet with bricks 9 inches long'and 4 inches wide, the bricks 
being worth 9<£ a score. . c 

17. A rectangular pl« t of ground 50 yards long, and 40 yards 
broad is to be laid with turfs 1£ feet long by 6 inches wide. Find 
the cost, if the turfs areovortl) 3 shillings a hundred. 
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1 * 1 ) ^ 

1&« 6 ow .many feet of»plankiti£ 14 in. Wide will be required 
for tl\e floor of a rooirf 19 ft. 3*in. long and* 16 ft. 4 in. wide ? 

19. Bow* many yards of pappr 35 inches wide are needed to 
co\^r a ,wall 22'ft. 6 in. long by fc l2 ft. 3 iik brcjad 1 * 

20. # Ffcr a mom 21 fast long by 15 feet wide $he length of 
* earjxit required is 46 yds. 2 ft * What is the width of the carpet 

in inches ? 

21. Find the cost of carpeting a, room 30 feet long -Sy 21 feet 
broad with carpet ^yard wide at 4s. (Id. a yard. 

i t * « 

• . (Rectangles surrounded by uniform margins.) 

28. A cpurt-yard 72 feet long by 56 feet broad contains a 
rectangular J lawn«surrounded by a gravel path which is uniformly 
> feet wide : fifid the length and breadth of the l&wn. 

23. A room is 22 ft. 6 in/long, by 18 ft. 3 in.^wide. What 

must be the area of a carpet? if when placed it leaves a uniform 
margin of floor 2 ft. 6„in. wide ? , __ 

24. A court-yard 8® feet lqng and 64 feet broad contains 

a rectangular lawn whose length is 58 feet surrounded by a path 
of uniform width. Find £he width of the yath and the* breadth 
^f the lawn. # , ‘ * • 

25. A carpet when placed in a room 30 feet long* and 24 ft. 

6 in. wide, l&aves a uniform margin of floor uncovered. If the 
•length of the caijieJ. is 26 ft. 4 ^ 11 ., find the width of \he margin 
and breadth of the carpet. 9 * * 

v * 

26. Find in square yards the atea of a patl, 6 feet wide 

surrounding a* lawn whose length is 30 yards and breailth 24 
yards. * . , * 

27. Find iu square yards and square feet the area of a path 

4 feet wide surrounding a lawn 24 yds. 2 ft. long and 2& yds. 1 ft. 
broad. * 

28. A. coqyt-yard whose length is 05 yds.^ 1 ft. and breadth 

33 yds. 1 ft. contains a rectangular latfn surrounded v>j*a gravel 
path 8 feet wiije. Find the area of the lawn and of the path.in 
square yards and feet. , * 

29. A carpet is, to be provided for a room 24 ft. 4 in. long 
and 17 ft. 6 in. wide so as to leave a uni^jrm margin 2 feet wide 
How many yards of carpet 30 inches»wide will be required? 
And what will it cost to stain Jhe margin at the rate of 6\d. gar 
square ya*i? 
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♦EXAMPLES, ill. C. 

Miscellaneous JJxeivj&ks os *thk Rectangle and, Square. 

[Higher Qoursh] 

1*. The diagonal of a square field is 1 k chains 22 links : find 
its area ia^pres, roods, poles^and the nearest square yard. 

2. On^ side of <\ rectangular enclosure 13 chains 18 links, 

and the diagonal is 1!) chains 32 links: find the arqp to,the 

♦nearest pole. ( 

« , 

3. If it takes a man a minutes to walkt round a .square 

field at the rate' of b miles an hour, what is the aVa of the field 
in acitfA ? A V 

* r « 

•4. How many sovereigns will it'cost to fence in a square field 
containing a acres, # *it the rate of b shillings for c yards '( 

* . *' 

5. If a planks, b feet long Ind c inches wide, are requi^d 

for th**floor of a room d yards long; what is its breadth in 
feet? r , 

* • , i 

6. It «*wts £1 to carpet a room a feet long and b feet broad, 

with carpet at s ^hillings a yard. What is tho width t>f the carpet 
ki irlbhes ? * 9 . « 

• t 

7. It costs hi to carpet a room a feet long with carpet 

c, inches wid$ at s shillings a yard: find the^eitdth of the 
room in feet. • 

(Question* leading to Algebraical Equations .) 

•• «i 

8 . The perimet*r of a rectangle istfto feet and its area is 150 

square feet: find its length and breadth. • * 

0. Wh< jwrimeterof & rectangular field is 56 chains, and its 
area is 19| acres: find its length and breadth. 

♦ 

10. The area of a rectangle is 120 sq. feet # and its diagonal is 
17 feet: find its length |tnd breadth. 

11. The area of a rectangular field is 6 acres, and its diagonal 
is*13 chains ; find its length |nd oreadth in chains. 
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£ * *; , * . 

1&® The area of a ^ectrfhgular hold is Wf acres? and its diagonal 
. is$5rchains : how long would* it take to run round it at the rate 
of 6 miles an hour 1 , * 

» ' *• ^ , ’ 

13. *A square a/id a rectang’if; each have a perimeter of HO feet. 

Tf thcfcdflfferenee between*the^ireas of the two. figures is 100 sq. 
* feet, find the dimensions of the rectangle. 


14. A square and a rectangle each have a perimeter of 180 
chains. If the difference between die areas of the two figures is 
2i acres, find the dimensions of fhe rectangle in chains. 

15. A court-) ard 50 feet long and 35 feet broad contains a, 
lawn wliosq are' is 1000 square f<et, surrounded by a path of 
uniform width. oFind the width of the path. 

• * 

16. A room 23 feet long iy 22 feet wide is furnished 1 yifch a 

carpet which leaves a uniform margin Of flooring all round. 
If 50 yards of carpet 30 inches wide were used, what is the width 
of the margin 1 + 

J.7. A path of uniform wi<(th rjins round the interior of a 
quadrangle 48 ft. 6 in. loryg by 30 feet broad, and enclose.' a lawn 
•whose area is 126 yards. Find the cost of gfave^for the path at 
the rate of %l. a square yard. J 


{On inrlhied planes.) " * « 

18. A plank 15 inches wide is placed agjuqpt the top of a wall 

8 feet high*while the other end rest# on the grouqd 0 feet from 
the wall. FftflP the area of U»e plank. f 

19. A green-house covers a square area of 25 sq. yards, and 
has a lean-to roof inclined to the horizontal ift an ai^gle of 00''. 
Fftnl the area of the roof,^md the number of panes of glass, each 
12 inches by 7 inches, required for it, allowing 30 sq. feet for 
wood-wojk. 

* * « * V ' * # 

20. A green-house cov§rs a*square area'.of 28 sq. yds. 4 sq. # ft. 
and has a lean-to roof inclined to the horizontal at an angle of 
45°. Fijid thewrea of the roof to the nearest square foot. 

# 

21. A squar# shoot of galvanized iron* each side being 18 feet, 
rests against a wall, and is inclined to the horizontal at an 
angle of 60°: what area of er«und will it nvr»wt .. 

rain 1 ' 



CHAPTER l'V. 

ON TRIANGLES. 

(. ' t 

20. In a triangle ABC it is usual Co adopt the letters 
tiii t b, c to denote the lengths of U e sides opposite to the 

vertices A, B, C. 

Thus we suppose that BC con¬ 
tains a unitt of length, CA b unUs, 
and AB c units. * 

The perpendicular AD, drawn 
from A to the opposite side pc, is 
calleithe altitude of tho triangle 

relative to BC as'lfase. 

< , 

• • 

21. To find the area of a triangle having given one side 
tand the ptrpendicular drawn it from the opposite vertex. 

* ♦ • * ' 
ft ABC is \a ^triangle whose 
altityde isiAD, and if tBCF is a 
rectangle on the same tyise BC 
and of equal altitude, then by 
Euclid I. 41 «' 

the area of triangle ABC 

- ^ area of Rectangle EBCF 

. i {' ' 

■ a-BC x EB BCx AD. 

2 2 i 

That is, the area of a triangle = g babe x altitude ■■■(f), 

, .... . , twice the aria .... 

the altitude of a tnanufe =-. .(n). 








IV.] TtftANOLEt). 

2%. ' If tlie triangl^j ABC Is right-angled y 
. at C,,then the side AC is evidently th©> alti¬ 
tude relative to the base BC. 

*llehce the areg of a right-angled tmanfle 
# is obtfkirkd by 'taking half the product of the 
two sides forming the right-a/ngle. 

Or, with the previous notation, 

. area = i ah. 



"Example i. Find Die area of a triangle whose base is 16 chains’ 
15 links and whom altitude is 2 chains 50 links. 

• * 

Area —y base < altitude 

x 16*15 x 2*5 square chains 

<* 

= 20*1876 square chains 
— 2*01875 acros=2ac. Or. 3p. 


Example ii. The area of a triangle is4 ac. Or. 2p. id its 
8 chains 21 ffnks. Find the altitude. 


Now 


base is 


4ac.*0ft 2 p. = 4*0125 acres=40*125 sq. chaimf. 
twice area '* * 


altitude: 


base 

80*25. 


3*21 


'chains = 26 chains. 


Example iii. Find the^rea of a right-angled triangle In which the 
hypc^nuse and one .side forming the right’angle are lespeetively 
185 feet %nd 153 feet. 

TT * ^ » V * 

Here c = 185 ft., and b = 153 ft..* required a. 
a» = c“-6»L(185) ! -(153)« *. 

. =*(185 + 163) (185-158) 

= S3?x 32=169x64. 
a=f3x8 =104 feet. t 
1 , 1 


But 


>reft«- ab--x 104x153sq. ft. == 7956sq. ft. B 
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f Example iv. • In a' right-ailgfed triangle, the side?? forming the 
right angle aro 24 feet and 45 feet; firfd the length of the perpencjicular 
drawn from the right angle to the hypotenuse. s * 

Here r f a=r 2* ft., 6=45 ft. 

c*= a- + b~ =■ (24) 2 + (45)2 ^ 200,1. 

# * 

. c = 51 ft. 

Area=^ $b = 1 x 24 x 45 sq. ft. 


And perpendicular on AB 


twice • ren 

’ AB 



B =24 C 


21x45 « • 

— ^ | feet = 21 *2 feet, ^iearl t f. 

* . 

» V 

2C. (rivfn the three sides o/y triangle, to find the area. 

i 

The sum of Ijhe three sides of a triangle is called its 
perimeter. « 

Tli£ letter s is used to denote the sc mi-peri meter; # so 
that 2 s denotes the'-perimeter; thus we have 


and f 


r 2s — a\b f- e 

1 v 

.i - ij (« + b + c). ' ' 


Tbs areofof a triangle is denoted by the tyitibol A. 

r t. 

We learn from Trigonometry that the area of a triangle 
in terms of its tlf. ee sides is given bg the formula 

A * Js . (s-a) (s- ))) (s - c). • 

ExantpU i. Find tty-; area of a triangle whose sides are 26, 28, and 
30 |nehes. t ' « 


Here a=26, 6=28, c = 30; 
2# = 84 
i = 42' 


fs-« = 42 - 26 = 10 
in-l) = 4$~ o 28 = 14 
!«- c=42-30-12 


/. A = x 10x 14 4 x 12= ^112806 = 336^. inches. 



IV. j TftllNGLES. • 33 

♦ • ■ \ . * , . 

Not®. The labour of muftiplioation and tof jfindrag the squg-re ro»Jt 
.of t£e product may ofteft be wholly or in part avoided by breaking up 
each of thg fo^r numbers into its factors, And so re-arranging them at? 
to exhibit the*square root. • • , • 

• • # «» 4 

For ^niHance,* a = »/42 x»l6 x J4 x VI —Jl* x 12 2 * 4- 9 

= 7 x 12 x 4 sq. in. 

= 336 sq. in. 


• # • 

24. Given the three sides of a triangle , to firm ‘the per¬ 
pendicular from, any verkx on the opposite side. i 

• % * 

For exampje* in the triangle ABC, given Jibe values of 
a , h , and c, to find the perpendicular drawn from A out pc. 

First find the area of tlfe triangle by the formula 

A = J* (s - a) (s - b) (s - r), 


and then apply the formula 
altitude 


tugce aredf 
base 


Example. In thS tffangle ABC, a —15 chains 40 links, b --»10 chains 
90 links, c=8 chains 70 links. Find the perpendicular drawn from A 
on BC. 


Working in links, 


Now 


a=1540,* 

w • 

6 = 1090, 

,e = 870, 

. s = 1750. 

A = J>(e- a) (s' ~bj\s^c) = v /l*750^210 x 060 x 8fS) 

* . _ * ___ • 

= ^5“ x 7“x 3“x 11“ * 4“ x 100“ 

= 4620dt) sq. links = 40-2 sq. chains; 


and perpendicular on BC 


twice area 92-4 

: IjfJ, 


chains 


S. S.M. 
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* 2& To Jind the 'area of an equilateral triangle, and the 

length of the perpendicular drawn from any vertex* to the 
opposite side. t. ^ 

For this purpose we might use the formula 
b = J*(*-aj(a-b)(t-r), 

anil proceed by the method of Art. 24; but it is more 
instructive in this case m obtain what is required direct 
from a %ure. v 

Let ABC be an equilateral tri¬ 
angle, and AD the perpendicular 
drawn from A on BC. 

Then D is the middle point of 
BC (Euc. i.‘26). f 

Suppose the side of the equi¬ 
lateral triangle <;o contain 2 m units 
of length; then BD contains tu units. 

Required AD. 4 

U AD 2 AB"- BD- 

. 4 m 2 ~ vi 2 

- 3»?r; 

/KD-mJX . 

And ine area of A ABC - %)i . BC x AD 

- - ^ . 2 m . m 

--rn'fi . (ii). 

ftm. ^3=1-73205.... 

Example. Find to the nearest pole the area' of an equilateral 
triangle on a side of 20 chains. 1 

Here 2m=20chains; :.m~ 10chains. 

c i— 

Now a — ro 2 J'i =100 X1 -73205 sq. chains 

=^7*8205 acres 

c « 

= 17 ac. 1 r. 11 p. nearly. 

, p 







*2*3. The area (f a'triqnyle in l!rnm of *two silts anft, 
the included angle, is' proved in Trigonometry to be given- 
by any oRe 8f the expressions • . 

r * * •. * 

A - ab sin 6 = -fbe sin A - cm sfti ef 

£i '2 2 

• 

I hat is to # say the area is equal to half the jn'oihff&oj' any 
two sides multiplied by the sine of the included unyle. 

KJample. A straight lii*e AB of unknown length subtends an 
angle of 30° at a noint O. If OA and OB measure respectively " 
880 links ancM25 links, find the area of the triangle OAB. 

* * ! 

Here a = tJ . OA . O^sin AOB 

• 

— .A 1*25 x 8-8 x sq. chains • 
z • - 

=2 '75 sq. chains • 

- 1 r. 4 p. 


^ *27. We will now work«uut an example requiring the • 
aid of Algebraical Equations. • ! 

• •* 

F,r ample. perimeter of a triangle is 42 inchesone *de is 

15 inches, agd the area is 84 square incl«*s, find the otlier two sides. 


Here 


<t + b + c = 42, . s — 21, 

a •—IS 


b+c ^=27 


••(I). 


• \ v • • . 

Also A ^ -(<)(*. xfi » (2>- b) (21 —84 ; .* 

hence 2* x (21 - b ) (21 - c) = (84) 2 , 

i-e. * (21)»-(6 + c)21 + bc = B$ 

from (i), ’be = 182 ,. t .(iij. • 

Solving (i) and (ii) we hare b yl4 jnohea, c=18 inches.* • 

3—2* 
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\ • c 1 * 1 

EXAMPLE’?. \V.A. 

i t On Tmangles. 

I ' ( • 

[Elementary Course.] * . t 

(. Right-angled Triangles.) 

1. <*^ind the areas of the right-angled triangles, m which the 
two sides'including the right angle are 

(’)*- ft feet'and 8 feet; ..give the resr.lt in square foot. 

(ii) 7yds. 1 ft. and 13yds. 1 ft.; give the result*in sq. 

yds. and sq. ft. i , ■ 

(iii) 18 chains 75 links and 16 chains', give the result in 

acrer 

° { 

2. Find the areas of the right-angled triangles in which the 
hypotenuse and one side containing tlje right angle measure 
respectively 

(i) 37 feet and 12 feet, give the result in square feef. 

(ii) 8 ydst ¥ ft. and 2 yds. 1 ft.; give the result in sq. yds. 

and sq. ft. * • <■ 

(iii) 24 chains 10 links and 12 chains; giv,e the result in 

acrea , ' } 

{ t _ i « 

'3. m a right-angled triangle the area is half an acre and one 
of the sides containing tfce right angle is 44 yards; find the other 
sidcuin yarhs. • * *' 

i , 

4. In a right-angled triangle, the area/ is 16 \\ 22 sq. yds, 

and one of the /aides containing the right angle is 4 p. 1 yd.; find 
the oth( r side. , , 

5. Find the hypotenuse of a riglit-angled triangle ill' which 

t d)' The inea h 60 sq. ft. andione side containing the right 
angle is 8 feet. f • 

• (ii) The ar£a is 2jf acres, /uid one side containing the right 
angle is 8 chains. • , 

« 

, (Base and altitude.) , 

L 

( 6. Find the area of the following triangles in which 

(i) The base i& 32 feet, and the altitude 17 feet; give the 
result in*square feet. 
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'(«) The base is 4 yds. 2 ft* and the altitude 3 yds ; 1 ft.^ 
give # tb£ result in sq. yds. and ft'. * 


(iii)• The base is 6 p. 3yds.f^nd tb# altitude is 12p. 5yds.; 
give £ne *3dlilt in roods, poles, squyxre yard:?. « * 

(i^) *The Isaso is l*f chains 60 links, a’#d die altitude 
# C chains 84 links; give the result in acres. 


7. Find. the altitude and area of the isosceles trif*gles in 
which • * 

(i) The base is* 20 feet, aiftt each of ftie equaV "hides 26 
feet. • # 

• i 

•(ii) Tljp bate is G chains GO links, and eacli of the equal 
sides G chains 50 links. 

, • * 


8. Find the altitude of th^following triangles, having ^<»ven 

that J • 

(i) The area is £$ sq. ft., an 1 the base is^lG feet. 

(ii) The area is 60'h acres, ^nd the base 14 chains 50 links. 

t * 

9. The area of a triangle is 12 p. 11 sq. jfllg., and its altitude 

i.« 12 p. 2 yds.: find its base. # 

* • * 

10. In the.following right-angled triangles, find the length of 

the perpendicular drawn from tl*s right angle to Hie hppotenwse, 
when • • * m • * 

« w * 

(i) The sides forming the right aijgle m&rilirc 4 ft. and 3 ft.; 

give the resuii!t ; ii Joet. • , 

(ii) The side# forming the.riglit angle measure 24 chains 
i and 7 chains; give the result in chains and links. 

• (iii) The hypotenuse is 29 feet, and ono side fortiing the 
right a^jgle is 7 yards ; giv« the result in feet true to one place 
of decimals. 

• \ * • • 

(Given^/he three aides.) \ 

11. Find the ^reas of the triangles in which the three sides 
are respectively , 

(i) 21 feet* 20 feet, 13 feet; givefthe result in square 

feet. 

(ii) 31 feet, 17 feet, 10 feet;, giv® the result in square 

feet. 
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‘ 12. , Find the areas v»f the triangles in which the threi sides 
are reflectively * 0 * . , 

(i) 17 yds., 12 yVs. 1 f/.‘; 6 yds. 2 ft.; give Chd result in 

square yards. i r < ' r » 

(ii) 8 yd* 2 ft., 8 yds. 1 ft,, 5 ytls. 2 ft.; ^ive tlfe r'sult in 
square yards and square feet. % 

(n^) 25 chains, 17 chains, 12 chains; give the result in 

acres. ' i. • 

(iv^ # 125 dull ns, 85 chains, hOchaii^; give the result in 

acres. 

(v) 150 links, 130 links, 140 links; giye the result,as a 

decimal of an acre. t r 

< t- t 

13. < In the triangle ABC, if a 14 ft., 6-15 H., <■ —13 ft.; find 
the length o i the perpendicular fr<\n A on BC. 

14. In the triipiglo ABC, if a = 2!) yds ,« h —30 yds., c - 25 yds. ; 
find the length of the peipondicular from B on AC. 

15. Jn the triangle ABC, if a~V2 r o yds., 6--37 yds., c=132 
yds.; find the length of the per]Hindicular from C on AB. > 

* 1 

16. Find the areas ot the following equilateral triangles: 

, ° (i) ‘Each side is 10 ft.; g^ve the result in square feet truf* 

to ohe ddciinal place. 3 8 

(ii) Each side is lBFeet; give the result in square feet true 

to onto deciriW ])lace. * •' 

* 

(iii) Each side is 25 chain*; give the ref.ult in acres true to 
two decimal plages. 


‘ {Isosceles Triangles.) 

17. t The pm-isiete^ of. an isosceles* triangle is £>2 feet, and the 
bawe is 12 feet; findofie area. * 

, ' i 

' 18. The perimeter of an isosceles triangle is 50 feet, and the 

base is 16 feet; find the area. * . 

« 

19. The area of an isosceles triangle is 100 square feet, and 
its base is 14 feet; finA its equal sides. 

t • 

20. The area of an isosceles triangle is 60 square feet, and its 
base jfi 10 feet ; find its equal sides. 
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TRllNGLES. j 39 

• • • • 

(Miscellamous.) • 

21. AFfcC ^3 a triangular field right-angled at C. If AC 

measures 1£ chains and BC 5 chaifis, find • # • 

• • # •• 9 

(ij •the r#nt of the field at £5. Os . 8d. an ^cre# 

(n) the cost of planting a liedge from A to B at the rate of 
half-a-crown a yard : • 

(in) Hie shortest distance, in )*irds, from C to KB. 

22. ABC is a triangular field right-angled ai C, whosd rent, at 
the rate of £3. 10s. an acre,is £29. 8s. If AC measures 24 chains, * 
find % the lengths ^f the otfier sides in chains, and the shortest 
distance froffc C to AB in yards and the decimal of a yard. 

• * 

*23. ABC is a triangular enclosure, and its sides AB, BG, CA, 
measure respectively 20 chain/ 37 chains, and 51 trains. Find 
the rent at £4. 3s. 4(7. an uc#e, and the perpendicular distance 
(in chains and links) fqpm C to AB. 9 

24. The sides of a triangular*field arc 25 chains, 17 chains, 
28 shams ; and its rent is £70. At what rate is this per acre ? 

• • * 


♦EXAMPLES. IV. B. 

o 

On Triangles. 

[Higher Course. ] 

• • 

1. What decintal of an acre*is the triangle whose sides are 
1 281 links, 231 links, 160 links? , 

• ” 

2. JVhat decimal of a tquare mile is the? area of a triangle 
whose sides are 154 chains, 109 chains and 87 chains ? 

.*• • • \ *• • • 

3. Find in acres, roods. pok\s and the Rarest square yard, 

the area of a triangle whose*sides are • .* 

(i) ^14 chains, 9 chains, 7’chains. 

(ii) 11 chains,*10 chains, 9 chains. # 

• 

4 . The sides of a trianguly field are 21 chains, 16 chain*, 

and 11 chains. Find its rent to the nearest penny, at the rate 
of £1. 2 s. 8 d. per acre. * ‘ 



' , 1 < » 

« 5. In a triknglc* ABC th*e lides B C, CA, AB measure respec¬ 
tively 1*8 yards, lSyaiWs, and II yrfrds. Firtd, to the nearest inch, 
the length of the perpendicular/rom C on AB. # t 

6. The t>ase if an isosceles triangle is 154 feet, ttnd eaqh of 
its equal si$es w 8C> feet Find, to tfe nearest rf'nch, the side of 
a square of equal area. * 

Y. The sides of a triangle are 6‘8 feet, 75 feet, and 77 feet. 
Find, to\lv) nearest inch, tl^e side of a square of equal area. 


(Equilatem / Triangles.) 

V3 = 1*73205. 

• * \, 

• 8. The Perpendicular drawn ijorn a vertex of an equilateral 
triangle to the opposite side is 7 chains. Find the perimeter in 
yards and inches, xo the nearest inch. t 

9. The perpendicular drawn from a vertex of an equilateral 
triangler to the opposite side measures 12 chains; find the area 
of the triangle* in acrys to three decimal places. • 

10. Tile 'area of an equilateral triangle is 30 square yards; 
find the perimeter to the nearest foot. 

*4 l • • 

lr. Tlie side, of an equilateral trianglo is 20 feet. Find, to 
the nearest inch,‘the side />f a square of equal area. 

^ « . «.« 

12. The sides of a triaqgle are 5 inches, 7 inches, 8 inches. 

Find the side of an equilateral Vrianglo of equal area. * Give your 
result in inches yorrect to two places of decimals. 

13. llie differey ce between the jyeas of a square and equi¬ 

lateral triangle described on the same base is 6J acres. Find, to 
the nearest yard^the^ngth of the common base. ^ « 

14 . An isoseeies,' triangle arfd an equilateral triangle are 

described on the same base of 16 feet: and the ’area of the first 
triangle is double that of the other. Find, to Jbe nearest inch, 
the length of the equal sides. , * 

15. On the sides ofV square ABCD, equilateral triangles AXB, 
RYC, CZD, OVA, are described outside the square. Prove that 
the figure XYZV is a scpiare i ana if AB measures 20 feet, find its 
area in square feet (to one place of*decimals). 

* . . • 



IV. J TftM.HU.LKB. 

# • I * * . 

16*.• The aides of an equilatefaf triajiglfe ABC are 6 feet in 
length In AB a poitft Z is taken'2 feet from A ; in BC*a point 


X $ feet from B ; and in CA a point Y fi feet from C. Shew tliaA 
the triangde*XYZ is equilateral,%nd fiiMjts area tp the nearest 
sqiftre fticn. , • • • 

(Questions to be solved algebraically.) 


17. The sides of n triangle are proportional to 3, 4, airtl 5. 
Tf the periflneier is 84 feet, find the aides and the area* 

18. The sides ofyi triangle are proportional to tlm numbers 

7, 8, # 9. The cost of fencing it in at 7s. (id. per dozdn yards is 
£9. 1 (is. Find the sides iV yards. f 

it). The*side * of a triangle are proportional to the numbers 
1,3, 20, 21. IS flie area is 1134 square feet, lipd the sides in 
feet. | ' 

20. The sides of a trinngigar allotment are proportional to 13, 
12, 5. The taxes amount to £19. 13a. 9d., this being at the rate 
of 5.?. 3d. an acre. Ffnd the sides in chains. « 

c 

£1. The perimeter of a rigfst-am/led triangle is 24 feet, and 
the area is 24 square feet; find the Sides. ^ # 

1 22. The^enmeter of a ri</ht-angled triangle is^40 feet, and its 
area is 60 square feet; find the siitbs. , 

23. The “perimeter of a triangle is 48 feet. If one side is 
*10 feet, and thc% ajea 84 square feet, find the tw<f remaining 

sides. . * • 

• / 

24. Tht -.perimeter of a triangle Is 54 feet: tf one side is 

21 feet, and the area 126 square feet, find the two retraining 
sides. • • 


# (drm=|ab sin C.) 

25. • Two sides of a triangle are 12 feet and 15 feet respectively, 

and include an angle of 18°. Find the area in square feet to two 
decimal places. • • \ • « 

26. Two sides of a trAngle measure 12chains 50 links and 
24 chains 50 links and include an angle of 60° : find the sid6 of 
an equilateral triangle of equal area. 

27. From a point O within a triangle ABC, it is found that 
the three sides subtend equal angles. *If OA, OB, OC measure 
5, 12, and 20 chains respectively, find the area of the triangle.# 

• • • 



CHAPTER .V. 


Quadrilaterals. 


SECTION 


THE PARALLELOGRAM. 

28. Definitions. A parallelogram is a # io*ir-s id eel figurp 
whos^ opposite sides are parallel 

• * \ 

. A rhombus is a parallelogram whose sides are all equal, 

and whose angle^are not right-angles. « 

Of a parallelogram we know, froif. Euclid i. 34, that 
(ij the opposite sides**are equal; 9 

(iij the oppOstie angles are equal) • 

(iii) either diagonal divides the figure into two triangles 
equal in all respects. 

* 0 * * 

U injy a^so be shewn that 

(iv) the d/idtjfo/uds of^a parallelogram bisect one another', 
^v) th8 diagonals of a rhombus bisect* titfe* another at 

right angles, * . • 

(vi) the perpendiculars drawn from one pair of opposite 
vertices on the diagonal joining the other pair, «rre 
equal. * • 

Thus if ABCD w a parallelogram . 
whose diagonals AC, BO ifi ter sect 
I, and if BP, DQ arcJperpendiculars 
drawn'from B aud*D to AC, then 
AI = IC; Bl = ID; and BP= DQ. 

The two triangles ABC, ADC are 
equal in all respects. The l^ur triangles 
AIB, BIC, CID, DIA are equal in area. 




CHAP. V.J 


THE PARALLELOGRAM. 
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• # | t « 

2$. To find the area»of a jlhrallelagrltm. v 
( 1 ) fa'iven tiro adjacent sides and a diagonal. 

$uf>po*e the lengths of Ag, BC, aitd QA to*be known. 
Then tli* area of th<^ tyiangle ABC may be frymd by the 
* formula Js (s- a)(s — b)(s — c). And the area of the whole 
parallelogram is double the area of this triangle. «> 

c . .... , «> 

(ii) Given (he, diagonal jo tiling tiro vertices and the 
perpendicular on iC/’rom one ofthe remaining vertices. 

Suppose the lengths vf AC and BP an* given. 

• «, 4 

Then tne aiyta of the triangle ABC is found from the 

• 1 * ] 

formula - base x altitude, uij AC x BP: hence the a«e;£ of 
li f '1 »• 

th(‘whole parallelogram is 4AC x BP 


(iii) Given the base and height. 

«Let ABCD be a parallelogram 
and ABEF a rectangle on tin; same 
Vase AB a^ul of the same height 
BE: then * 

» 

area of par" 1 . ABCD a 

« I, 

- area of rect. ABEF [Kue. i. *5’»] 



ABV 

HencS the area of a parallelogram - base x height. 


Example i. Find the area of ti parallelogram /ffeCD, having given 
thfft AB = 20 feet, BC = 28 f<*jt, and the diagonal AC = 30 feet. 

Here t^e triangle ABC = Js (s - a) (s - b) - c) 

=^42 « lOTU x~12 f- 330 sq. felt. ° . 

tho area fit the whole parallelogram = G72mq. feet. 

• 

Example ii. Find the acreage of a parallelogram ABCD, having 
given that the diajional AC is 17 chains 50 li^iks and the perpendicular 
from B on AC is 0 chains 84 links. • 


Here th| area = AC x BP= 17‘$ x 6^84 sq^ chains 

■= 119*7 sq. clmi»iB=l F97 acres. 

• • 



ELEMENTARY MENSURATION. 


[CHAP. 


4. The ar^a of k parallelogram is*l7'5 acres, and each of two 

parallel sides measures 21 chains-: find to the nearest, lijik the 
.perpendicular distance botwcon them. < , 

5. Fimt’the ^uva'of a rhombus on a side of 10"ii» hes$ one 

diagonal l»eing also 10 inches. , ♦ 

4 % i. 1 » 

6. The diagonals of a rhombus are 4 feet and 1 ft. 2 in.; find 
the, sides and the area. 


[Higher fWw.] / 

7 Two adjacent sides of a parallelogram are 231 ft. and 
fc 120 ft. and the perpendicular distance botveen /lie paiV of 
shorter sides is 77 feet: find the distance ltatween tlic other 

, V 

& In a ‘parallelogram the peioendiculars between the two 
pairs of parallel sides arc 65 ft. and 1)I ft. If one side is 110 feet, 
hue) the adjacent ^uio. * 

9. A field is in the form oS a rhombus whose diagonals are 
2870 links and 1850 links ; \ind to the nearest penny the rent at 
£4. lOtf.Mid. an acre. 4 * 

• • 4 

10. Thq^bagonals of a parallelogram are 34 feet and 24 feet, 
and one side is 25 feet. find its area. 1 

c , ‘ 4 .t 

‘ 11« Fyid the area of a parallelogram tvlneli one Hide is 
If, chains 40 lints , : n length, and the diagonals arc 21 chains 
80 links, and 17 chains 40*links respectively. ( 

f ' 

12. A rhombus is drawif oqa side, of 1 ft, 8 in., otie angle of 
the figure being 75". Kind its area, and the perpendicular distance i 
between a pair ei*parallel sides. • 

13. Find the aitu of a parallelogram of wliieb two adjacent 
sides measure 2 ft. <! in. and 3 it. 4 in. and arc inelipcd at. an 
angle of 52' 28'. .Find ajso the i>er]irndicular distance between 
itslonglr sides, [sii}52° 20'== 796(1445.] 

‘li ' The area ofla rhombus oil » side of 18 inches is 1(12 sq, 
in. Find the angles of tho figure, and the perpendicular distance 
between a pair of parallel sides. . 

15. The area of a parallelogram is 17-32 acres ; if tho di¬ 
agonals measure respectively 25 fchains and 16 ehaii^, at what 
angle are tl^oy inclined to one another ? [\/3 = 1 732.] 

< . < 
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SECTION II. 


THE TRAPEZIUM. * 


* 33. Definition. A trapezium is a four-sided figure 

having one pair of opposite sides parallel. # 

34 . To find the area of a trapezium. 

Lpt ABCD he a trapezium, haVing D • 0 

tlie sides AB, CD parallels Join BD, /T\ j\ 

and from ana D draw perpen- / ■ |\ 

diculars CF, Dt to AB. / m \ 

Let tlie paiallel sides JlB, CD A E % B* 

measure a and b units off lengt h, • 

and hit the height Cf contain h units. # 

# Then the area of ABCD ZtABD + A DBC 

1 * * • 

- AB . DE + - DC # CF 

2 • *2 


*. I . 

That is, the ami of a trapezium - height k (the sum oj 

• ^ 

the parallel sides). 


• 9 

35. The special case yhe.n ttv-o adjacent angles are 
right angles i* of much importance. , 

In tfae adjoining figure fhe angles ---2 

at A and D are fight angles, so that \ 

AD is the height. Hence we have £ \ 

, i . L_^ 

trfe area = —. AD {a I- b). • • A « B 
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ELEMENTARY MENSURATION. 


[chap. 


.• Example, nhe parallel side's of a (rapezium are .2344 links and 
1156 links respectively; and the distance between them is 6 chains 
80 links. Find the area. 

Here a=2344 ,*b = 1156',' end h =680 links. 

Area - J {a + b } -340 x C500 sq. links 
= 1190000 sq. links 
' = 11 9 acres 

-11 ac. 3 r. 24 p. 


EXAMPLES. V. B. 

The Tua«#zium. 

1 

[Elementary Comp, 1 

1. Find the area of a trapezium whon 

(i) The two parallel .sides are 6 ft. 2 in. and 7 ft. 4 in., and 
the perpendicular distance between them is 4 feet. 

(ii) The two parallel sides are 7 yds. 1 ft. 5 in. and 4 yds. 
2 ft. 7 in., and the perpendicular distance between them is 6 
, yarns. * 

n ip , 

2. ABCD isva juadrilateral having the sides AD and BC 
parallel, anc| the angle A3C a right angle. If BC, *D and AB 
measure respectively 2883 links, 2117 links and 1624 links, find 
the area in acres, rooefy and poles. 

3. ABCD is a quadrilateral having the sides AD and BC 
parallel, And the angle ABC a right angle. If BC, AD and AB 
measure respectively 32 chains 11 links, 29 chains 14 links, and 
24 chains 50 links: find (in yards) the side of a, square which 
has on?rfifth the urea. 6 

1 4. ■ The area oLa trapezium is 7 acres, and the two parallel 
sides are 8 chains 25 links, and 5 chains 75 .links: find the 
perpendicular distance between them. , " 

5. If land costs $.500 an acre, find the cost of a quadri¬ 
lateral field which has two parallel sides measuring 1169 links 
afid 851 links, the perpendjpular distance between t>hem being 
350 links. , 



V.] ANY QUADRILATERAL 

* • I . % 

'• . [ 11 iy/ier Course, f • 

6. A quadrilateral field has two parallel sides measuring* 

1346 linkff aifd 1154 links, the jTurpenditqlar distance between 
then* lxfl*ig # 020 link§. If the nirtf is £38. 15s.* at what rate is 
this peyuwe ? • # * • 

7. A quadrilateral field has two parallel sides measuring, 
17 chains 37 links and 15 chains 13 links. If the ren^ at 3b‘2 
an acre is £55. 18.?., find the distance between the twb parallel 
sides. 

8. * The two parallel sidles of a trapezium measure 58 yards 
and 42 yards respectively ; Phe other sides are equal, each being 
17 y;frds. Wnd tire area. 

9. The two Parallel sides oj a trapezium measure 13 c^ai*i» 

60 links, and 6 chains 40 links*, the other sidos are* equal, dhch 
being 8 chains 50 links. Kind fie area. * 

10. In the trapezium ABCD the angles at /Valid D are right 
angles, and the angle BCE? is 120“. # If DC = 40 feet, CB=20feet, 
findjhe area in square feet to two decimal places. 


SECTION tn. 


,^NY QUADRILATERAL. 


36. Tl^p area of an irregular quadrilateral ig found by 
drawing a diagonal, and calculating the areas of the *two 
triangles tihus formed. Hene* any data from which we 
>ean find the areas of the two triangles, wil^ enable us to 
determine the area of the quadrilateral. * 


Example i. ABCD ig a # quadri- 
lateral in which the following measure¬ 
ments have 6een»taken : • 

AB = 30in ; , BC-17in.t 
CD = 25in., DA = 28in., • 

and the diagonal BD=26in. 

Here the area of each of the triangles 
ABD, BCD is to be found by the formula 



A * 3b B 


(« - a) (8 - 9) (8 ^c). 


B. E. M. 


4 



BO f - ELEMENTARY MpSCRATIOS. [CHAP, 

‘ _ ' _ 

. The a AFD = ^42>x 12 x 14 x 10=*\/7 2 x 6 a x 8 a =336sq. hi. 

* * * r„ 

The a BC D = J-dfxU 7<Ix ( Vl- N /l7 a "x4 2 x3 2 =2p4 pq. in. 

tt A 1 1 ; 

the a'ea of the qua<? r 11ateral = 336-f 204 sq. in. r 1 

= 540 sq. in. ! 

*Exayiple ii. A BCD is a quadrilateral in which the angles ABC. 
CDA are’.ight angles: also AB = 30 chains, BC = 77*chains, and 
C D = 68 chains. Find the area. 

Here we have to find the area of tlje two right-angled triangles 

< ABC, ADC. ‘ 

First find the length of AD 
• ' N( w AC a = AB* + BC 5 = 36 2 -t- 77‘ 

, ' =722.".. I 

AC = 85. 

And AD a = AC 2 - C D ! = 85- - «s- 

= (8,5 + fi’8}(85 - (J8) 
t . . = 17-' x :! 2 . 

.-. AD .M. 

Jiiow tty 3 areafof a ABC ''AB: BC--1380 sq. ohains. 

«. “ . • 

if 

• • 1 

And the area or a ADC* AD. DC = 1734 sq. chains.* 

. < 2 •• 

the area of the quad ; = 3l2Bsq. ulmins . 

- 312 nqrcs. 



37. But the most convenient w 
of a <j.uadrilatryal is ]>y means of 
the diagonal jotiij ig one pAir <jf 
■Vertices, and tke perpendiculars 
drawn to it from the other pair. 
Such perpendiculars are called off¬ 
sets. Thus in the all joining figure 
E^X and DY are said to he the off¬ 
sets from AC to B and D. c 


ay of finding the 


area 




V.] ANY QUADRILATERAL. , M 

s- t ■ ’ t 

K AC contains d u^it^ of*llngtfg atid i^X, DY respec 
tively p and q units,* • ' 

thejirea*of the quad 1 . ABcf)*.- AAftC + A ADO 

* S 

1 ,1 . 

AC . BX + - AC . DY 


1 7 1 , 

*2 ,l P + r> J( l 

that is to say, # • 

the area of a quadrilateral * - diagonal x 

Example. Find thiourea < f a quadrilate.al /'dBCD in which-the 
diagonal AC measures ^chains 25 links and the perpendiculars 
on jt from B and D are 3 chainf 72 links and 4 chains 28 links 
respectively. * ^ f # 

Here d=Q |25 chains, p—3‘72 chains «=4*2tf chain*. 

o 

Arect = ^&(p + (j) = | x 5*25 x g sq. chains 

• • 

= 21 sq. chains—2*1 acro^ ^ 

— 2ac.0r. 10 p. * 


(sum •°f offset si). 


Cor. 1 
(rtf,/ 1') are at right 
by the^formulg, 


• • 

If the quadrilateral is hucIi Unit its diagonals 
t right angles to*one another , the areaais given 


a$ea - - - dd'. 


For by reference to the figure it will be^een that in this 
case the $um ot the olikets from the diagonal J is the other 
diagonal of. • 


area ^a<i(p + q)-- dd'. 


Hence 




*, 

EXAMPLES. V. C. 

• i 

Any QtyMmiLATKRALS. 

) Elementary and //ujker bourse. ] 

{Given a diagonal and ojfiets.) 

» ' 

1. ABCP is a quadrilateral figure in which, tlie diagonal AC 
meas&ros 18 inches, and the, perpendiculars on it froip B and D 
are 11 inches and 0 inches ; find the area in .npiare inches. 

2. In the quadrilateral ABCD, the diagonal AC measures 
850 links, and the perjrendiculars oi^ it from B and D are ol3 
links and 487 links respectively. Find the acreage. • 

3. Jn ,the quadrilateral ABCD, *he diagonal* AC measures 

4250 links, and thefoffsets fronrit ip B and D are 1763 links 
a*rid 1117 links respectively: find the area in afcres, roods and 
poles. ' , 

4 . Find the rent at £4. 4s. an acre, of a quadrilateral plot of 
ground of which the lif.e joining two opposite vertices measures 
1 {> chains, and the offsets from i,t to the other vertices are re¬ 
spectively 11 chains 81 Jink. 1 * and 8 chains 44 links. « 
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• {(riven the*ic&8 and a diagonal.) * 

.# • • 

5. Find (ill square inches) the area the quadrilateral A BCD* 
in which aB± 13 inches, BC==20 Inches, €p = 17 inches, DA = 10 
inches, Hhd*the diagonal AC=21* ’Riches. • 

• • . p 

• 6. "Til the quadrilateral A BCD the following measurements 

have been made: AB = 26 chains, BC = 17 chains, CD = 17 chains, 
DA = 12 chains, AC = 25 chains. Find the area in acres, rot>ds 
and poles. • » 

( Perpendicular, diagonals .) • 

7. * The diagonals of the#piadri lateral A BCD are perpendicular , 
to one another, an4 measure 5 yds. 1 ft and 2 ft. 3 in. respectively. 
Find the area in square yards. 

8. In the quadrilateral ABCD it is observed that # the 

diagonals AC and BD are perpendicular to one another, and 
measure respectively 1(>25 lints and 24so links. Find the area 
in acres, roods and poles. r 

• 

[Sides a mf angles ) 

m 9. Find (in square feet.) the area of the Quadrilateral* ABCD, 
in which tht^angles ABC and CDA^trc right angld, and AB = 15 
feet, BC = 20 feet, CD = 7 feet. • 

9 10. Find the area of the quadrilateral ABCD, in Vhich*the* 
following measurements have been ascertained. AB*=35leet, 
BC = 12 feet, CD = 20 feet, DA = 51 leet 4 and*thfc angle ABC is a 
right angle* ., • , 

11. Th5 following measurements have been taken of a quadri- 
f lateral field ABCD. AB = 40 yards, BC = 75 yards, CD = 77 yards, 

and # the angles ABC, ADC are* right angles. vVhat ’gould be 
the cost of turfing the fielj at the rate of 2^ per dozen square 
yards?* * 

12. Find tlie area (in Iicre.j, roods* poles, *md the tiearyst 
square yard) of the quadrilateral figure AE$CD, given that thg 
angle ABC is a right angle, ayd that AB=^ chains 20 links, 
BC = 2 chains 104inks, AD =6 chains, DC=4 chains 50 links. 

13*. Find the acreage (correct to two decimal places) of the 
quadrilateral ABCD ; having given thqt Iho angle ABC is 60°, 
the angle ADC is a right angle; AB = 13 chains,'BC = 13 chain* 
and CD = 1^ chains. 



541 ’ ELEMENTARY MENSURATION. [CHAP. 

14*. Find Vhe a^ca' (in squaijo Met correct to two decimal 
.places) of the quadrilateral figure ABCD ;'having given that the 
angle ABC is a right ijtigle, tin angle ADC is (!0 J j A# = 14 leet, 

BC = -18 feeft and CD i 50 feet' , ' / . 

" r I 

15*. Tilt dhgonals of a quadrilateral are perpendicular to 
one another, and their lengths are in the ratio 3 ; 5. If the area 
of the figure is j acre, find the length of each diagonal. 

16*. The two diagonals*of a quadrilateral figure are inclined 
to one another afi> an angle of 45°, and l^tasure 10 chains and 
21 chains'25 links respect. i\ely! Find the acreage correct to two 
t decimal places. 

17*. The are.i of a quadrilateral is one ( acre and the two 
diagonals measure 8 chains and 5 chains respectively. At what 
iiiiglcrare the diagonals inclined tc one another? 

' « 


r 

CHAPTER VI 

THR CllK'LR. 

e 

SUCTION I. 

« 

^HR CJItCUMFEItpNCK AND AURA. 

1 

38. If the oireuinference of k ny circle \vere measured, 

22 

its length would be found to be nearly of /die* length of 
its diameter. 

The real value of the ratio which the circumference of 
a circle bears to its diameter, is iuromrhc.murabfe ,; that is 
to say, it cannot bo \f.jcadhj expressed in figures, though it 
may be found with any required degree of accuracy. For 
example, to seven decimal places its value is 3T415926.... 
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' , • . < 

The ratio of the circumlfereftce of a ciVcle fro jts diameter 

js denoted in mathematics bjr the Greek*letter v. Thus we 
liave • • 

(Hamper 
circumference — ir x diameter. 

Or, if c denotes the length of tln^ circuinference^;!rid r the 
radius, then 2 r denotes its diameter, 

i c 

and •• — 7 r, 

• 2r 


circunifetejice 


so that c -- 'Itvt ; 

where to n we may give thj| values 

•11416, or 3-141A926. 

7 • 

according to the degree of accuracy required in the result. 

• • • 

* Example 4 . Find the ciicuinference of a # cirele jphose radius is 
4 yds. I ft. 5 i^. ^r = y.j 

f 

• Here r-~4 yds. i i'4 5 iu. -161 inches, 

22 • * 

and eiicurrtference = 2 irr =‘2 Ay x 161 - 1^)12 inch A 

• ‘28 yds. Oft. I in. 

Example ii. The driving whe.pl of a locomoti^p engine, 6 ft. 3 in. 
in diameter, makes 110 revolutions a minute. Find the rafc» at which 
it is travelling. # (jr = 3'1416.^ • 


Circumference of wheel = diameter x n 

= 6 ‘25* 3 1416 feet . 
= 10*6350. 


3-14161 

•628812 
•1670 18 , 
19 - 6360 ! 


Hence in one vtfnute the engine travels 19*635 x 110 feet, 

.. in one hour . .1^-635 x 110 x 60 feet 

= 21-54... miles. 
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Example iii. If the drivirfg-r/he< 1 ol a bicycle makes 660 revolu- 
* ' 1 / 22 \ 

tions iti travelling a iriile, what is itk radius?*. I ir —y . J 

r , v * # 

. * ‘ V, „ 1760x B 66 .« > 

Ihe circumference of the wnQCf = —fqet = y feet. 9 


■ o ^ 

• 2irr =y 

M; „ 66 7 , 

*“7 " 2t= 7 X ■■■■!<" 

—. 1 ft. 6 m. ,« 


39 . The area of a circle is found by multiplying the 
square of thf radius by ir. ' ^ 

That is, area — rev 1 . 


Example i. Find the area of a circle Svhose radius is 8 ft. 9 in. 
/ 22 \ 

7 '< ) 


Here 


^8 ft. 1 ) in^— 8 J ft. 
22 


qrea = 7 r? ,2 = ^ x ( 8 ^) 2 sq. ft. 

22 86 36 

'. •• 7 ' i t x 4 »1- ft - 

= 240$ sq. ft. = 240 sq. ft. 90 sq*. in. 


Example ii. Find to the nearest square yard the area of a circle 

whose diameter is c 42 chains 10 links, (t r = 3-1416.) 

c v ’ « 


Here r=2105 ch&ins. ‘ 

area = 7 rr 3 

c =?3T416*x (2l*05j' sq. chains 
= 1392*060$ sq. chains 
= 139*20508 acres 
= 139ac. Or. 32p. 24*6»q. yds. 


21-06 * 


_21*05 

421*0 I 
21-06 
1*0526 


44 * 1025 
3-1416 


132915076 

44*3102 

17-7241 

•4481 


5 
0 

0 

6 


im- 0608 l 
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40. Given the area abirde to fiqd the radius. 

. Since •* tt ?- 2 = area, 

* V 

ft / area 

Hence 4 c find the radian, divide the area by tt and take 
the square root of thf result. 

• * 

41. The connection between the area and the circum¬ 
ference may be iUustratert l»y the following example. 

Example. The#rea of a circle is 'M\\ acres, find its circumference. 
Here the area being given, thg ladius must first be found. # 

7 r? ,2 -= 96*25 aerc|=962*5 sq. chains. J f 

.. r- - 902*5 X - - Hi 10*25 sq. chains # 

■. r - J'MW *25--17\fehains. 

► Now eircumfcience—2?rr=2 x ^ x 17*5 cliaiits^ 2 1*20yards. 


42. ThS area of a plane circular rinq enclosed between 
Iwo concentric oir^les is found by taking the diftfcrencg be* 
ween the areas of the two circles. , • 

Example i. Find tlio atca of agiavcl walk 7 feet widi surrounding 

/ 22 ‘ 

a circular pond whose diameter is 288 feet. 


The radius of the inner circle is 119 ft. 

’the radius of the outer circle is 126 ft. 

The area of tbe outer circle - ir (126)- sq. ft. 

The area of the inner cirdle = ir (119)- «•[. ft. 

• . 

,\ the area of Ihe path • 

= t(126) 2 -<er (119) 2 sq. ft. 

# — t {(120) 2 - (119) 2 } sq. ft. 

— jt (126 +119) (126 |19)sq. ft. 

= ~ x 245 >4 7 sq. ft.=6890 sq. ft. 
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* Example *\ The (internal* radius of a plane ciicular ring is 
114feet, and its areals 7480 sq. fedt. Find*the width of the ring. 

Let the width of thef ing bq £ feet. 

Then the external radius is 1,1 i + v feot. , 

Area of triitch circle=7r (111 +.»)? sq. feet. 

Area of inner circle — ir (lit) 2 sq. 

.’ ir {(114 -\ .r) 2 -(111) 2 } — iilea of ring. 

r =7180 sq. feot. 

• 7 * 

• (114 + .r) 2 - (114) 3 7 180 x = 2380 sq. ft., 

or, (111 + .r) 2 = 12906 4 2380 ^ 15376 sq. ft. 

Taking the square root, * , 

IH-f.r= 121 feet 
J .i = 10 feet. 


*43. The area of a circle .can b; found if we know the 
length of two tangents jlr.iVn from an external point,•and 
the angle which, tpey make with one another. 

In solving sucll questions it must be remembered that 


e (i) the tangents drawn, from an external point to a 
' cirqle are equal; * Hac. m. 17. Cor. 

(ii) a line drawn from the centre to the point of con¬ 
tacts perpendicular to the tangent. ' * Euc. hi. 18. 


Example, Two tangents diawn fiorn an ex¬ 
ternal point to atntcle aie 21 inches m length, 
and malfj an angle of 00° with one another. 
Find the area of tlnj-cnclc. * 

In the adjoining figure AP = 21 inches, and 
the angle PAQ = fcO° • .-. the augle^PA0 = 3O°. 

I 21 t 

* And PO = PA tan 30° _ - - inches. 

n/» 1 

22 / 21 \ 2 

Area of circle= 7rr 2 =--. «<!• inches * 



22 21 x 21 

x : 3 


=462 sq. inches. 
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ezampiJes. vi. a: 

•Circumference an*t* Are.# of a Circle. 
• [EU'W-crttar/f Course .J 
{Circa inferences.) 


Take 7 r -- . 


1. Find the l« 5 iigtji 
radii yre respectively 

. (0 % T iuojios. 

(n) 34 inches 
(in ) 1 l“t. 9 in. 

(iv) -1 yds. 2 ft 


of the circumference of the circles whose 

% (v) 1 yd. 1 ft. 1 in. 

(vi) 1 p. 5 yds. 
m (vji) 7 chains links. # 

| (vm) 1 chain f> linljs. 


2. Find the rodi^of the circles whose circumferences are 
respectively # • 

# (i) 264 inches. *(iii^ 1 fur. 24 poles. 

(n) 73 yds. 1 ft fiv) 7 ch.'vins 92 links.- 


3. A wife may he bent, into the form t>f a curie of radius 

3“) inches. IQ the same wire were bent into the form of a square, 
what would be the length of its ^dc ? • # . 

# • • 

4. A wire may be so bent as to enclosesquare wfiose Area 

is 121 square inches. If the same \\u® wore bcuit into the form 
of a circle, wlute f ,ouhl its radius be ? • • 


I 5. A fountain has a circular*basin of radius 21 feet. What 
would be the cost of enclosing ij with iron palings at the rate of 
1 &a» Ad. a yard ? • 

6 . A thin gold wire evenly coiled goes 48 times round a reel. 

If the valfte of the wire at^l.f. 9 d. a foot is <E7. # 1 ?#., what is the 
diameter of the reel i . • • 

7. How far has a bicycle gravelled, wlieft its driving wheel, 
30 indicant diaftieter, has made 6300 revolutions ? 

• 

8 . A three-mile race is to be run on a circular track 
whose radius is 84 yards; how many nines must the winner 
i unround? 
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9. How many revolutions are made by the driving wheel of 
a tricycle, 36 inches in diameter, "in travelling 5 miles? 

10. Tho t driving vdieel of a locomotive engine, 7 feet in 
diameter, makes 120 revolution a minute. At what rate is the 
train traveling? 

11. The driving wheel of a locomotive engine, 5 feet in 
dir motor, makes 168 revolutions a minute. At what rate is the 
train tiavelling? 

(Areas.) 

Take 

0 <.• 

(Given the radius, to find the < rea.) 

x 2. Find tho areas <»f the circles whose radii are resjiectivcly 

(i) 7 inches. (\ < 1 yd. I ft. 1 in. 

(ii) 3£ inches. (\i) J p. 5)ds. 

(iii) 1 ft. 9 in. (vii) 3 chains 50 links. 

{iv) 4 yds 2 ft. * (viii) 1 chain 5 links. 

13. Find Ihe cost of paving a circular court whose diameter 
is 42 feet, at the rate of 5*. fid. a square yard. 

11. Find the value of a circdlar plot of ground whose diamc 
ter ,irt 770 yardft, at the rate of £‘56. 16,i. an acre. 

* (Given the area , to find the radio,..) 

15. Find the radii of tho circles whose areas are respectively 

(i) lf>4 sq. ill. • (iii) f>8 aq. yds. 4 sq. ft, 

(ii) 3850 sq. ft. (iv) 154 acres 

16. A circular plate of metal costs £1. 13s. 0/1., this being 
at the, rats of tyi. a square inch ; what is the radius of the 
pl&te ? 

'17. The rent of a circular plot of ground is £82. ft)*., this 
being at the rate of 10 guineas an acre. Find the radius in 
chains. 

/ 

18. Find the radius of a circle eoual in area to the sum of 
two circles whose radii are 4 yards ana 11 yards 2 fe^t. 
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• c 


19. * Find tlje radius of «, circle equal jn &rea Jo the sum ot 
three circles whose radii are 8 iAches, 9 inches, 12 inches. 

• 

20. Th§ rialius of a circle is 5 tyches. $ What is the radius of 

another tirt^e whose area is nine .times that* of tiie first ! 

• % 


(Arm and ('irntmference.) 

« 

21. Find.the area of the circles whose circumferences are 

(i) 22 inches. 

(ii) J10 feet. 

r t 

22. Find the circumferences of the circles wliose areas are 

(i) (ill? sq. in. 

(ii) 86-625 sq. ft. # 

(Circular rhujs.) 

23. Find the area of a # plane circular ring whose external ana 
internal radii arc 11 and 4 inches respectively. 

•24. Find the aroa of a plane circular ring^vfiose external and 
internal dianftters are 3 ft. 8 in. an<.^2 ft. 0 iti. respectively. 

25. A circiflar lawn 220 yards in diameter is surrounded by 
a^path 12 feet in width. Fmd%he area of tho*path%n sqif&re m 
yards. * * • *• 

. 26. A circular plate of metal, whos® diameter is 13 inches, is 
enclosed in a wdbuep frame of uniform width. If tne width of 
the frame i8 one inofe, what is its ^rea? 


(Miscellaneous.) 

w . * • . . A 

27. From a square sheet of metal a circular portion is cut. 

If the side* of «the square ie 9 feet and.the rai^iis of^the circle 
3 ft. 6 in.; find the value of the»remainder a$ the rate of is. 2 d. 
per square foot. • * 

28. Fr<am a Octangular garden 88 feet long by 65 feet wide, 
five circular flower-bfds are cut. The central bed lias a diameter 
of 30 feet, and eaeft of the other four a dia|ieter of 20 feet. Find 
the cost of turfing the rest of the garden at 2s. 7 id. for 5 square 
yards. 
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, ( * 

29. Find in acros, roocfe,rpol£s ^nd the nearest sq. yd. tho 
•area of a circle who#e'diameter i'.- 8 chains 40 links. 

30. Finji to the nearest owtico the pressure on a"circular plate 

of metal, whose .diameter is ^ 'inches, at tlpo rate of fd Ibis, per 
square inch. , * ,r , 


EXAMPLES. VI. T. 

On the ( Circumference ani^Area of a Circle. 

<► j 

•i 

\1 Uglier Course.] 

( Cire uni ft u en ees.) 

Take n 3*1410. 

♦ 

1. The equatorial diameter of the earth being given as 
7925*5 miles, calcinate the length of the equator, (l) taking 
as V, (li) taking rr in 3*141 fy Kind the difference fro t.lie nearest 
mile m the^two results. ( 

• u r 

° g. Find in yards, to three decimal places, the radius of a 
circle whose ciroy inference is equal to the perimeter of a square 
containing acres. ' * 

t 

3. If tho driving wheel of a bicycle, ;i2 inches in diameter, 

makes 1000 revolutions in travelling 2792J yards, calculate the * 
value of, 7r to three decimal places. . 

4. The earth’s orbit is nearly circular. If the uy&n radius 
is takep $s 92,700,000 miles, find approximately^ (in miles per 
second; the velocity with which the earth describes her orbit. 
[A year—365! day ;.] 

< 

5. The circumference of the larger wheel of a bicycle is to 
that of the smaller wheel as 45 : 11, and tne smaller wheel 
revolves 272 times more than the other in going a quarter of a 
mile. Find the circumference of each wheel 
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* 

*^(A fear,) * 

Take 7r~ y“. 

• • » i 

6. # ^ha4 is the acroago of a circular plot of gromfd if it cost 
£247. 105. to fence it»in, at # the rat* of £2. 5#. a*chainr? 

• 7. ff it costs £264 to fence*in a circular plot of ground at 

the rate of five, guineas a chain, what is the land worth at, 
£101. 105. an acre? 

* • - 

8. IIow many di.^s of metal each one incl^in diameter may 
be laid on a plank 2(T inches long by 14 inches wideband how 
many Square inches of plaqk remain uncovered ? 

• • • 

t Take Tr — 3‘1416. 

9. Find in inches, to two places of decimals* the side^eS"* 
square whose area is equal to tjiat of a circle of radius 5 inches.^ 

10. Find in chains and links (to the nearest link) the, radius 

of a circle whose area Is equal to that of a srfiare on a side'of 
250 links. * # 

• « 

11. A circular disc of metal 20 inches in f djameter is beaten 
into a square plate of the same thickness as the disc. If the side 
of the plate il*found to be 17'721 indies, calculate the value of n 
to three decirryd places. 

(Circular rtn</s.) 

Take n — . 

12. A fountain has a circulai>basin 31 feet in diameter sur- 
• rounded by a paved walk 4 feet wide Kind the cost of laying 

down pavement at the rate of l£ (></. a square y;frd. # 

13. ®he bull in eye of. a circular target is 16 ftiches in diameter, 

and is surnounded by a red band 5 inches wide. The red band 
is surrounued By a blue band 4 inches w*lo. 0<*npar%tli# areas 
of the red and blue bands. t • 

•. * 

14. A ring enclosed between two concentric circles has all 
area of 13£0 squ*are inches, and the outer circle has a diameter 
of 44 inches: find^tlfe radius of the inner circle. 

15. The external radius of a plane circular ring is 1 foot, and 
the area of the ring is 34 i square inches: find its width. • 
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16. The internal rjulius' oT a iplapo circular ring is 20 inches, 
and the area of the ring is 264 square inches: find its width. 

17. The external rHius of plane circular ring- is 5 yds. 1 ft. 
and its area is 39 sq.'yds. 1 sq. f t.: find the width of tl.A rLg. 

18. The external diameter of a plane circular ring is 10 yards, 
and its area is 56 sq. yds. 2 sq. ft.: find the width of the ring. 

f Tamjents .) 

19. F iom an external point A a tangent AP is drawn to a 
circle whose centre is 0. If AO and- AP measure respectively 25 
and 24 inches, find the area of the circle. 

20. The circumference of a circle of which 0 is the centre is 
mches, and A is an external point. If AO is 37 inches, find 

the'length of the tangent drawn fjjpm A to the circle. 

21. Two tangents drawn from an external point to a circle 
are 1*75 inches m length and make an angle of 120“ with one 
another. Find the area of the circle. 

22. Two tangents drawn from an external point to a circle 

are at right angles to one another, and measure If in. in length . 
find the area of the circle. 1 


' ( Miv'euaneoits .) 

«. „ !f 

23. From a , j qi: iro sheet of metfl whose side is 15 inches 

nine equal circular piet.es are removed : if the area of the 
remainder is 71 square inches, what is the radius of each of the 
parts removed? ' * 

24. How mady circular discs each 8 inches in diameter must 
be laid on a rectangular board 88 inches by 16 inches to leave an 
area of 352 square!inches uncovered? 

25. a ,T\y,o concentric circles are described so that the area of 
the ring enclosed between them is equal to the area of the smaller 
circle. Compare the two radii. If the radius of the outer circle 
is 100 inches, find the radius of the other. 

26. Of three concentric circles the radii*of f the greatest and 
least are 10 inches aril 8 inches respectively. What must be 
tjie radius of the middle circle if it divides the ring enclosed 
between the greatest and the least into two equal parts ? 
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.SECTION III. 


• 0»CBE8 AND SQUARES : CJltCLES AN» TRIANHlffiS. 

INSCRIBED' AND .CIRCUMSCRIBED CIRCLES. 

• » » * 

*44. The following questions are designed to illustrate. 

the principles of Euclid’s Fourth Book. 

» 0 

Example i. Find th^side of a squiii<> inscribe^ in a circle whose 
circumference is 132 inches. t (ir— ^ 

Here 2*r=?132 inches. 

» 

• l 7 

.% r= 132 x^x ^ = 21 inches. 

Then from the right-angled isosclles triangle 

AOB, # * 

AB-^r ^2^21 x 1*11 . # 

=29-70 inches nearly. 



Example ii. The difference betweefi the aieas of a circle and its 
inscribed square is 504 feet. Find tjie radius of the circle. ( ir=- r p. j 

0 * 

Here the area of circle = irr 2 ; the area of squawed (r — 2r a . 


1 so that 


- 2 ) r 2 = 50i B(j. feel, 


r — 21 feet. 


Example iii. JFind the area of a circle 
inscribed in an equilateral triangle whose 
side is 14 in%he% , 

In the adjoining figure BCV=7 inches. 

And r=BDtan36° = 7.-finches. 

* . a/# 

• 22 1 
/. area of oirole = *-r 2 = — x 49 x - 
7 3 

• :b 51J sq. inches. • 



• li 


6. E. M. 
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’ ' « 

*45. T',ic folio-,ving forn^ulM give the lengths of the 
inscribed and circumscribed circles of any triangle. 

Jf r dencte the'lengths of the sides ,,s |he semi- 
pcrimeter, A the area of the triangle, and r, R the inscribed 
and circumscribed radii, • * , 


then 



abc 

Ta' 


^EXAMPLES. VI. D. 

- Circles and Squares. Circles and Thiancles. 

[ // ttjh er ( Co urse. ] 

f ' Take tt- *f ; \ / 2 *• 1'41421 
• f (Circles and Squares ) 

1. Find (in inches to.- t\\ o places of decimals) the circum¬ 
ference oI the circle (i ) inscribed in, (ii) circumscribed about a 
square qn a side of 16 inches, r 

^ 2. 'Find (yi square inches to two places of decimals) the 
area of the cifcle ( 1 ) inscribed in, (ii) circumscribed aliout a 
sqqare on'a side of 12 inches. < ■ 

3. A square field has an 'area of 2i acres. Find the circum¬ 

ference of its jnscrilicd circle (in yards), and the area of its 
circumscribed circle (in acres).* ( 

4. Find the side of a square (i) inscribed in,’ (ii) circumscribed 
about a circle whose area is 3850 sejuare inches.Gi/e the result 
in inlhe&. 

5. Find the‘bide of a square if the difference between the 
circumference of its circumscril>ed and inscribed circles is 44 
inches. 

6. The different between the areas of a square and its 
(inscribed circle is 1050 square inches. Find the side of the 

square. • ** 
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{Circles and Hqfylateral Ttiarajlcs.'f 
\/3 = 1*|3205. 

7* ftnu the arqji of the circle (i) inscribe^ m, (u) circum¬ 
scribed # ab»ut an equilateral triangle whose side r#-12inches. 

8. Find the side of an oquilatoral triangle ft) inscribed in, 
(ii) circumscribed about a circle of area 402 square inches. • 


9. A square and an equilateral*triangle are drawn on the 
same base, and the difference between the area# of their # inserihed 
circle* is 924 square inches. Find the common base. 

ior a square «uid an equilateral triangle have the same 
perimeter. Finjl 4 . he ratio of the areas (l) of their inscribed 
circles, (ii) of their circumscribed circles. - 


{Circles a\d Trimujlrs ) 

11. In the tnanglcfABC, right-angled at C^tmd the radii of 
the inscribed and circumscribed circles who" 

* (i) a —15 inches, b — 8 inches#. 

• (ii) a =35 inches, b —12 inches. 

12. In tho triangle ABC find ttte values of r and R, having 

given * # . 

• (i) « = 21 iwclies, h— 20 inches, <*--13 inches. 1 

(ii) a« 51 feet, b —37 feet, c=40/eet. 

13. The are£t of a right-angh d triangle is 84 square iilbhos, 
and tho raflius of itu circumscribe! cm le is 12*5 inches : find the 
sides. 

• • 

14. In a triangle, whoso area is 84 square inches, it*is given 

that inclues, /• = 4 incties, c —15 inches :*find a and b. 

15. In *th# case of th# triangle wjtose sides aiji Sjfl feet, 
25 feet, and 17 feet, show tjjat’the radius of, the inscribed circle 

is equal to PiPiPz — ) where p x , jp a ,*> 3 are the perpen- 

# PzPz ^ PzPi + PlP‘1 

diculars from the vertices on the opposite sides. 


' 5 - 4 ! 



' CHAPTER VIZ 

I- * 

ON CHORDS AND ARCS OF CIRCLES. ' 

<■ {. 

SECTION I. 

CHORDS. 

46. Definitions, (i) The straight line joining any 
two points on the circumference of a circle is called a .chord 
of the circle. ' ‘ 

(ii) The chord of an arc is the straight line joining 
its extremities:. 

Let ACB. he a circhi whose centre 
is 0, and let AB bn a chord in it. 

From O draV OD perpendicular to 
AB, and produce OD to meet the cir¬ 
cumference at C. f Join AC. Then wo 
learn from TJuclid, Look hi., that 

(i) D is the middle point of AB ; 

- (ii) 0 is ‘the middle point of the 

arc ‘AC Et, 

Let tile chord AB hr '2a units in length; so that AD — a: 
let CD, the height of the arc, -h: . 

let AC, the chord’of half the arc, = b: 
let Jhe radius OA - r, and the perpendicular OD =p. : 

If the chord and height of the an; ACB are knocyn, the 
chord of half the arc is found by Euc. I. 47, , 

o - ... .'.(j). 

1 If the chord and height of the arc ACB are known, the 
radius of the circle is found thus: 

r‘ = a'‘+p‘ = a , 4■(r-h) , ' , 

i =a 3 + r 3 - 2rh + li‘; 

f 2rh = a 1 + lr ...(ii). - 
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’ Combining the results of (ii) vie have , 

' * = 2 rh .(iii). 


47. .^i solving thesquestidhs which fotl^w, ^ve recoin- 

miend t*he student to draw a figure in eacli ease, and work 
out each example independently, instead of mechanically 
using the formulae just proved. 

Example i. Find tfe chord of an arc whose height is 32 inches in 
a oircle of radius 65 inches. • 

Inferring to the Jast figure we have 

AO-QC = 65; and CD — 32; . OD -33. 

Hence AD == JAO 1 - OD 1 V /6S 3 - 3S-— ^98 x*32 = 56 in « 

\ the chord fIB = 112 inches, • 


Example ii. The cHord of an arc is 24 inciter* and its height is 
8 inches: find the diameter*of the circle. 

Cet r denote the radius: then wo hafie 

* * 

• _AD = 12; OA = r; OD = OC-DC=-r-8, 

* . * 

And ' OA ! = AD-'h Ot> s , 

or *r»=144 + (r-8)»^l*4 + »* Wr+6». • 

* * .-. llir=208. 


* *Hence tlie diameter --- 26 inclres. 

• • 

Example iii. The height of an arc is 2 inches and the radius is 
9 inches : find the chord of half tire aro. • 


Her%we mayjuse the /ornflila b 2 = 2 rh 


- =2x9x2. 

• • 

6 =?6 inches; 

or working direct from the figure, we have 

* •OD = OC-DC = 7; andOA = 9. 

# \\ AD*=9 2 - 7 2 = 32. 

But AC*=AD 2 + DC 2 = 32+ 4=36. 

* .• AC, the choYd of half the arc, =4> inches. 
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' I , . 

examp£e^ VII. A. 

* 

Chords ov a Circle. 

[file man tary aid Higher Course.'] 

1. In' a circle whose radius is 37 inches, a chord is drawn' 
70 finches in length: find its distance from the centre. 

2. In ?■ circle of radius,85 feet there are two parallel chords 

whose lengths an^ 72 feet and 102 feet respectively find their 
distance apart. ' 

3. Find the chord of an arc whoso height is 2 ft. 1 in. in a 

circle of radius 8 ft. ’1 in. • • 

.4. In a circle of diameter 4*82 inches, the chord of an arc is 
4’lo inches: find the height of the arc. 

5. The chord of an arc is 4$ niches, and its height is 18 
inches: find the Radius of the circle. 

6. The chord of an arc is P»yds. 1 ft., and its height is 2 feet: 

find the diameter of the turtle. * 

■* t 

7. In a circle of radius 27 inches, the height^ of an arc is 
1^ inches: .find + he chord of<half the arc. 

<8. Ii\,a circle of diameter <4 ft. 2 in., the height of an arc is 
‘ 4| ipche^: find the chord of half the arc. « * ' 

9. The height ot an ;p'c is 7 inches, and the chord (> of half the 
arc V’ 2 ft. II in.: find the diameter of the circle 

10. The chord of an arc is 4 feet, and tke chord of half the 

arc is 2 ft. 1 in.: find the radius of the circle to the nearest 8 
hundredth of an inch. * 

11. In a circled radius 9 inches’, the-chord of half «Vu arc is 

12 inches, find the chord of the whole arc in iricher correct to 
two decimal plates. ' . ' 

12. In a circle *>f diameter 3 ft. 9 in., the chord of half an arc 

is 1 ft. 3 in.: find the chord of the whole arc in,inches correct to 
two places of decimals. , ' 

*13. Find the height of an arc which subtends an angle of 
%2° 14' at the centre of a circle of diameter 200 inches. 

[Given coc 11* 7' = '9812366.] «, 
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45. ' *I)EFINITIOV 
circumference. 


SaCTlOl* II. 

* * 

ARCS OF A CIRCLE. 

. *• % 

An ire (jf a circl 


e is* a part of the 


If ABC is a circle of which 0 is the centre, then the. 
angle AOB may h(5 called the central angle of the arc AB* 

• • 

49. It is }rrove<?4n Euclid vi. 33 that in any circle arcs 
are proportional to their central angles. 

'Phus in«the adjoining figure 
the arc AB : the*afc AC :: the l AOB 
: the L AOC. 

Now the central angle efrrespond- 
ing to the whole circumference is four 
right angles , or 360°: he Ace, if D denote 
the .number of degrees in tin? aijgle 
AOB, we have 

the a/*?AB : the whole circumference :: D° f 300°, 
arc AB D 

»circumference 360 ’ 

D 



or 

• • c 


360 


: circumference. 


I Example i. The fadius of a circle is 420 feet: find the length of 
an are whose oentral angle is 24° 9*. j 

D = 24° 9' = 24-15 degrees. 


Here 

And 


arc = — x circumference 

D . 

“ 360 X 2,rr 

O 4.1 K 99 

” 360 x2x V x42 ° fe » 
= 177-1 feet. 



72 ^ ELEMENTARY IJENSURATION. [CHAP.' 

Example ii. Th-3 radius of'* drcl^is 100 inches: what angle is 
subtended at the centre by an arc inches in length? (w = 8*1416.) 

Let D denote the nujnber of degrees in the required angle: then 
D __ , arc t f * 

3*0 circumference 


„ arc „„„„ 

D = - — x 360 
2rr 

r _ 75 X 360 

“ 2 x^-141« x 100 
= 42*9717 degrees 
= 42° 58' 18" nearly. 


- degrees 


*9747 degrees 
60 

58*302 minutes 
60 » 
18*12 seconds 


Example iii.,. The length of an arc of a ciiele is 143 inches, and its 
CoST.. al angle is 9° 6'. Find the radius. 

Here ' D = 9*1 degrees, f 


and 


2ir* 360 t 

arc ~ D ’ P 

■ ,360 x arc 360x143x7. t 
■ ■ D.->, ■ <Hx2*22 "' Cl,e8 

fl 

= 900 inches. 


/ >*50., If 0 denotes the circular measure of the central 

angle (that is,Sits measure in terms of a radian ), it is 
proved in trigonometry that c . 


.•arc 
radius ’ 


.'. arc = rd. 


51 e The length of. the arc of ii circle may also be found 
approximately f ror.i the following (formula, 

8b ~ 2a 

arc= 3" ’ ■ ' ' 

I 

p 

■where 2a is the chord of the arc, and b the chord of half 
the arc. 
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• • • [ 9 

' No'te. This formula give% th* length of Jhe fere slightly less than 
it should be, the error being very «mall, if the central‘angle of the arc 
is Bmall. * 1 # 

If the central angle of th$ aro is $!i°, the flijnula gives^ts length to 
withih -O0005 of its real value: anjl the length *>f a semi-circum¬ 
ference gtoen to within -Of of its true length. Henfe if^he required 
•arc is greater than a semi -circum ft^rence the length of the correspond¬ 
ing minor aro must be found, and subtracted from the whole circum¬ 
ference. • 


Example. In a ciyle of radius 37 inches find the length of the 
minor arc who^-e chordfiB 24 inches. * # 

In the accompanying figifne 

* 0A =? OC — 37 inches ; 

At) = 12 inches — a. 

■ ^49* 25 

— 35 inches. 

.. C D — 2 itfche.s. 

, .-. AC= > /i2 f +a*= N /m 

= 12-165 . inch vx = b. 

• 85-2a 97-82-24 

, arc — # 



-24-4? inches (nearly). 


EXAMPLES. VII. B. 

Arcs of a Circle. 

[Elementary Course .] 

Take tt=^. 

1. The radius of a circle is 21 inches: find the length of an 

arc which‘subtends an angle of 60° at tljh centre. ^ 

2. The radius of a cirde is 9 ft. 4 in.: find the length of ap 
arc which subtends an angle of 11° 15' at the*bentre. 

3. Tbe radius ^>f a circle is 56 inches: what angle is sub¬ 
tended at the centre by an arc 33 inches jn length 1 

4. The radius of a circle is 45 inches: what angle is at¬ 
tended at the centre by an arc 39 - 6 inches in length ? 
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r f « | ' f . 

5. The length'of, an arcp oftta circle is 55 inchos, and it 
subtends an angle of 30° at the'Centre : f find the radius of the 
circle. 

t t «' * *'■ 

6. The? length of an arc of a cii'ole is 51 yds. *1 f>. jyid it 
subtends an angK> of 5° 37' 30^: find the radius of tha circle. 

' • * 

[Higher Course.] 

Take 77—3*1410. 

• r 

7. The driving wheel of a bicycle 32 jf.ohes in diameter has 
made 35 revolutions. Find to the nearest degree throng!; what 
angle it must now be turned to complete a journey of 100 yards. 

8. A knot (or nautical mile) is the length of one minute of 
arc at the equator. Given that the equatorial'diameter of the 

is 7925*f> miles, find to the nearest mile the length of 500 
knots. f - 

9. A ship steams due south at the rate of 11 miles an hour. 
Through how mf.ny degrees of latitude will she have passed in 
three days, given that the earth’s mean din meter is 7912 miles'I 

10. In a circle of rad if in 10 feet an arc 8 inches in length 
subtends an angle o' 3° 49' 11". Calculate the value of tt to thre< 
decimal places. 


II. TJhe chord of an arc is 48 inches, awf the chord of half 
the arc is 27 inches’, find approximately the length of the arc. 

12r The*chord of an arc is 48 inches, ard its height is 7 inches: 
find approximately the length of the arc. , 

13. In a circle of diameter £0 ft. 2 in., find to the nearest 
inch thtjr length of the minor arc whose chord is 20 feet. < 

, % 

14. In a circle of radius 32 inches, find to the nearest 
hundredth of an inch the length of an arc whqse height is 9 

inches* * * < 

•> o 

’ 15. In a circle hf diameter 72 inches, find approximately the 
length of an arc whose height is 8 inches. • f 

16. Apply the formula to find approximately the length of an 
arc of 120° in a circle of radius 10 inches; and express as a 
decimal (correct to the first significant figure) the ratio of the 
error to the true value. < 


A re -- 


Hl>-2a 
3 



OHAJTEKr.Vllt* 


ShdTOltS AND KKUMKN'L'S OK CIHCLK.". 


SECTION 1. 

^KCTOHH OF CIKITKs. 

52. * Dkfinltions. (il A sector of a circle is a figure 
hounded by % an a$c and the two radii drawn to its ex¬ 
tremities. * m 

(ii) The angle of a sector is the angle included 
two radii. 

53. From Euclid 33, we learn that tit e amts of sector# 
of the same circle are proportional to their angles. 

• . 

'J*hat is to say, in the figure giv#n below^ 

•the sector AOB : the sictor AOC :: the l. a8b : the l AOC. 

• * 

Now the whole circle may He re¬ 
garded as a factor whoso angle is four 
right angles, or 3£0* lienee it‘ D de¬ 
notes the number of degrees in the 
angle AOB, .we have • 

sector AOB : area of circle :: D° ; 360°, 

•that is, D * 

area of circle, 3GO • 

• . • D 

or ared of sector - --^ 7 : x < 

. J 360 



^ of circle .(i). 


Similarly we deduce fiym*Euc. vi. 33,, 
area of sector : area■ of circle :: arc of sector * circumference 

• * area of sector arc 

or .--. 

• 7i nr z-rrr 


1 




area of sector - ^ arc x radius . (ii). * 
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t ' • ‘ I * , • « 

12. The minutb-htyml of #clfck«38 5 feet long: m how many 
minutes will ?o have swept over in area j>f 942'48 sq. in. I 

13. Find the area *'f the gieatest sector that cSn to cut from 

.an equilateral triangle on a side of fo inches, the (Ibnifre of the 
sector beiy*.. ff vertex of t.h6 triangle. * # f 

14. Find approximately the area of a sector of a circle of 

•nqlius 241 mcncs, the chord of the arc being 210 inches. [Use 
the formula of Art. 51.] ( * 


H MOTION II. 

SEGMENTS OF CIRCLES. 

**^5. Definition. A segment of a 
bounded by an arc and its eliopl. 

In the accompanying figure 0 u 
the centre of the circle of f which ACB 
is an arc. OC bisect^ AB at right 
angles, so thut'Q is the middle point 
of the arc ACB [Ejic. in. 30]. 

Then area of segment ACB 

t , 1 ' 

# ^ — sector OACB - triangle OAB.' 

Example. Fifcid the arfa of a segment cut from a circle of radius 
42 inches, if the chord subtends at the centre an tAijle of 120°. 

120 

Area of the sector - ^ of aria of the circle . 

* 1 22 * c 

* x ---- x (42) a sq 4 inches = 1848 sq. inches. 

And the triangle mOD i&half an equilateral t; iangle : r so Chat Bince 

1 ‘ ‘ODs^Finches, AD = 21 s /3 inches. 

* * 

•. area of the Mangle AOB =21 x 21 fS sq. inches 
= 763*8 sq. inches, nearly. 

Area of the segment =sector - triangle < 

^ = 1848 - 763*8 sq. inches 
-J^84^ajcinehes. 




VIII1 SEGMENTS OF A CIRCLE. 

* ' 56 . The following ej^unfcle# will i|Juslratf^ a method of 
finding approximately the area of a segment, 

(i) wh#n the chord and nnUus ofjthe circle^are given ; 
'(iif wlien the fhord and heiyht of the segment arc given. 

Exathplei. Kind approximate^ the area of a se^moift pit off by 
a chord whose length is 14 inches from a circle of radius 2a inches. 


In the figure of the last article we see that 

OD = j25'-~7--2#inches, 

• • 

jhe triangle AOB - * AB . OD * * 11 . 21 - lf.H aq. fhclies. 

1 •• 

"rtie area t)f the 9lector will be found by the formula 

. # 1 

sector - - arc x radius, 

the length of the arc having fi*:t been aflproxnnately#found by the 


formula 

ate [Ait- ■'!]. 


*’ • 

Sow 

h-OC -OD--25-24- 1 incly 

*nd 

fare AD 2 -1 DC-=49+l = fill inches. 

• • 

.-. &- r,J‘2 inches#7-0711 mehes. 

ffhus 

Hb - 2(1 d'cfiOHB -It 
the,ar ( - - 3 


-- 14-18911 inches. ^ 

Now 

_ the lector - , arc x radius 

• .2 . 


- x 14-1800 x 25 sq. inchef# 

~177*37 sq. inches. 

Finally? th* segment —sector-Jruuigle # * 

=17^37- 108 sq. inchec 

— 9-37 sq. incites. 

[None.* The a # rea *f the segment thus given is appro ximate because 
the formula for th# length of the arc is approximate. * or the degree 
of accuracy see A.rt. 51. If the required segmlnt is greater than a semi¬ 
circle, find the area of the conjugate segment, and subtract it from tfe 
area of the whole circle.] 
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Example ii. Fifid approximately j)ie area of a segment 'whose' 
chord ia 14 inches, and height 1 incli. 

Here we must first fl^d the radius. 

b 2 '- 7 a +l 3 =50 sq.. inches. 

1 ‘ v ft=5 ^2 inches. 

And since b 2 -2hr [Art. 4f>], /. r - 25. 

From this point proceed as in the last Example. 

*57. If 0 is the circular measure >f the angle AOB, it 
will l)e seen from Arts. 54, 26, that 

area of s< <•lor ~ - r'0, . 

. »U(1U, ^ 

, area of t.iamjle ~ - r~ sin 0, 

.'. ana of segment - sector - triangle 
" ^ r 2 0 - - -r 2 sin 6 


, " EXAMPLES. VIII. B. 

'1'he Area op Segments of Circles. 

[Elementary and Higher Course.] 

& 

I (*r-=y.) 

( ■ } 

1. Find the aVea of a segment of a circle whose chord, 
7 inches in length, subtends a right angle at the centre. 

2. The chord of a segment is 10| inchep long, and subtends 
an angle of 60° at the centre. Find the area of the segment. 

c 3. Find the area of a segment cut from a circle of radius 
3’5 inches, if the chord subtends an angle of 120° at the centre. 



SEGMENTS OP A CIRCLE. 


• • 

• • • {M(‘tfu>£ of Art. 56.) b 

4. Kind the area of a segment whose chord is f4 inches and 
radius 25 ii^h^s. 

5. * A Segment is (#it off # from a circle of diameter 482 inches 
hv a ch«rd*whoso length is 24(.^> inches • tint! th8 arfa of the 
segment. 

• 

6. Find the area of a segment, whose chord is 30 inches and 

height is 8 inches. 8 

7. Find the area of a segment whose chord is 24 inches and 

height 5 inches. ^ ** 

of xcyHient — \ - (S - sin O'. j 


n-= 3*1410. . 

8.* Kind the area of a segment of a circle of radius 10 inches, 
the chord subtending at*the centre an angle of 7f£. 


9 * 1'ind the area of a segment* of a circle of radius 8 inches, 
the chord subtending at the centre an angle of .*> :w 25'. 

• [sin 38" 25' — ‘6214.] 

• ^ • • 

10* Find tFe area of the minor segment cut from a circle of 
radius 1 ft. 3 in. by a chord whirh subtends at ■the centre 
affgle of 23 ’ 40'. [stn£3 u 40'= ‘4014.] # • * 

• / 

11. * A regular pentagon is inscribed in a circle, of minis 
10 inches : find fhe area of the minor segment cut oft’ from«the 
circle by oiffc of the svles. [sin 72°«= *9511.] 

12. * ABCD is a square on a sfde of 1 inch, ana from A^and C 

as cefitres, with AB, CB as r^dii, two arcs are described From B 
to D : fina the £fi*ea of the curvilinear figure included lietween 
tho two are« * 
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• •SECTION'’ III. 

1’ROBLEMS OJT CIRCLES, SECTORS, AND SEGMENTS. 

58. 'The following examples are intended Uiiefly as a 
geometrical exercise. Some of the questions require the 
•solution of an algebraical equation and a little work in 
elementary Trigonometry: all will be found t • depend on 
principles proved in Euclid’s Third Book. 

Example i. Find the area of a circle in- 
scribed in a sector whose angle is l<sO°, and 
whose radius is 10 inches. 

In the adjoining figure C is the centre of 
‘.hrinscribed circle, which touches the radii of 
the sector at P and Q, and the arc j^t R. 

Let r be the radius of the inscribed circle. 

Then OR«iOC-i CR, 
that is, 10 = C P cosec 60° r r, 
or, 10 —t; cosec 00°-l r. 

This equation determines r; hence the area 
of the circle is found. * 

c Examine ii.‘ AB is a line 20 inches in length, and C is its middle 
point. ( Ou AB, AC and CB semicircles aro described. Find the 
radius of the curie inscribed in the space enclosed by the three semi¬ 
circles. * 

in the accompanying figure O is 
the centre of the inscribed circle which 
touches the thiee semicircles at P, 

Q and JL 

Then OQ pastes through E, the' 
centre of the semicircle AC. 

, r Euc. m. 12.] 

Let r be the radius of the inscribed^ 
oircle. ' 

Then CP=OP + CO = OP+y6I»~EC=; 

.-. 10=r+ N /(r+5) , ~5 a .' • 

(10 f -r) s =(r + 5) a -5*. 

inches. 



A E 5 C 



Hence 

Vrom which’ 



♦EXAMfcLteS* VIII: C.' 
. » 



[{Higher C<ftirse.] 

Note. 7T =3*1416; =1-4142; \/j) -= 1 -7320. 

1. A regular hexagon is inscribed in a circle of radius 10 
inches: find (in squaijp inches correct to two decimal places) the 
area of one of the segments lying between tfle circle and the 
hexagoti. 

2. * Fron^the angular points of a square as centres four circles 
are described. Jf «tho side of the square is 8 inches, and the 
radius of each circle is 4 inches, find the area of the curvilinear 
figure-included between the circles. 

3 k Two equal circles each of radius 9 inches toucti each other 
externally, and a common tangent (direct) is # drawn to them. 
Find the area of the space included lietweeu the circles and the 
tangent. • 

• 4. Three circles of radius 1 foot are priced so that each 
touches the #ther two. Find (to the nearest squire inch) the 

area of the cutvilinear figure inchuhfl between them. 

• 

5. From the angular points *f a regular hexagon ,js centres 
six equal circles ate Meson bed. If the side of the hexagop is* 
10 inches and the ra lius of each circle is 5 yields, find # the area 
of the figure enclosed between the circlafi. 

6 • • * 

6 . Tv» equal circles of ra<ims 5 inches are descriliea so 

% that the centre of each is on the circumference of the other. 
Find the area of the curvilinear figure intercepted between 
the two circumferences. • 

7. 'fwo equal circles of radius 5 inches 'intersect so that 

their comifion*chord is eqyal to their itulius; find (in square 
inches to two decimal places) the area 8f the ofirvilifteat* figure 
intercepted between the twef circumferciues. # • 

8. Ftyd the tircumferenee of a circle inscribed in a quadrant 

of a circle whose radius is 8 inches, (live the result in inches, 
correct to two places of decimals. ^ 

. 9. Find the area of a circle inscribed in a sector whose angle 
is 60° and whose radius is 15 inches. * 
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10. Two equal circles of nkdip i6 inches touch one another ‘ 

externally ami a direct common tangent is drawn. Find the 
area of the circle inscribed between th6 two given circles and 
the tangent. * * f , 

11. Twq tarigbnts at right angles U one another are drawn to 
a circle of radius 14 inches: finh the area of the figure Enclosed, 
lietween the tangents and the circumference. 

12. Two tangents making an angle 60° with one.another are 
drawn to <1 circle of radius':! inches: find jjhe area of the figure 
enclosed lietwecn Vhe tangents and tlie circumference. 

13. An arc of 90° is cut off from a circle by a chord 1(1 inches 

in length. Find the area of the greatest circle tha u can Us in¬ 
scribed in the segment so formed. < , 

'Kl'. An arc of 60° is cut off by a chord from a circle of radius 
7 inches. Find the circumference of the greatest circle that can 
lie inscribed m the segment so formed. 

15. Two tangents perpendicular to one another are drawn to 

a circle of radius 10 inches. 'Find the radii of the two circles 
which touch the given cirelt* and the tangents; and find the area 
of the smaller of thbse two circles. c 

c o * 

16. If the two tangents Sn Question 15 were inclined at an 
angle of 120° to one another, find the radii of the two circles 
v whibh may be drawn to touch the given circle and the tangents, t 

17. l\vo equ^ circles of diameter 9 inches touch one another, 
and from t^e point of contact as centre a thirjl circle of radius 
9incSies is drawn. Find the radius and the area of the circle 
inscribed in either of the two spaces enclosed by the three given 
circles. 

< < 

18. T hree equal circles of radius 10 inches are drawn so that 
each touches the \>ther two. Find the radius ^i) of the circle 
circumscribed about tlv) three given circles, and (p) of the circle 
inscribed in the apace between them. 1 



• (mpTUii ix. 
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SI MIL Mi I'KM'HKS 

C • W 

59. Similar fibres may be desoril>ed«as figures of the 
same shape, but not necessarily of tlie same s'ne. • 

• • , 

Thus circles qf all sizes are similar figures. 

Sertors of si fries whose radii include equal angles are 
similar. ** 

Again the irregularly cift*\ed boundary of j* county and 
its representation oi^a map are similar figures. 

60. Rediliimil figures air similar, or of the same 
shape, when corresponding angles are e^ual, and corre¬ 
sponding lines proportional. 


C 



For instance the figures ADCD, XYZV amsimilar if 

(i) the angles at A, B, C, D are equal*respectively to 

the anodes at X, Y, Z, V; # and if & 

(ii) $B : XY BC : YZ - CD : ZV, DA : VX. 

61. Thus similarity ^n rectilineal figures includes two 
distinct properties. Two rectilineal figifres of more than 
three siejes might possess one of these properties and not 
the other, but they would not then be of the same shape. 
In the case oi'tricmyles , however, Euclid shews [vi. 4, 5] 
that if one element of similarity exists, the other mqpt 
necessarily exist also. 
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That is tc say, in the triangles ABC, XYZ if tlie angles'at 
A, B, C are resptctively equal to the armies at X, Y, Z, then 


AB : XY BC : YZ' ' CA : ZX. [dine. vi. 4.] 

I 

And if the triangles are such that 

AB : XY = BC : YZ = CA : ZX, 


then the angles at A, B, C are respectively equal to the 
angles at X, Y, Z. [Rue. vi f f>.] 


62. The adjoining figure illus 
trates a case of frequent. oe* urrenee. 

.Ilere^ABC* is a triangle a*id XY 
'is drawn jiarallel to the base BC. 

Then it is cfiear tha,C the angles 
of t»he tri&ngle ABC are severally 
equal to those of the triangle AXY 
[Enc. I. 29]; ( 



hence ‘ AB : AX = BC : XY. AC : AY. _ [Eu^ vt.”4.] 


I ^ < 

63p .4 notber important proportion arises from the 
.figure of the lasj'article. Euclitt proves [vi. 2] that a 
straight line drawn parallel to a side of a triangle divides 
the other two sides proportionally. That is "to say*, 

fX : XB = AY : YC. 

£lso AB : px ~ AC : CY, 
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9 . * • 1 • 

64. We will now shcfcv Jio# these, principles may be 
applied. * 

Example i! In the figure Lf Art. 62, the sidis of the triangle ABC 
are known. f AB-51 iflches,£C = 20inches, CA-217mdhes. If AX 
rpeasuretf 34 inches, find the other tides of the triangle*AXY V 

XY : BC = AX : AB, 

XY_3I # 

•jo ~ :>i * 

» 

.... 34x2.) , , ' 

*rr———inches- 134 inches. 


We hav-' 


Again, 


AY : AC— AX : AB, 


AY _ 34 

37 * ;>i * 


AY———24i| incl&s. 


• Example ii. A man, wishing to asceitain tile height of a tower, 
fixes a Btaff vWtioally in the ground at a distance of 27*feet fiom the 
tower. Then, retiring 3 feet far the) frtm the tower ho sees the iop of 
the staff in lifle with the top of the tower. If the observer's eye 
qjid the top of the staff are rcspecffively 5 ft. 4 in. aifd 12 feet above 
the ground, find 1 he'height of the tower. , * 


In the adjoining figure AB represents # the 
tower, EF tho and CD the oberver in # 

his final position. B 

DGH is a horizontal line drawn from the / 1 

observer’s eye. • 

Then# DQ= G E = H A it 5$ feet; 

• HD = ::0fect; FG = GJfeet; 

QD = 3ftet. ' • 

And BH : HD = FG *GD, 




G* • 


•C E 


or 


BH_Cf 

30 _ J ' 


BH = 66Sfeet. 

Hence tile height of the tower=66§»t- 51=72 feet. 
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65. The areas of similar] rectilineal figures are propor¬ 
tional to the squares of corresponding sides . Euc. vr. ^0. 


The areas of similar cdrviline^ir figures are provortional 
to the squares of any corresponding liner that may he drawn 
in them.' ,f 1 « 


For example, the areas of circles are proportional to 
the squares of their diameters. , 

Example i. The sides of a triangle air 21 inches, 20 inches, 
and 18 inches. Find the area of a similar triangle whose sides are 
to the corresponding sides of the fiistip the ratio 25 : 8. 

Area of given triangle— J^ (* - a) (« h) (s ~ c) — J'li x 0 x 7 x 14 
=9 x 2 x 7 s i. inches. 1 


**Atfw required triangle given triangle =2 , 2 : 8 2 . 
required triangle— x given triangle 
4 25 x 25 

= • ( 9 x 2x7 sq. inches 

1 , =K750 sq. inches. ( 

Example Si. In Vt survey jyap an estate of 144 acre's is represented 
by a quadrilateral ABCD. If the diagonal AC is 6,inches, and the 
perpendiculars, from B and D |( on AC are 1-8 inches and *9 inch 
„ respectively, on what scale was the map drawn?, ' 

Area of planVBCD-* AC x (sum of offsets) 

• “ 

*> 1 

- ^ x 6 >4 2*7 sq. in. =: 8*,1 sq. in. 


Hence 8*1 s<H inches represent! 1440 sq. chains. 

1448 1000 


1 sq. ihch represents 


8-1 


sq. tiiaius. 


4 . • . .40V . 1760 . 

1 hnea r,inch represents .^chains = yards. 

* 

That is, the scale is six inches to the mile. 


* Example iii. Witl/.n a given regular hexagon, drawn on a side of 
40 inches, a second hexagon is inscribed by joining the middle points 
of the sides taken in order. «Find the am of the inscribed figure. 
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S1MI1,AHu FIGU^KK. % 

In the diagram, AB, AC ar^consedfttive 
sides of a hexagon, and EF the side of the 
inscribed hexagon obtained by joining E, F 
the middle points of AB, ACJ 

Then %^= E S-^r 


. AE 


' AE' 

_ 

2 * 


And 


inscribed hexagon 
given hex.igorA 


(S)’ 



But the area of the given*hexagon, being six times the area 
oijuilftterftl triangle «i the same side, may be found by Art. 25 
259*81 sq. inches.^ • 

3 • 

the area of the itivnbed he.muon x 259’Hi sq. inches 

i • 

• 

= 194*85 sq. inches 


of an 
to be 


EXAMPLES.* IX 

O.N SlMlLAR*Fnil'KKS. 

[L'lcnientan/ and Ha/her ('niwi | 

* * (>S ides and Lines.) 

1. The triangle* ABC is right-angled at C; and from P, a 
point in the hypotenuse AB, PQ«is drawn parallel to BC. 

(i) ^ If AP = 21 inches^ PB--:i\ inches, ayd AQ—18 melius: 

find QC. 

(ii) *If ^\Q~ 1 *25 in(*hes # AP = 2 W25 melius, ayd ®C -10 

inches: find PB. » • 

(iii) Jf AC = 8*7f) inches, PB 2*2f> incties, and QC=l*7. r ) 
inches: fyid AP* 

(iv) If AB # 17*0 inches, AC- 14*4 inches, and QC = 5*4 

inches : find AP. % 

(v) If BC = 12£ inches, AC = 30 inches, ami PQ —f> inches?; 

find AQ and AP. • 
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(vi) If BC = 12.inches, QCp2£ inches, and PQ= 2’4 inches: 
find AQ and AB. 0 

(vii) If BC = 7 ‘.nches, PB=20 inches, and P3 —14 inches: 

find AP arid AC. • „ 

(viii N 0 F He —12 inches' AQ = 7 inches, and QC'— 28 inches: 

find PB. 

(ix) If AP=5 ft. 8in., PB = Ilft. 4 in., and PQ=2ft. 8in.: 
find QC. 

2. A man, wishing to ascertain tho with of an impassable 
canal, takes two rods 3 feet and 5 feet in length. The shorter 
he fixes vertically on one bank, and* then retires at right angles 
to the canal, until on resting the other ml vertically oft* the 
ground, he sees the ends of the two rods m a hue with the remote 
bank. The distance between the rods he finds to be 60 feet. 
Wkxt is the width of the canal ] 

3. A man, wishing to ascertain the height of a tower, fixes 

a rod 11 feet in length vertically m the to rotind at a distance of 
80 feet from tlie tower. On retiring 10 feet further from the 
tower, he sees the top of the'rod in a line with the top of the 
tower. If the observer’s eye is fiJj feet above tho ground, find 
the height of the thwer. t 

4. A man whose heiglft is 6 feet, standing 32 feet from a 
lamp-|)Ost, observes that his shadow east by tho light at the top 
is 8 feet*.in length. How hig'h is the ligfct above the ground, 

' and 1 how long would be tho shadow of a boy 5 feet in height 
standing 20 feeMro.ii the post \ 

t ... ' « 

6i A man 0 feet in height, standing 15 feet fro.ni a lamp- 
post, observes that his shadow cast hy thd light at tho top is 
6 feet in length : lmw long would his shadow lie if he were to 
approach H feet “nearer to the post ? 

• v 

6. The triangle ABC is right-angled at C ; and CA' is drawn 
perpendicular to AB, A C' is drawn fforu A' perpesdichlar to BC. 
If AC a. 5 inched, and Bfc=0| inches ; find CA' and A'C’. 

* _ 7. In'the triangle ABC, AB = 9 inches, BC---8 inches, and 
CA=7 inches. In AB a point P is taken 2 infches from A, and 
PQ is drawn parallel to EC. Find the lengths of PQ and QC. 
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XX.] SIMILAR^FKiURER. % 

• • * 

• * 8. ‘In a triangle ABC, 4 D ™ perpendicular from A on 
1 BC ; and through X, a point in* AD, a line is dra^n parallel to 
BC meeting the other slides in P, Q. Tf BC —9 inches, AD = 8« 
inches and DX^=3 inches. Find tlfe lengtlfof PQ. • 

• * * * * 

9. In t\ty8 triangle ABC? AD is the perpendicular diawn from 
A to BC; and through X, a pomt*in AD, a line is drawn* paralle‘1 
to BC, meeting the other sides in P, Q. If AB = 13 inches, BC = 14 
inches, CA = 15 inches, and DX—3 inches, find the sides of the 
triangle APQ? . • 

• i 

10 . With the figur(?of Question 9, if AB = 29 inches* BC = 36 
inches, \5A = 25 inches, and,pX = 4 inches, find the sides of the 
triangle APQ, # 

11. * A persofl standing due South of a light-house observes 

that his shadow, cast by the light at, the top, is 24 feet lsog.* 
On walking 300 feet due East, jje finds h» shadow ty be 30 feet 
Supposing him to be 6 feet high, find the height of the light 
above the ground. • • 

12. * A person standing due Sdtith of a light-house observes 
that his shadow, oust by the light a? the ton,® is 23 feet long. 
Gu walking 240 feet due East he finds his snadow to be 28 ft. 
9 in. SuppoSIng his height to he T^ft. 9 in.? find tTie height of 
the light abovq the ground. 


[Areas.) 

13. The area of an equilateral triangle on "a lCise of 10 inches 
is approximately 43 3 square inches; find the area 8f an equi¬ 
lateral triangle on a base of 2 inqlips. 

14 . The area of a regular hexagon on a sid^ of 12 inches is 

appipximately 374 - 12 square inches; find the area of a.similar 
figure on#, base yf 2 inches. • • 

15. The* sides of a triangle are 25 fe#t, 17 feet and 12 feet. 

Find the area of another triangle whosS sides are nsspo^fcively 
ono-third of those of the fir.#t. ’ 

16. ABC and, XYZ are two similar triangles whose areas 
are respectively 245 and 5 square inches. If AB = 21 inches, 
find XY. 
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17. ABC is a triangle rigfit-angljd at C; and from X, a point 
in AB, XV is r drawn parallel to BC. If AB = 17 inches, BC•— if) 

‘ inches, and AY = 2 iqphes, finjji the area'of the trieng’c AXY, 

18. ABC is a triangle right-angled at C,; and from X, a point, 
in AB, XY h (Vrawn parallel to BC'. If AC = 7 infches, BC —24 
inches, and AX = 5 inches, find the area of the triangle AXY. 

, 19. In the triangle ABC, AB = 29 inches, BC=--36 inches, 
CA —25 inches. From i\ point X in AB a line’XY is drawn 
parallel to BC. If AX = 5-8 inches, find the area of the triangle 
AXY. p * ‘ 

20. In the triangle ABC, AB^-'21 chains, BC-^-17 chains, 

CA —10 chains. From a point X in AB produced, a line XY is 
drawn parallel to BC to meet AC produced* at Y. If AX = 105 

.chains, find the acreage of the triangle AXY. 

(Flans and ’coins.) 

21 . The ground-plan of a house drawn to a scale of one inch 
to 15 feet is represented b)'-a rectangle 8 inches by 6 inches. 
What area is cowed by the basement of the house? 

22. In the plan of an estate drawn to the scald of six inches 

to the mile, a field is represented by a square op a side of *75 

inch. Find the acreage of the field. 

* * * * < 

1 23. What is the perimeter of a field if m the ordnance survey 

map of 25 inely^s .to the mile it is represented by a square con¬ 
taining 6 - %5 square inchts 1 , , 

<1 

24 . In a plan, drawn to the scale of 2.2 inches to the mile, 
a plot of ground is represented by a quadrilateral A BCD. If AC 1 
is 11 inches, and the }>eiq>endici.lars drawn from B and D on AC 
are respectively 6 inches and 5 inches, find the re^t of the 
ground at £%. 10A an acre. 

t y 4 

25 . % A jield «of 9 acses is represented in a plan by a triangle 
whose sides are 25,47 and 12 indie* On what scale is the plan 

• drawn, and what length will lie represented by 80 inchos ? 

26. In a survey map an estate of 512 acres is represented by 

a quadrilateral ABCD. If AC is 20 inches, and,the perpendiculars 
from B and D on AC ^-o 24 and 26 inches respectively, on what 
^pale was the map drawn? Give the result in inches to the 
mile. « » 




IX 


SIMILAR .FIGURES. , 



(Geometrical Problems.), 

• , 9 » • 

27. A trtanglo ABC is divnied into two equStl jSirtR by'a 

straight line XY drawn parallel t<> the base BC. If AB = 10O 
inches, And AX. * 

28. A trftingle ABC is divided in%> throe equal pafcts by two 
lines XX' and YY' dntwn parallel to BC. lf.AB —100 inches, 

And AX and AY. * • 

• 

29. In the triangle A5(5, AB = 13 inches, BC—14 inches, 

AC = 15 inches. PoJ is drawn parallel to BC, cutting the other 
sides at P and GL 9 If the pori>endioular distance between PQ 
and BC is 3 inches, And the area of the triangle APQ. <r 

30. In the triangle ABC, Aft = 25 feet, BC---29 fret, AC = 30 
feet, XY is drawn parallel to AC cutting the other sides at X 
and Y. If the perpendicular distance between* XY and AC is 
4 foot, find the area of the triangle J3XY. 

31. In a given square, a square is mseriVed by joining in 

of-der the m i^U» points of the sides. In the inscribed square 
another square is inscribed in a similar way, and so on. If the 
side of the given square is 1(» inches, And the area of the first 
inscribed square, also of the eighth inscribed squaifr. , • 

32. In a given triangle a similar triangje inscribed by 
joining the middle ]aunts of the sides. In this inserilied triangle 
another similar «ti1angle is inscribed in like manner,*and s<*on. 
What fraction of tlje given triaqgle is the area of the sixth 

%inscribed triangle ? 

I • 

33. In a circle of radius 32 inches an equilateral triangle is 

inscribed^Rnd in.this triangle a circle. In tl*s circle an equi¬ 
lateral triaygle is again inscribed, and ii^ the triangle a circle. 
If this proees# is continued, And the ajjea of tl^e fo^rth*eirelo 
(counting from the given oqp), and find whiuli of the circles has 
an area of 31 square inches. • 

34. In .a circle of radius lfj inches, a regular hexagon is 
insorilied, and in tjjii9 hexagon a circle. In this circle a regular 
hexagon is again inscrilicd, and in the he^igon a circle. If this 
process is continued, find the arm of the fifth circle (counting 
from the giv^n one), and of the fourtl* hexagon. 



' CHAPTER X. 

ON HK(!OI,.»H POLYGONS. 

. 66. Definitions : 

(i) A polygon is a rectilineal ligufln of more than four 
sides. 


A polygon 

of tire 

sides is 

(telled a Pentagon, 


six 

sides 

Hexagon, 


seven 

sides 

" Heptagon, 

% 

eight 

sides 

,, Octagon, 


rhie 

sides 

,, Nonagon, 


ten 

sides 

Decagon, 


eleven 

sides 

,, Undecagon, 


t ice Ive 

sides 

,, Dodecagon, 


fifteen 

sides 

,, Quindecagon. 


(ii) A^polygon is said to lie regular when its sides aie 
all equal, and its Singles ive all equal. 

(iii) A circle is said to be circumscribed about a 
polygon when the circumference of the circle passes 
through the apgqlar points of the polygon. 

(iv) A circle is said to be inscribed ii. p polygon when 
the circumference touches each side of the polygon. 

67. By tl.e method of Euc. iv. 13 it may be shewn 
that v* 

(i) the bisectors of the angles of a regular polygon meet 
at a p rintr: 

(ii) the perpendiculars drawn from this point to the 
sides are all equcd; and the lines joining this point to the 
Vertices are ail equal : 

(iii) hence the pteint at which the bisectors of the angles 

intersect is the centre both of the inscribed and circumscribed 
circles, 1 
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REUUlAll POLYGONS. 


95 


• ' Fot example, let AB, ijC, CD, 

1 DE be consecutive sides of a 
regular polygon of n 'sides; aijd 
let a be the length of Jits side, 
and r, R the rad A of* the ii#- A 
scribed ana circumscribed circles : 
then 

(i) the .bisectors of the angles 

at A, B, C, D, ... meetfiit a point O. * 

% 

<ii i. OA OB OC ... R. 

OP J[tile iD'rp'. from 0 on AB) 



(iii) 

(iv) 

(v) 


OQ 


The triangles AOB, BOC, .. arc all equal. 
Each of the angles AOB, BOC - the n 
four right angles, or 


p iri 


of 


68. To find the area of a # regular polygon of n sides, 

having given the length of the side mul of t\e parpen licular 
from the central point on a side. • 

The are?of the polygon - n xigiroa of V\ OBC* 

n x .1BC.OQ 

* 

^ x side x perpendicular. 

69 . To fiitd*the area of a regular polygon oj*from & to 

12 sides, Having given • 

(i) the length (a) of one mule; i 

or (li) J,he radius (r) of ijie inscrilx d circf g ; 
or (iii) tfye radius (R ) of the circumscribed circle. 

In the Table of the next article # refqr t<5 the* nufnbers 
corresponding to the assigned type of polygon. 

The aj^ea of the polygon is found by multiplying 
a 2 by tjie*number given in column (i), 
r 2 . y . (ii), 
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Example. Find the area of y regular octagon on a side of 10 inches. 

The number corresponding to an octagon in column (i) of the 
Table is 4-8*284.‘1. 

• area of octagon = 10 s , 4-82813 

,v= 482*843 sq. inches. 


*70. To find fornmlw jor the. area. of a regular polygon 
oj n soles in terms of (i) a, side , (ii) the. radius of the inscribed 
circle , (iii) the radius of the circumscribe 1 circle. 

With the figure ami notation o£ Art. 66, wo have 

OQ ~ BQ rot BOQ, 

a 180° 

or r - - cot 

’2 n 


(i) The a»-ea of the polygon n . J BC . OQ 

// a m° 
. a . , cot 


a x cot.- 

4 'K 


r (ii) The area of the polygon n . iOQ . BC 


-. /’ iV^ton 


I HO* 


- r x n tan 


180 ° 


(iii) The area of {he polygon — n . A BOC 0 

, -7i. JOB . OCsin BOC 


n 2 . 360 

- -. R . sin* 

2 71 

a n . 360° 
= R x - sin 


n 
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. * » 

The values of the mullipljera * 

n ^ 180°, , 180° n . • 36(/ 

. jcot — , n tau-r, 

. * ' > * 


are tabulated beloW fofr regulat* polygons Af 5 to 1*2 
sides inclusive. * * 


Table for, calculating the area of a regular polygon, having gWen 
(i) a side, (ii) the radius of the inscribed* circle, (iii) the radius of the 
circumscribed circle. » 


* (|) # (ii) t‘ii) 


• • 

Name of 
Polygon 

No. 
cf 1 
sides 
n 

Multiply a 3 by 

n x 180° 

, cot 

4 n 

Multiply >- 2 by 

, 180° 
n tau - 

u 

Multiply it 3 by 

n . 360° 

• s sin- 

2 . n 

Pentagon 

5 

• 1*72048 

3-63271 

2-37764 

Hexagon 

6 

2-59808 

3-40410 * 

2-59808 

Heptagon 

7 

8-63391 

3-37100 

2-73641 

Octagon 

8 

4-82843 

• 3-31371 . 

2-82843 

Nonagon 

9 

018182 ■ 

3-27571'® 

2-89251 

Decagon « 

10 

7-69421 

3*24920 

* 2-93893 

Undecagon 

11 

. 9-36564 

• 3-22994 

2-97352 

1 Dodecagon 

'12 

11-19615 

» 

3-21539 

3-00000 


• t 

71. The following example will illustrato tbe method 
of Art. 68. 

Example. Find the area of the circle inscribed in a regular 
decagon whose side is 14 inches. % 

ftefer*ng to tjie figure of Art. 67, 

OQ=BQcot BOQ. 

or, r=7 eot 18°. 

22 • 

Area of inscribed circle= wk 3 = -- x 7 a cot 3 18 


= 22x7 x 


5 +J_5 
3- 


g=22 x7 X (6 + 2 »J6) — 1458°jfl sq. inohes nearly. 
S. E. M. 
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ELEMENTARY MENSURATION. 


EXAMPLES. X. 


[chap. 


CN Regular Polygons. 

[.Elementary Course.] 

1. Pind the area of a regular pentagon on a side of f» inches, 
giving the result in square inches true to the second decimal 
place. 

2. Fi: d the area of a .regular decagon on a side" of 8 inches. 
Give the result t' the nearest hundredth a square inch. 

3. Find the area of a regular heptagon inscribed in a circle 
of radius 6 inches. 

4. Find the value (to the nearest penny) of a regular 
hexagonal sheet of metal on a side of 4 teeu, at the rate of 
12$. 3d. a square yard. 

5. If it costs £l(i. 13$. 4<l. o fence m a regular octagonal 
enclosure at the rate of 12$. (id. a yard, what would it cost to 
pave it at 3$. 4,, T . a square foot '{ 

6. Find to the nearest hundredth of an inch the radius of a 
circle whose area, is equal to that of a regular hexagon on a side 
of 11 inches, — 


[11 ujh <>r ('o ttrse. ] «• 

‘*7. Kind to the nearest hundredth of an inch the pen*}'*- 
dicular distance lietween the opposite sides of a regular hexagon 
whose side is U‘ indies. 

8. A Regular octagon is formed by cutting eff the cornel’s of 
a square whose side is 8 inches. Find the side of the octagon. 

9. Find to the nearest hundredth of an inch the side of a 
dodecagon inscribed in a circle of radius 12 inches. 

10. Find the area of a circle circumscribed about a regular 
octagon on a sidj of 7 inches, (w—ty-.) 

11. ' The area of a dodecagon, is 300 square inches; find the 
radius of the circle^ circumscribed about it. 

12. Find the area of the circular ring bounded by the inscribed 

and circumscribed ciicles of a regular hexagon, the length of 
whose side is 20 inches, (tt *= 3*1416.) 4 

And shew that the area of the circular ring bounded by the 
enscribed and circumscribed circles of a regular polygon on a 
given side is the same whatever be the number of sides. 



REGULAR* POLYGONS! 
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X.] 


13. About a hexagonal enclosure whose side is } A feet runs a 
pi>th of uniform width. # If the width of tho path is 3 feet, tind # 
its area. * 


14. r I*ho basin of a fouiltain is a regulai* polvgoi^ of n sides, 
each side tying a feel in length ; find round ic mnsia path of 
uniform width. Find a trigonometrical expression to give .the 
area of the path, ff its width is b feet. 

15. In a circle of radius 7 inches a regular octagon is in¬ 
scribed, and a circle is inscribed in tile octagon. Find tho area 
of the inscribed circle%> the nearest hundredth *>f a square inch. 
(7T=V-) 

16. The difference bet wee*! a regular dodecagon and a hexagon 

on the same base is # 113’4 square inches. Find the length of the 
base. [Take ’732.] 

17. The difference between the ai eas of a regular octagon and 
a square inscribed in the same #ircle is 82*8 square inches. Find 
the radius of the circle.^ [Tako = 1 '414.] 

18. Calculate the area of the square formal by joining the 
middle points of the alternate side^of a regular octagon on a side 

of 8 inches. . * • 

e 

19. Calcq^ito the area of the equilateral triangle formod by 
joining the middle poyits of the alternate sides of a regular 
hexagon whosA side, is 40 inches. 

• • • 

o20. A regular polygon of n sides is formod by loftiing the # 
middle points of alternate sides of a polygon of 2 n sides. If the 
side of the latter polygon is a inches, find an* expression to give 
(i) the side of tjie* former polygon, (n) its area, (iii) the ar^i of 
its inscrili^i circle. 

• 21. In a circle of radius 10 inches, a regular hexagon is 
inscribed, and a circle is inscribed m the hexagoi. Within this 
circle a second hexagon is ijrawn, and in the hexagon a circle. 
If this pibcess i:* continued, ad infinitum, that the sum of tho 
areas of all £he hexagons so drawn. • 

22. In a circle of radius r,*a regular po\ygo?i of *n sSes is 
inscribed, and a circle is inscribed in tho polygin. In this circle 
a second regular polygon is drawn, and in the polygon a circle. 
If this process is continued, ad infinitum* find the sum of the 
areas of all the circle*. 


7~* 



OHAfTEK X'l 

1 IRBEOULAR KKCfSILlNKAL FIOURES.*' THE F;EI,l>-Bl>OK. 

1 ^ 1 i 

SE'O^ION 1. 

AREAS. 

72. Rectilineal figures may always be divided into 
triangles and quadrilaterals whose area can be separately 
found by the methods of Chapters lv. and v. The sum of 
the results so obtained will be the area of the given figure. 

Example i. Calculate the aiea of the figure ABODE from the 
following data. The angles at B and D are right angles: 

AB.—12 inches, DE = 1)inches, 

BC = 5'inches, EA = 14 inched! 

CD = 12 inches. 

Here AC — J 12- 5' 2 -13 inches; 
and CE = »/l2 2 +-1)*= 15 inches. 

(i) The aABC = *. ABxBC 

* i. 

=s - . 12 x 5=30 sq. in. 

“ S « 

<ii) Th‘e aCDE=* .CD x DE = ^. 12 x il = 5i stj. in. 

(iii) The a ACE = (* - a) (# - b) (.s - c) = 84 sq. in. » 

.* the area the figure ABCDE = 168 sq. inches. 

73. In practice irregular rectilineal figures lire most 
commonly sub-divided by means of a baseline (or chain- 
line) 1 and offsets,from it. The diagram given below will 
illustrate the method. 

Two vertices (A and.D in the figure) are chosen as stations, and 
joined by a line called the bate-line. From the remaining vertices of 
the figure perpendiculars (known as offsets) arc drawn to the base¬ 
line. Tbe figure is thyfc divided into right-angled triangles and right- 
nangled trapeziums, whose areas may be separately found if we know 
the lengths of the offsets an<i of the various sections of fhe base-line. 




XI.] #IRREGULAR RECTJLINEAI, FIGURES. 

# Example. Find the area the on- 
‘ closure of which' the adjoining diagram 
is & plan. The following ^measurements 
have been mfld£ I • 

AD =*1675 links, , # * 

AP= 9<ft) links, 

AQ = 1040 linlft, 

A R = 1200 links, 

AS = 1680 links, 
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PF =850 Aliks, 
QB =200 links, 
R£ = 250 links, 
SC = 500 links.* 



Here we have to find tire aieas of the 
four right-angled triangles £1JF, AQB, 

DRE,.DSC, ryid of tJie two iight-angled 
trapeziums PREF, QSCB. It will be 

simpler to finil Oc1ce # tho area of each of these figures, and to take half 
of the final result: * 

(i) Twice triangle APF - AP*< PF =900* «50 sq. liijks 
# = 705000 sq. linkR. 


(ii) Twice triangle AQB AQ x Q£ = lOtO x 200 sq. links 

--*208000 sq,. links. 

DR AD AR= 175 links. ° # 

(iii) Twice triangle DfaE DR x RE = 475 x 250 sq. links 

* = 118760 sq. lifiks. , 

DS = AD - AS = 295 links 

• i 

(iv) Twice tryuigle DSC = DS x SC =295 x 500 sq, lin^a 

# . =147500 sq. links. 

PR = AR AP = 300 links. 

ft) Tjyiee trapezium PREf = PR (PF f RE) = 300 x 1100sq. links 
— 330000 sq. links. 

QS = AS £Q = 340 links. 

(vi) Twice trapezium QSCB = QS (QB + SC)«t340 x 700 sq. links 
= 238000 sq* links. 

By addition, tv§ce*the whole figure*1807260 sq. links; 
the required area *903625 sq. link , |=9 , 03626 acres 
=9ac Or. 6p. nearly. 





102 


, i * 

ELEMENTARY MENSURATION. , [CHAP. 

74. When the given figure approximates in shape to A 
triangle or Quadrilateral, more than one chain-line is intro¬ 
duced; and insets, \is well a,s offsets, dre used, yi {.lie manner 
illustrated by the figure given below. • , 

Hera the irregular figure ABCC/EF approxinj ites to the 
form or a right-angled triangle EAC, thq area of which 
must first be calculated. From this area the triangles 
derived from the innate XB, ZD must be subtracted; and 
the triarfgle derived frdm the offset Y f F must be added to 
the result. ** ' 

Example. Calculate the area of*the enclosure ABCDEF from 
the accompanying plan, having given the following measurements : 

the angle ACE is o right angle; 

AC - 050 links, 

CE=720 links, 

BX=, 90 links, 

DZ= 50 links, 

FY = 120 links. . 

Here EA-^./CA’ + CE 2 

= ^/(«-')0)=-]-(720i- 

1 • "= 970 links. 

(i) Twice trv-ii< 4 1 e ACE- AC x CE=650 x 720 sq. links 
t = 468000 8£. jinks. 

(li) Twice triangle ABC = Ap x BX=650x90sq. links' 

= 58500 sq. links. 

(iii) Twice triangle C D E = C E x D Z = 720 x 50 sq. links 
< =30000 aq.Knks. * 

(iv^ Twice triangle EFA = EAx FY =970 x 120 »q,rlin'KS 
1 (=116400 eq. linke. 

0 

Hence adding the results of (i) and (iv), and mbtracting the results 
of (ii) and (iii) we have * «• t 

twice required figure=489900 sq. links r =4-899 acres; 

.*. required area=2-4495 acres 

,~2ac. ir. 32 p. nearly. <4 
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Irregular* Kkcti]-(*nkal Figures 


{Elementary and Higher Course,.'] 


1, In $he irregular *he\agou 


ABCDEF, it is 
angles at B, C* 
angles, and 

AB — 35 feet, 
BC —12 feet, 
CD = 12 feet, 
Find the area 


jjivcn that the 
jfnd F are right 

DE--1G for*, 
EF.= 24 feet, 

FA = 45 feet , 
in square feet.. 



2. Calculate the area of the figure 
ABODE from the following data. 

AB = 12 in.; the. L ABC a right angle ; 

BC = 5 in., * 

CD = 14 in* J 

AD = 15 in.; the L ADE I right angle ; 

DE = 8 in. , ‘ . \ 

• • 

(live the result in square feet and 
square inches. 
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3. Calculate the t.-e a of the figurfc ABODE 
from the following measurements : r 

. «B = 13ft., EA=U ft., 

BC = 51 ft., AD — 21 ft., 

CD = 37 ft., BD--20 ft., 

DE-lO.ft. 

Give the result in square yards and feet. 



4. Calculate the acreage , >f the figure 
ABODE from tho following measurements : 

AB=290 links,' EA = 300 Unks, 

BC = 300 links, BE-250 links, • 

.CD-280 links, BD = 260 links, 

DE = 170 links. 



" 5. Calculate the ajea of the figure 
ABODE, from the following measurements, 
where XE, VB, ZD art ofl'-sets from AC. 

AX—G yds., XE=4yds.f 

XZ =8 yds., YB—8 yds., 

ZC-2 yds., ZD—4 yds. 
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.■ 6. Calculate the area of 1 the figure 
ABCDEF from the measurements given 
below ; XF, YB f YE and 2?D >eing onsets 
from AC. • » . 


AC = 18v>yds., 
AX = 50 yds., 4 * 
XY = 70 yds., 
YZ = 30 yds., 
ZC==30 yds. 


XF --00 yd#., 
YE=4() yds., 
YB^50 yds., 
£D = 80 yds., 



7. Find in square # yards the arc* of 
the figure ABCDE, having given 

AB = 13 yards, 

BD = 14 yards, 

DA=15 yyids, 

CX — 2 yards, 

EY= 2 Jrards. 



8. Oficulate^the area c*f a field, of 
which the adjoining diagram is a plan, 
from the fallowing measurements. 9 

# * 

AC = 2900 links, BX = 100 links, 
CE=2500 liqks, DY=400*lmks, # 

EA = 3600 links,* FZ = 950 links. 

Give the result in acres, roods, and** 
the nearest pole. 

• • 



K - 
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9 . Calculate the area ofithe figure 
ABCDEFGHv r rom,the followiug data: 

* the angles ABE, AHig are right angles; 

, AB-7 yards, ' 

V ' BE 1 .v 24 yards, ‘ i 
' EH - 20 yards, 

, H A - -1 r> yards ; 

p and <[ are the middle points of BE 
and EH ; <• 

GX - DY, and FZ-GV. 



SECTION II. 


TilK KIKM) HOOK.' 


* 75 . One of the most important practical uses to which 
the mensuration of plane figures is put is the survey of 
land and the«;alculation of areas from ascertained measure¬ 
ments. From the examples of, the preceding section the 
student will haVe learned how a simple plot of ground with 
rectijjneal boundaries may he sub-divided for tnis purpose 
into triangles ami guadrilateValij; and what measurements 
are likely to beAieuded. Without entering upon the man¬ 
ner in which tliesa measurements arc actually made in 
practice (as knowledge of this kind is.most readily gained 
in the field), we will^xplain how the surveyor records them 
jn his Field-Book; and the beginner will find it a useful 
introduction to his practical work to draw.plans from 
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field-book notes in a few sample eases, and to calculate the 
area of the ground represented. 

I 

* * • # ^ 

76. We will fir$t ccnisider a plot ot grouiuj surveyed 

b^r a single Miain-line ana oflseis'from it. * * 

Example l. Draw a plan # ami calculate the area of a field from the. 
following notes: * 


The Field-Boolf, 


liinks 

• • 


to J)% 

• 


1G76 



1380 

500 to C 



• 

to E 250 ! 

1200 



1040 

200 to B 

to F 860 

**900 


From 


go North 


a 

•The IMau. 

# 

D 



The field-book is to be read upivards, beginning {ft the lowest line, 
which tells us i* frhis case that the selected chain-line*runB from 
a station ^due North. • 

* The centro column of the field-book refers to measurements made 
from A along the chain-line to the points from thich the offsets 
spriifg: the columns on the right and left refer to the lengths of 
offsets to the righlf and left of the chain-line, • 

Thus to Tlrinv a plan from the field-boolf, we first lay down the 
chain-line AD to represent a direction due*No\;th itom 51. in .47.) 
we take AP of sufficient lengtfi to represent 900 Muks on some fixed 
scale. From P wo draw an offtfot JPF to the left of such length as will 
represent 8^0 links on the same scale. The*offsets QB, RE , SC are 
to be drawn in a similar manner: and then the point 7) is determined 
so that AD may represent 1G75 links. The boundary AFEDCBA is 
now filled in, and the plan is complete. "• 

For the calculation of the area, see Vt- 73, Ex. 1. 
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77. When a field is surveyed by means of a triangle, 
as in the eiiiimple given below, three chain-lines are used, 
and the offsets flam each arei recorded ii the manner 
already explained. 

✓ 

Example. Draw a plan of a held from the following notes: 

The Field-Book. The Plan. 


Dinks 



to A 



2500 



1800 

250 

0 

14C0 


300 

1100 • 


From 

c 

range to A 


to (' 



2900 



2450 

450 


"00 

450 

r | 



From 

B 

turn left to C 


to B 



3600 


280 

2650 ' 



2220 

I o 


1720 

320 

Prom 

A 

go East 



The horizontal lines in the 
field-book separate the notes refer¬ 
ring to the several ohain-lines. 
Thus the field-book shews three 
chain-lines AB, BC, CA, which 
must first be drawn: their lengths 
are to represent respectively 8600 
links, 2900 links and,2500 links. 
This triangle is drawn by the method 
of Euc. Bk. i. Prop. 22; and the 
entry “from B turn left to C n 
shews that the triangle to be on 
the left of AB, looking from A to B. 

The offsets from the chain-lines 
are pow to be laid down as explained 
in .the last Example, it being ob¬ 
served that the entry 0 (as an offset) 
indicates a point at which the 
boundary crosses the chain-line. 

. The area of the figure may now 
be calculated in the manner ex¬ 
plained in Art. 74. j 
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The Field-Book. , 

> 

» » , , 

yiClomenUirif oml*11njhcr (\nt w.] 

1. Draw the plan and calculate the area of a field from tjio 
following notes: # t 

Links 


to B j 
520 


to K 80 >440 



220 

110 to 0 ' 


to I>120 150 • 

» 


From A 

, i 

go Ncj'th 

• 

» 

2. Draw the plan, ami calculate the area of a 
following notes: 

• 

* 

field from the 

Links 

• 



t*> B 



*> 550 



i .5(E) 

A0 to J) • 

• 


' . BIO 

1 160 to ' 


flb E 200 | 180 

• i 



From j A 
__1_»- 

g*5 N.E. 
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3. Draw thg plan, and calculate the area of a field from the 
following notes: 


“Links 



4. Draw the, plan, and calculate the area of a field from the 
following field-hoof- . 


1 

Links 


' 

to J) 



720 

n , 


•650 

400 to C 

< to /•-' HO 

6£5 


' 0 j 



, 

r 

20 to r 


250 < 1 


1 


425 to 11 


0 ! 

0 * 

From 

Jj 

go N.W. 




Ill 
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• 5. Draw the plan, and calculate the area of *a field from the 
following notes: ^ 


» f Links 

1 

. .'to®, 


ir> 1 uo* 

1100 

o , mo 


45 060 

V*' 

‘.0 240 


40 ’ , 0 

1100 

•From (n 

range North to @ 

* • 


6. Draw a plan and calculate the area of a field, surveyed by 
a right-angled triangle ABC, one side of wh/li, CA, is a hotmdary. 
of the field. The field-book is as follows • 

* Links 

0 

• 

to A j 

1700 ; 


F l - '* m C 

• range to A 

* to C* 


1 800 1 


> j 400 

<M 

Ifrom j B , 1 

go North 

to U 


»ir>oo 


j lioo 1 

180# 

t <W5 ! 

24(5 * 

From j * *1 

go Fast. * 

• * J 

• 


Note. The line* /it? need not theoretically be measured, as the 
angle ABC is a right angle; but it is usuai # to measure more lines 
than are absolutely necessary to serve as a check on the accuracy o£ 
previous measurements and calculation^ 
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7. Praw a plan, and calculate the area of a field, surveyed 
by means of a triangle AfiC y from the following notes : 

Links 




to A 1 


370 ! 

I 


300 j 

40 

120 i 

35 

-From C 

range to A 

to C | 


. • 2(K) 


m 

i 

45 

From B 

1 

turn left 

to B 


510 


361 

22 

250 

0 

157 

24 

From A 

go N.E. 



PART* ’ll. 

J 

THE MENSURATION OK ,801.11) KI (HIRES. 


CHAPTER XIT 

INTliODjJCTOUY. 

78. Definitions. 1. Parallel planes are. such as do 
not meet though produced. 

The floor and ceiling of a loom ’are parallel planes; so are each 
pair of opposite »ides. , * 

2. A straight lino is said to bo perpendicular to a plane, 
\jjjien it makes right/ingles with every straight line which 
meets it in that plane. 

The meaning of this definition 
becomes clear, if Ve* imagine a rod 
PQ fixed in the ground, and a 
^number of straight lines such as 
QA, QB, QC, &c., drawn from the, 
foot ci the rod in various directions 
on the groiftid. Thus for PQ ib be 
perpendioular to the ground, the 
angles PQA, 1PQB, PQC, &c., must 
be all right angles. * 

3. A solid figure, or solid, is that wlfich has length, 

breadth, apd thickness. • 

4. A solid is,bounded by one or more surfaces. 

If the surfaces bounding a solid are plane* they are called fakOM^ 
and the bounding lines of the faces are called edges. 

5. E. M. 
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5. A cube is a solid boundtfi by six equal square faces 


It will ty* Been from the figure lhat f opposite 
faces of a cube are parallel, andj that a cube has 
twelve equal edges. 


6. A cubp, of which each edge i'. one inch in length, 
is called a cubic inch. Similarly, if* each edge of a cube 
measures one foot, or one yard- it is called a cubic foot, or 
cubic yard. 

7. The volume, or content, of a solid figure is the 
space contained within its bounding surfaces. 

The volume of a solid is measured by the number of 
times it cent ins some specified cubic unit, such as a cubic 
inch, or a cubic foot f 

Taulks. 

79. The following Abies are thdse chiefly used in the 
Afensujatioh of Solid Figures. 

I. 1728 4or«12 3 ) cubic inches --1 cubic foot, 

• 27 (or 3 8 ) cubic feet -- 1 cubic.yard. 

II. A cubic foot of pure water weighs nearly 100Q, 
ounces Avoiit, or more near’y 62 J lbs. 

The actual wqight of a cubic foot’ of water (correct to the nearest 
thousandth of an ounce) is 997*137 ounces. 

III. ' A gallon 1 holds 10 lbs. Avoir, of pure water. 
Hence it may be calculated that 

(i) 1 gallon Contains nearly 277 J cubic inches, 

(ii) 1 cubic foot contains nearly 6 gallons. 

* The actual content of 1 gallon (correct to the nearest thousandth 
of a cubic inch) is 277*274 cubic inefies. [See Prefatory Note.] 
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* * The Metric System. ' 

. In the Metric System the unit of length is themetra, approximately 
39'3708 inches# * '• , • f 

A deJlmefte, centimetre, millimetre are respectively X, ,J 0 , , 0 ' 00 
of a metre. ' * . » » * , 

f-fc j # 

• The unit of n^hme is the cubic metre. 

The unit of capacity is the litre, or Vubic decimetre. The unit iff 
weight is the gramme, naihely the weight of a cubic centimetre »ol 
pure water. $ t 


Note. Since 1 metr#—39 3708 inches, it may Ub found that 
(i)* 1 cubic metre=35*31 cubic feet=220*1 gallons * 

(p) 1 li$re=61j027 cubic inches = '2201 gallons. 

And remembering that the weight of one gallon of water is 10 lbs. 
Avoir., or 70,000 grains; it may be calculated that the weight of one 
cubic centimetre of water, i.e. the gramme, is 15*432 grains. 


Cube J»oot. 


80. As certain questions ir, Solid Mensuration require 
the extraction of a cube root, an •example, of the method, 
fully worked out, is given belo\v for reference. 

• 

Find the cube root of»38l078*125 * 


» 


a-U 078 *1: 
343 

(70) 2 x 3 =- 
(70)'x 2x3 = 

14700 

’38078 

420 


• *2 2 = 

4 


* 

15124 

30*} 48 

(720) 2 x 8= 

1555200 

7830125 

720 x 5 x 3 = 

10800 

• 

. . ^ 5 2 = 




1500025 

7830125 


Note. The periods, each consisting of three digits? are to be 
marked off from the decimal floiut each way. Tlyis to find the cube 
root of 19'02(')73, 0528, -000(/b0045, we begin by marking off the 
periods as.follows:—19 026 730, ^52 000, • 000 000 045. Observe 
that each period furnkhea one digit to the cube root. 

If more than three significant digits ar^equired in the result, it 
is generally better to work the example by the Table of Logarithms, tlk 
illustrated ii* Chapter xxm. » 
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. '{ 

Find tin' cube roods of , . 

). , I0-974093. •>. -000012167: 

.3. -000000125. ‘‘ 4. 3|. . 

5. lBf|. 6. 15 (J n /2. 


(UFA FT HR Xllf. 

THE KECTAN<H.'I.AB SOLID AND CUBE. 

81. Definition. A rectangular solid is a body 
bounded by,six rectangular faces, apposite faces being 
equal and parallel. 


l f ig. i. Fig. ii. 

E 



Fig. i. represents a rectangular solid, of which AB i» the length, 
AC the breadth, t.nd AD the height. It is bounded by six rectangular 
faces, of which the opposite faces ABGD, CHEF are equal anil 
parallel: so also ape the opposite faees ABHC and DGEF; and 
similarly the face ACFD is equal and parallel to the oppoaite face 
BHEG. ' 

A rectangular solid’’which has its length, breadth, -and height 
equal {as in fig. ii) is a cube. 

. t* 

Note. The name (noold has lately been applied to a rectangular 
kolid whoso length, breadth and height are not all equal. 

v [Hayward’s Solid Qcometry.] 
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# ' 82: To find the wholp surface of a rectangular solid, 
we must add together the areas of the six rectangular faces. 

Thus if* the length *AB f - a units, the breadth A(J - 6, ancf 
the height AD = c, ^ # 
then each o^he faces ABHC, DjG^F contains ah square unify; 

Similarly ^5GD, CHEF each contain ac square uflits; 
and ACFD, BHEG each iontain he square units. 

Hence (i) the whole surface of the rectangular solid 
*2 ah + 2«c -i 2 he sq. units % 

2 (cjb »F ac 4- 6c) sq. units. 

if each*edgc f>f the cube = a units, then each of its six 
faces contains A 2 Square units ; 

hence (ii) the whole surface of a cube -- jy> a squat e U’jits. 

If a room is a feet long, <6 feet wide, and c feet high, it 
follows that , 

the area of the four walls - 2 ac + 'Ihc square feet 
2.4 (a 4 h) square feet. 

Example Find in square feet the whole surface of p, rectangular 
block of stone*whose length is 2 yds ft., brtfodth 1 yd. 1 ft., and 
height 9 inches. 

n Here a= 8 feet, b — i feet, and d J foot. 

Surface of rectangular block —2 (ab + ac + be) 

. = 2 (8 x 4 4- 8 x J f 4 >f g) sq. feet 

• * = 2(324-84-3) sq. ft. =82 £q. feet,, 

Example ii. HoW many yards* of paper 22 inches wide are 
required for the walls of a room 15 ft. 4 in. long, 14 ft. 8 in. wide, and 
11 ffcet high? * * 

Here * * . a=l&fr ft., fc = 14$ ft., c = ll ft. • 

Area of four icalls — 2 c (a 4- b) • 

= 2 x 11>(15^4-14$ sq.Jfeet* - 
• oo ylft 

= 22 Jt 3,0 sq. ft. --—--- sq. yards. 

But width of paper = 22 inches *=H yard. 

.•. lengtii of paper required?* area gf paper -i-width 

22x1# 11 , J » 

= —8—Tjg yds. = !20 yard!.* 
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Example iii. The whole surface of f cube is 5 sq. ft. 6 sq. in.; find 
he length of e$ch edge. 

The surface of the <i<ta=6a s „ i 

' . 6a 2 —72G sq. inches, 

' a a 4l21 sq. in.; sof hat a = Vl2i = lJ inches. 

* Example iv. The area of the floor of a room'is 210 square feet, 
and the area of the four walls is 609 square feet. If the height is 
10 ft. 6 in., find the length and breadth. 

Here <• --10^ ft/, and it is required to find *t and b. 

(nven the area of floor=210 sq. ft.; ab = 210 ... •(i) 
and area of four walls ~ 609 sq. ft.2 c (a + b) = 609 , (ii). 

Substituting in (ii) the value of c, we have { 

, a-\-b~ 29, 

and ‘ v - «/>=210. 

Hence a = 15 feet, V = 14 feet. 

83. To find the volume of a rectangular solid, multiply 
toy ether the number of linear units in the length, breadth, 
and height, and tfie result will be the number of cubic units 
in the volupie. ^ f * 

For example, if a rectangular solid is 5 feet long, 4 feet wide, and 
3 fegt high, the volume is 5 x 4 x 3=60 cubic feet. 

The reason of this may be thus explaine l.' 



Let A BCD he t rectangular solid, whose length AB is 5 feet, 
breadth AC 4 fat, and height AD 3 feet: then by reference to fig. i, 
it will be seen that the \solid may be divided into three eflual slices , 
each one foot thick. And each slice may be subdivided (as in fig. ii.) 
into cubical blocks, whose edgec are one foot, that'Is, into cubic feet. 

u Now the number of cubic feet in one slice is 5x4: so that the 
number of cubic feet in the whole solid is 5 x 4 x 3, or 60 t , 
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* ’ Thus if a rectangular %olid measures a *units in length , 
b units in breadth , and c units in height, its vrjtime contains 
abc cubic units. * * # * 

And\f there are # a linear units in the*cdgc of a cube, its 
volume contt a x a x a, or vdysilbic units. • » 

These statciOmts may be thus ^bridged : ' ' 

the volume, of a rectangular solid - length x breadth x height ►; 
the volume of a cube (edgef. t t 

• , 

Example. A rectangular tank measures internally 8 feet yi length, 

6 feet iti*breadth, and 2 ft. 4 ly. in depth : how many gallons will it 
hold, sppposin^ 1 cubic foot Contains 6| gallons’ 

The volume of tjtejank —length x Ineadth x depth 

- 8 x 0 x 2-g cubic feet. ^ 

/. the capacity of the tank — Bxlix y gallons * 

* — 700 gallons. * 

84. Given th^ volume of a rectangular solid and two 
of its dimensions, to find the third, dimension. 

It was shewn in the last Article, that * 
the volume of*a rectai^/nlar so/i<l # length »* breadth x height. 

'c/ume volume . 


[[once the heujjit - 


length x breadth area of base 


Example i. 'Find the height of a rectangular solid whose volume 
is 7 c. ft. 864 c. ill.,* length 4 feet, and breadth 1 ft. 8 in. a 

Here ttic volume -7 c. ft. 864 c. ih. = 7^ c ft. 

volume # 7i . , » „. 

• = - “ ■ feet -1 tx. 6 in. 


I^ut height = 


length x breadth 4 x 1£ 


Example *ii. A rectangular tank holds Vlh tons of water: if it is 
82 feet long an?l 4 feet wide, fin$ its depth; supposing # t c.rfoot of 
W’ater weighs 1000 oz. • 

Total weight of water—12^ !ons^ 448000 oz. 

.*.* the volumo of the tank = 448000£-1000 c. ft. 

• ’ -=-i48 c. ft. 

But feet ~3 ft. 6 in. 

# lengthy, breadth *>? fc x4 
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85. Suppose a closed box, /vhich measures externally 

a inches long b ipches wide, and c inches high, is made of 
wood k inches thick. , ‘ ' , , 

(i) Jhen the internal dimensions are as follows:— 

length = a ~ 2k; breadtli - b — 2k; height - 2k. 

Hence the internal surface may be found by the formula 
of Art. 82. 

(ii) 'The number of cubic inches the cajxicity of the 
box = (a - 2k) (b — 2k) (c - 2k). 

(iii) The number of cubic'inches of material used in 
the construction of the box - abc - (a - 2k) ( b2k) (c — 2k). 

* Example. ■ A zinc cistern (open at the top) measures externally 
3 ft. 3 ir. long, 2 ft>’ in. broad, and 2ft. 1 in. deep, and its capacity 
is 75 gallons If the bottom of tly cistern is 1 inch thick, find the 
thickness of the sides. (Given 1 c. foot-6£ gallons.) 

Let x be the required thickness, expressed as the fraction of a 
foot. Then the internal dimensions are respectively (3£ - 2x) feet, 
(2J - 2x) feet, and,2 feet. 

Hence the capacity is (3| - 2x) (21 - 2z) x 2 cubio feet, 
or \31 - 2a?) (OJ - 2x) 2 x 6£ gallons. 

Hence (3£ - 2x) (2| - 2z) 2x61-75, 

,or,‘ (13 - 8z) (9 - 8z)=96. ' 

Solving this quadratic, and selecting the positive root, we have 
8x=l; henoe x=4 foot-U inch. 

86. Given the volume cf a cube, to find the length of its 
edge. 

If there are a linear units in the edge of a cpbe, it has 
been shewn that its volume contains « 8 units of solid 
measure. Thus if $ denotes the number of cubic units 
in the volume, 


a 8 ~V, 



Hence the number of linear units in the %lge is found by 
taking the cube root of the number of cubic units in the 
volume. 
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* Example. Find (to the nea-jeBt inch) the edge of a cubical cistern 
'capable of containing 1000 gallons, supposing 1 gallon^-277-274 oubic 
inches. t , if J *'*’ • 

* * • 


Here 7 = 277-274 x 1000 c.,jn. 

• 

277 274-000 i ,i5 ' 2 

= 2 7 ,727^ o. in. ’ 

I » * 


And a — 

(B0) a x3=--. 10800 
(60) X5x3= 000 
* 5*= 25 

61274. 

—v^277274 in. * 

11725 

58625 » 

- 65 in. nearly. 

(»<p 0 ) * x 3—1267500 

' 2<p000 


*87, To find the diagonal of a rectangular solid when 
the diniensions are given. * ? 



Let AGF be a rectangular solid, whose length, breadth, 
f^id height are respectively a , 6* and c units. * • * 

It is required to find the length of th^ diagonal AE. 

The A ABN* is* right-angled at B, * r 

AH” = AB 2 + W - a‘-\b‘ . (i), 

and .the A AHE is right-angled*at H, * 

*AE* *» AH' + EH* - rf + f + t’.(ii), 

• 6 __ 

the diagonal frE— b\+ • • 

Note. In a cube the lengthy breadth and* h&ght are all equal; 
hence if the length of each edge is’ a units, 4 

the diagonal = >1 a 2 +a a + a 2 =V3a 2 =aVs. 
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KI.fJKENTARY ^ENS^JIiATION. , [CHAP. 

' EXAMPLES. Kill. A. 


6V Rectanuctlab Solids. 


[ EUmerflary CfoWae.]* 
(Surfaces.) 


r 1. Find the number of square fe6t m the surface of a rect¬ 
angular sqjid whoso length is 20 feet, breadth 15 feet, height 
10 feet. « 


2. Find in square feet the surface of a cube whose edges 

measure 4 feet. " „ 

3. Find the surface of a rectangular so^.id* whose length is 
12 feet, breadth 5 ft. 4 in., height 5 ft. 3 in. 

4. Find, in square feet the ,surface of a cubo whose edges 
measure 4 ft. 6 in. 

5. Find tlic cost of painting the outside of a chest whose 
length is 7 ft. 6 in., breadth (>°ft. 8 in., and height 6 feet, at the 
rate of Ad. a square yard. 

6. Find the surface (m square yards and squartf ieet) of the 
four walls of a room 20 feet ibng, 12 feet wide, 10 feet high. 


I. Find the cost of papering tiie four vails of a room whos# 
length is 20 ft. 0 in., breadth 35 ft. 6 in., and height 11 ft. 3 in., 
at 8 d. a square yird 

8 A room 20 feet long, HI feet wide, and 10 feet high, con¬ 
tains a door 8 feet high and 4 feet wide, and two '"windows 
each measuring 5 feet by 3 feet: what area of paper will be 1 
required to cov& the walls? 

9. How many yards of paper $ ft. 4 in. wide are required 
for the walls of a roori 23 ft. 3 in. long, 18 ft. 9 im. wide, and 
14 feetr higlj? , 

10. Find the dost of papering a room 17 ft. 4 in. long, 12 foet 
8 in. broad, and 12 feet high, with paper 2 feet wide at *l^d. a 
yard. 

II. It costs 19s. 9bd. to fwiper the walls of a room 19 ft. 4 in.- 
l<tng, 10 ft. 8 in. wide, and 9 ft. 6 in. high. Tf the paper is 2 feet 
wide, what is its price per yard? 
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I 1 * 'l 

fi 12. 'A cubical chest, each jdge of which measures externally 
5 feet 5 in., is made of deal one inch thick. Whatare its inner 
dimensions 1 hind its inner surface in squanfc'fee/t. 

* * * j; 

13. A* elnJst whoso external length, breadth, and height are 
respectively 5 ft. 0 in., 4 4 ft.*3 in , and 3 ft. 3 in., *s mfidp of deal 
1} inches thick.\AV r hat are its inner dimensions? Find the cost* 
of lining it with tntn metal at the rate of 8c/. per square foot.' 

t 

it The external dimensions of a chest are 4 ft. 6 in.*, 

3 ft. 8 in. and 4 ft. 2 jn.: if the wood of which it if/ made is 

one inch thick, find thf»cost, of painting it inside at the rate of 
8c/. per dozen square feet. • 

» * 

15. * A rodni 20 feet long by 10 broad is to be panelled to a 
height of 0 feet, ^iV/iwing 5 feet for the width of a door and 

4 ft. 6 in. for a fireplace. How many panels a yard long and 15 

inches wide will he required? . * t 

16. What is the length of *tho edge of a cube whose sur¬ 
face is • w 

(l) 9 sq. ft. 54 sq. in t 

(ii) 15 sq. yds. 0 sq. ft. 54 sq. in. * 

* » 

17. It •sty l.s. 7ir/. to paint the surface of a epba at the 
rate of 3$. for 13 square Jfcet. Find tie length # of each edgo. 


{ Volumes.) 

• * 

(OnWit 4 he dimensions, to find the volume.) 

» 18. Find the volume of the rectangular solids in which 

(i) the length is 8 feety the breadth fecit, and the 
heigh*t 5 fuel*, 

(n) £he length is 6 ft. 8 in., the bjeadtn 5 ft. 3 in., and 
the height 2 feet. * # * . * 

19. Find the volume of the cubes io which each edge 
measures 

(f) 6 ft. 6 in., (ii) 3 yds.^2 ft. 3 in. 

20. Find the value of a rectangular Jdock of metal whose 
dimensions are 8 feet, 5 feet and 3 feet, at tne rate of 17*. 6 d. per # 
cubic foot, • 
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EIEMENTAKY MENSURATION. 


[chap. 

21. How many gallons are contained in a cubical vessel 
which meas'”-es internally 4 feet in length, breadth and depth, 
supposing 1 cuoic'f <ot to contain 6£ g&llons? , , 

22. A rectangular tank is 16‘»feet long, 8 feet wide, and 
7 feet deep: how many tons d * water will it hold> [1 cubic foot 
of water weighs 1000 oz.] 

23. How long will it take to dig a trench 180 yards long, 
16 feet wide, and 14 feet deep, if 30 tons of earth are removed in 
a day? [1 cubic foot of earth weighs Oil lbs.] 

24. "A brick (with mortar) occupies a space 9 inches long, 

inches broad, and 3 inches high. How many bricks will 

be required for a wall 30 yards long, 8 feet high, and 13| 
inches thick? 

25. ” The dimelfr'ons of a cistern are—length 5 ft. 4 iu., 
breadth 4 ft. 8 in., depth 1 yard. How many gallons of water is 
it capable of containing? [1 cubic foot contains gallons.] 

(Given the volume and two dimensions , tojind the third.) 

26. Find the height of the rectangular solid ii^which 

(i) the volume is 792 cubic iuchen, the length 11 inches, 
and the breadth 9 inches, 

(iiy the volume is 3 c. ft. 1296 c.’iu., the length 2 feet, 
and the breadth 1 ft. 6 in., 

(iii) the volume is 50 cubic feet, and tlys area of the base 
9 sq. ft. 54 sq. in. 

27. What must be the depth of a tank whose base is a 

square on a sido of 1 yard, if it holds as much water as a second 
tank of which the dimensions are 4 ft. 6 in., 2 ft, 3 in., and 
lft. 4 in.? f 

28 A rectangular block of metal whose uiraensions are 
1 ft. 6 in., 1 foot, and 10 inches, is thrown into a cistern partly 
full of water: if 'the cistern stands on a base 2 ft. 6 in. bv 
1 ft. 4 in. and the block is completely immersed, how high will 
it cause the surface of the water to rise? 

29. A tank, the () :rea bf whose base is 91 square feet, is 
capable of containing 60 gallons of water: find its depth to the 
nearest inch. [1 gallon = 277^ cubic inches nearly.] 
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XIII.} THE REdTANOUlAR BOLL?. 

EXAMPLES. XIII. B. 

On RltaUNscLAR Solid!' 

* [Higher (Joyrae.\ 

•{Surfaces.), 

1. Find the edge of a cube having a surface equal to the sum 

of the surfaces of two cubes whose edges are J20 irjehes and 
209 inches. *, > 

2. r l*ho sides of a box* iyre \ inch thick, and the lid and 
bottom are one inch Jhick. Jf the outer dimensions are-length 
4 ft. 7 in., breadth £ ft. 5 in., height 3 ft. 2 in., find the interior 
surface in square Tect. 

3. A cubical chest, measuring extern"’.y 2 ft. 7 ii/. along 
each edge, is built of wood of *uinform thickness. ‘If its total 
inner surface is 37| sq. ft., what is the thickness of the wood 1 ? 

4. A closed box is made of wo<>l of uniform thickness. Its 

external dimensions are 11 inches, 9. inches apd 7 inches, and 
its inner surface is 286 square inches; find tb^ thickness of the 
wood. „ > 

, » 

5. A room is 12| feet high, and it is half as long again 
m it is broad. If th$ area of the four walls is 875 sqiyire feet, 
find the length and breadth. 

6. A rooifi is 20 ft. 3 in. long by Jf> ft* 9 in. wide; if the 
cost of painting i£s four walls at the rate of 3d. per square y^ird 
is £1. 7s.'find the height of the room. 

7. The dimensions of a rectangular solid c/e proportional 

to 3f 4, aqd, 5. If the whole surface contains 2350 square inches, 
find the length, breadth, and* height. » 

» # * 

8. The surface of a rectangular solid is l/)00*squ$re iA ches; 

if its length and breadth are»respectively 1 ft. 3 in. and 1 ft. 2 in., 
find its height. • , * 

9. The whole surface of a rectangular solid contains 1224 

square feet, and <bhe four vertical .faces together contain 744 
square feet. If the height is 12 feet£*find the length and 
breadth. • 
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10. A rectangular solid stands on a square base, and its . 
whole surface, contains 1292 square feet; if the height is 10 ft. 

6 in., find the lemoning dimension;?. « , , 

11. Tho wholfc surface of a rectangular solid contains 724 
squaro feet; tJ;o area of the* base is 132 square feet, and one 
.of the.Vertical faces contains J10 square feet /.aid tho length, 
breddCh, and height. 

(I ' a! umes.) 

Note. In the following example* nupuo.se 1 cubic foot of water 
weighs 1000 oz.; 1 gallon — 277’25 cubic inches. 

12. What must be the depth of a tank whose internal length 

and breadth are 5 ft. 4 in. and 5 ft. 3 in., in order that it may 
hold a ton of water? •' * 

13. A oLtornwith vertical sides stands upon a rectangular 
base measuring inutnally 6 ft. 8 m. long, 3 ft. 9 in. broad, and 2 
feet deep /find to tho nearest second in what time it will be 
filled by a pine which admits 10 gallons minute. 

14. A thousand gallons,are poured into a cistern whose base 
is a square, filling it to a depth of 18 inches. Find (to the 
nearest inch) theqlength and breadth of the cistern. 

15. Water fit ws mto^a rectangular tank ‘through a pipe 
which admits 15 gallons per minute. ’Find approximately at 
wfyat rate (m inches ^>cr hour) the water will rise in the tank, 
if tho dimensions of its base are 24 feet ai'Ai 18 feet. 

16. A closed box, whose external dimensions are 4 ft. 8 in., 

4 ft. 2 in, and 2 ft. 6 in., is made of deal one inch thick. Find 
thf weight of the box given that 1 cubic foot of deal weighs 912 
ounces. 

17. A rectangular zinc cistern (open at the top) measures 
externally 2 ft. 8 in. long, 1 ft. 9 in. broad, and 1 ft. 4^ in. deep. 
If the metal is J inch thick, find the weight of the cistern 
(to the nearest pound), and find also its total weight when filled 
withevatef. [1 qibic foot of zinc weighs 7215 oz'J 

18. A cubical block of ice, each edge of which is 3 feet, 
is placed in an empty tank, and when the ice has melted it 
is found that the water is 15 inches deep. If tho tank stands 
upon a square base, find (to the nearest hundredth of an inch) 
its length and breadth* [N.ih Tho volume of ice is greater than 
«thc volume of the same weight of water; suppose 1 cubic foot 
of ice weighs 930 oz. and 1 cubic foot of water weigh 1 1000 oz.] 
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Questions involving fhe extraction of cube roots. 

■ 19. Find the edge of a cube equal in vrttaimPto a rectangular; 
solid whose VlAnensions are 6 ft. 3 in., 2 ft. G^m., and 1 foot. 

20. Find (in square lent awUinches) the >urfitbe of a cube 
whose volutiK-Se 4 c. ft. 1088 c. m. 

21. The edges of a Rectangular block of granite are pro¬ 

portional to 2, 3, and 5, and its volume is 101 c. ft. 432 c. fn. 
Find its dimensions. ' •' 

22. „ Find (to the nearest tenth of an inch) the dimensions of 
a cubical cistern capable of tontaining 800 gallons. 

23. Find (to the nearest hundredth of an inch) the edge 

of a cubical bl<?ck* of lead weighing one ton, having given that 
1 c. foot of lead weighs 709| lbs. - 

24. Find the edge of a cubical mass of brass, \Vhose weight 
is equal to that of a rectangular block of iron measuring 2 ft. 3 in. 
long, 1 ft. 4 in. broad, and 12 inches thick. [1 cufife foot of brass 
weighs 8000 ounces, 1 c. foot of ir< u weighs 7788 ounces.] 


tt (Diagonals.) 

25. Find the surface and volume of a cube, in which the 

diagonal of each, face is 1 ft. 3 in. + 

# • i * 

26. The volume of a cube is 4 c. ft. 1088 c. in.; find the 

length of its diagonal. * 

27. Find the surface and volume of a cube whoso diagonal is 
2 ft. 6 iif. 

28. Find the length and -breadth of a rectangular solid, 
having gi'ien that the diagonal is 13 inches, the height 3 inches, 
and the area of the base is 48 square inches. # 

• • 

29. The diagonal of a rectangular# solhjl is # 29 jncljs, and 

its volume is 4032 cubic in»hes; if the thickness is one foot, find 
the length and breadth. • d 

30. The diagonal of a rectangular solid is 37 inches, and the 

whole surface is,2352 square inches; shew that the sum of the 
edges is 61 inches. * • - 
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TH’C PRISM. 

, 88, definition. A prism is a solid boused by plane 

faces of which two, called tlie ends, are similar, equal, and 
parallel figures, and the other faces are parallelograms. 




Thus in-the prisms represented in the diagranit, ti.«s two faces 
ABCDE, abcde are the ends ; tneremaining fases, such as AB6a, BC cb, 
(fee., are seen to be parallelograms. The ends of the prisms here repre¬ 
sented are pentagons, but a prism may have ( for its ends .any recti' 
•’meal figure whatever. Either end, on which the prism may be 
supposed to stand, is called the base. 

The prrm is right, when the edges which -°oin corresponding 
vertices of the ends are perpendicular to the ends: if otherwise the 
prism is oblique. Thus if A a, 3b, Cc, <fec. are perpendicular to the 
ends the prism is right, and the faces ABba, BCcb, <fec. are rectangles. 
It will be seen thut the edges A a, 3b, Cc, <fec. are all equal. 

89. To find* the surface and volume of alright prism. 

Ip the above figifre let AB = a units of length, BC = 6, 
CD = c, <kc.; ahd let the height %a~h. Let the area of 
the base contain 1 E square units.; and let the perimeter of 
the base -p. 

Then the area of the rectangle AB6a oh square units; 
and the area of thejmaining rectangles are respectively 
bfy ch, Ac. 
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f * ‘ Hence (i) the lateral svjface of prism 
= ah + bh + ch+ ... ^ 

* * -= (a + b + c + .*..) h squa re units. / 

~v(perimeter,, of base) x height. * 

The whole 8u% t ’<$e of prism = lateral surface + area of the . 

- t =p/H- 2E. 

(ii) the volume of prism (area of base) vX height 
• = Eh cubi<5 units. 


Thus if V denotes the vol.mi'o of the prism, we have 
V=E//. 


Hence 

That is to say, 


V V 

// — = ; and E ~ —. 

t. n 


volume. * ,. volume 

height ofpmm = a ^- of ^ ; area oj hare-^. 

Example i. The base of a right prism is a triangle whose sides are 
lft. 9 in., 1ft. 8in., and 1ft. lin.’ if the heighi is 8feet, find the 
whole eurfae^aijd volume. 

Here « = 21 inches, i±:20inchee, r = 13inches. 

.-. the perimeter of the base = 54 inches = 4$ feet. , 

(i) Now lateral surface of prism = ( perimeter of base ) x height 

. - 4-5 x 8 sq. ft. = sl6sq. ft. 

, » __ * 

Again, # the area of the base— s. [s - a) Is ~ b)(s ~ c) Art. 23. 

= JWx 6x7 x 14sq. in. 

. rj • 

= 126 sq. in. = - sq. ft. 

» O f 

Henoe the wjwle surface = lateral surface -i*area of two ends ^ 

= C6+^sq. ft.=37fsq. ft/ 

(ii) Tbjs volume of prism = (area of base) :♦ height 

= ^ sq. ft.x 8 ft. 

=7 cubic feet. 


ft. B. M. 



130 ELEMENTARY MENSURATION. [CHA1*. 

Example ii. IThe ends of a granite column are regular hexagoiis 
on a side of 5 inches. If the vertical surface is 13 sq. ft. 108 sq. m., 
find the height.'x. , <> 

Here tljo perimeter-5 x 6 inches=2-5 fete.' 

And vertical surface—(pvrnfo'er of base) x he'ujht 

that.'"- .' 13$ sq. ft. — - x height , , / ‘ 1 ' 

Hence, the height —13$— ^5 ft. 6 in. 

Example iii. Water Hows at the rate of 6 mehes per second 
through u wooden pipe, whose cioss-section is an equilateral triangle. 
If 6 tons of water are passed thiough’the pijio m 20 minutes, find the 
dimensions of its section. [1 c. foot of water wC.ghs 1000 oz.] 

Let each side of the equilateral section he 2 ik feet; then its 

^rea=w 2 % /3 sq. ft. Art. 2d. 

In 20 minutes, at the late of " inches per second, a column of 
water 600 feet in length will have passed; 

•\ the column of water passed — nr x 600 c. ft. 

. , . 6x20x112,. 16 

And 6 tons of watri - c. tl. -21501c. ft 

" • m~ v/h x 600 — 215*04, * 

it 

215-01 

• - —‘2060... sq. It • wi— »/"2069 : '~ *45 ft. 

-. v 

each side of section, or 2 in, -•<) ft. = 10 - 8 inches. 


«90. A parallelepiped is a solid bounded by six faces, 
which are all parallelograms, opposite faces being parallel 
and equal. 



«. It will be seen from the figures that a parallelepiped is a prism of 
which the ends (as well as the lateral faces) are parallelograms. 
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• • A parallelepiped ihay be rectangular, as in fig. *i, or oblique as in * 
. •fig. ii. Methods of finding thl surface and volume of a rectangular 

parallelepiped (or rectangular solid) have already given. 

*91, Iirisms on the same \ase , and between Vie same, 
'parallel planes havs eqdal volumes. , ** 

That is to^-ay, the volume of an oblique prism 2 fi-equal 
to that of a right prism on the same base and of the samv 
height (measured at rignt angles to the base): 
or, the volume of au % oblique prism (area of base)* height . 

* * * 

Notk. It may here be noticed, in anticipation* of what 
follows, that a similar’theorem holds good of cylinders, 
pyramids , and rones. For example • -The volume of an 
oblique pyramid l! equal to that of a right pyramid on the 
same base and of the same perpendicular .bright. % 

Example. Find the volume t)f an oblique parallelepiped, whose 
perpendicular height is feet, the sides of the base lining a feet and 
6 feet, inclined at an angle A°. ** 

In fig. ii, let AB = o, AC — It, and ilie peip. height DE = /i. 

Then the area of the base = </& sin CAB — abrn^A. Art. 31. 

And vofltonetuf parallelepiped — (area^of banc) * perp. height. 

-hub sin A. 

> 

* *92. The accoiApnnying figure represents a solnl formed 
by cutting a right triangular prism by t 

a plane abc, wlqch is not parallel to the t X 

base ABC. ’ / \ 

► The volume of such a figure (called / ! \ 

the oblique frustum of a triai/gular prism) * / 6 

is given the following formula. , ! 

Volume *= w rea of base) * t j 

x (the mean of ihe Intend edges) % ft 

i • . * L'-" \ 

-- (area of base) x - (Aa + Bb + Cc) • A B 


* 9 -£ 
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'EXAMPLES.- XIV. 

[Elenentai'y Course.] 

(Surfaces.) 

1. The base of a right prism, l ft. 8 m. high, is an equilateral 

triangle on a side of ] foot; find, the area of its rectangular 
faces. ’ 1 , „ 

2. The base cf a right prism, 2 ft. 3 in' high, is a regular 

l>entagon whose side is 1 ft. 4 in.; find the area of its lateral 
surface. N *-. 

J -i 

3. Find the cost of polishing the vertical surface of a 
granite colunv’JO feet high, standing on an octagonal base whose 
side is 8 inches, at the rate of Is. \)fd. per square foot. 

, (Surfaces and Volumes.) 

4. The base of a right j ’•ism is a right-angled triangle, whose 
sides containing the right angle are 3 inches and 4 inches. If 
the height of the prism is 8 inches, find the volume and the 
whole surface. 

5. A right prism stands upon a triangular baae, whose sides 
are ?3, 341 and 15 inches. If the height is 10< inches, find its 
volume and whole surface. , 

6. Find the weight of a right prism of silver 5 inches long, 
the ends being triangles whose sides are 2‘6 inches, 2-5 inches, and 
1*7 inches. [Given one cubic inch Oa" silver weighs 6’08 ounces.] 

7. A right prism, o inches high, stands upon quadrilateral 
base ABCC. Find’its volume and whole surface, if AB=»7 inches, 
BC = 5 inches, CD -=4 inches, DA = 4 inches, and the angles at A 
and D are right angles. 

8. The base of a right prism is a trapezium whose parallel 
sides are 11 inches and 7 inches respectively, the distance 
between them being 6 i'nchea: if the height of the prism is 1 foot, 
nnd the volume in cubic feet. 
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, • ’ 

* 9. 'A trench measures VI feet across the top, and 11 feet 
' across the bottom, and it has a uniform depth of.5 feet. If its 
length is dO^eet, how many gallons of wateAlillTt hold ? [Giver* 
1 cubic foot gallons.] * / • 

. »• t 

10. A tr ‘^ck has a uniform"depth of 7 feel, and *its widtty 

across the top *. *8 feet greater than across the hottom.'^f its 
width across the top is 20 feet, and* its length 16 yards, hair 
many tons of water will it hold? [Given 1 cubic foot of water 
weighs 1000 oz.] , « 

\ * 

11. .The cost of polishing the vertical surface of a granite 
column is £5. 4s., this bein# ;!t the rate of Is. 4d. per square foot, 
ff the cross-section* of the column is a regular nonagon on a 
side of 8 inches, find its height. 

12. The volume of a prism standing on -a^fnanguia* base is 
3 c. ft. 1116 c. in. If the sides ofithe base a/e 3 ft. 1 in*, 2 ft. 11 in., 
and 1 foot, find the height of the prism. 

13. Tho weight of a brass pr^m standing on a triangular 

base is 875 lbs. If the sides of the base are 25 Miches, 24 inches, 
and 7 inches, find the height of thfe prism, supposing that 1 cubic 
foot of bras* weighs 8000 ounces. » 


• \Hi(jhcr Course.] ] 

{In the following Examples suppose 1 cubic foot % of water weigh* 
1000 $z., 1 gaflon = 277*25 cubic inches.) * # 

14. The cross-section of a right prism is a quadrilateral 

figure ABCD, in which , > 

AB = 7 inches, BC=20 inches, CD = ]G inches, ( DA=24 inches, 

and the angles at A and C are right anglea If the height of the 
prism is 18 inches, find its whobs surface bnd jrolrcne.. * 

15. The cross-section of’ a. right prism is a quadrilateral 

figure ABCiD, in which * 

AB=9 inches, B8 = 14 inches, CD-,13 inches, DA=12 inches, 

and the angle at A is a right angle. If the*volume is 2070 cubie 
inches, find the height and the surface. 
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16. A railway cutting, 140 yafJs in length, has a uniform 
depth of 12 fcV t . an^J its dimensions across the top and bottom 
are respectively 84 ieet and 4;l feet." Fifid the cosf*cV*excavation 
at the ram of half-amrown per ton of earth removed,diavjng given 
one cubic f< ot of earth weighs 92 i IbS? 

, IT. ' The whole surface of a riglif prism obtains square 
feet, the ends being triangles whose sii^es are 4 ft. 3 in., 3 ft. 1 m., 
ahd 1 ft. 8 in.. lind the height. 

18. The surface of a right prism contains 720 square inches, 
and its transverse section is a triangle whose sides are 2,ft. 1 in., 
1 ft. 5 in. and I foot: lind the voliu'ue. 

19. A granite i*illar whose ends are regnltfa* hexagons on a 
side of 1 ft. 2 in. weighs 7 tons. Find its height (to the nearest 
tenth of a footj ^posing that granite is 2“7 times as heavy as 
water. [V2 = 1 - 7320o.] 

20. WatCY“flows at the rate of 30 yards per minute through 
a wooden pipe, whose cross* section is a square on a side of 
4 inches. How long would it take to fill a cubical cistern, whose 
internal edge is C %-t l " 

21. Eighteen tons of w.Uer bowing tlrough a wooden pipe at 
the rate of feet per second, are passed into a tank in half-an- 
hodr. V, the cross-section of the pipe ,is a square, find ifc 

"dimensions. 

22. T.he ends of a wooden trough (4 feet iu length) are equi¬ 

lateral triangles, whose upper sides are horizontal. If 9 gallons 
of water arc poured into it, find (to the nearest tenth oi an inch) 
how high the surface of the water will stand above the lower 
edge of the trough. ’ e 

23. The transverse section of a block of timber is a square 
on a nide of one foot, aqd its length is f> feet. If the longitudinal 
edges are plarfed Sown so that the transverse section becomes 
throughout a regiriar octagon, find jbhe volume of the remainder. 
What decimal part of the whole block has been cut away ? 

24. The base of a prism is a right-afig[ed triangle whoso 
hypotenuse is 17 inchpt- If the height is 1 foot, and the sum of 
the rectangular faces 480 square inches, find the other sides of 
the base. 
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T1IK KKJHT (TIKTLAK CY UNDER. 


93. Definition. , A right circular cylinder is a solid 
described by the revolution of a rectangle about one of its 
sides which remains fixed. * 

Thus if the rectangle A BCD revolves about* the side AB, it de¬ 
scribes tht^yli^der represented in the figure. 

AB is said to be the (arts of tlio cylinder; 
and the height of a right cylinder is the 
jjength of its axis. t 

The whole surface of the cylinder con 
sists of the curved surface, described by 
CD, and the tjvo* circular cuds described 
by AD and BC. Either end, on which 
the cylinder may be supposed to re^t, may 
be called its base. 

A resemblance in character will be ob¬ 
served bStftreen Jibe c.Uinde? and prism: 
indeed a cylinder may be loughly described, 
as a prism Vhase ends are circular. Accord: 
ingly, the rules for finding tlje surface and 
volume of a cylinder will be found to cor- • 
respond with those already given for the 
prism. , • 

Notts. The above definition refers only to a right circular 
cylinder. Cylinders may exist whose axes*ire not perpendicular to 
the ends, and whose ends are not oircular. Such cylinder* however 
are beyond Ae scope of the present text-book. 
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94. To find the surface and yolume of a cylinder. * 

In the figroe of, the preceding page let the height AB = h 
hnit8 of length, and let the /radius AIj of the brst ~r. 

(i) The curved surface pf cytiUdev 

,, - (circumference of base) yfteiyht 

27 rr'x /t 

- 2nrh square units. 

The whole surface of cylinder-curved surface + area of ends 
" " = 2irrh-\-2irr i r 

=2irr(h'+r). 

(ii) The volume of cylinder = ( area ofi-bose) x height 

' s .^ 7TT 2 X h 

, ■- irrVi cubic units. 


Hence if V denotes the volume of a cylinder, we have 
V = t r~h. 


From which 

»• 

s 

rrr 1 V rh , 

t 

Fig. i. 

_R 

*■ 

Fig- >i. 

•J 



"§H " 

1 

1 

1 

^ElS_> 

p 

Q 


Note. The formula which gives the curved surface of a cyPnder may 
be illustrated by bending round a rectangular piece of paper PQRS 
until the lines PS and CR coincide. In this way th^, paper may be 
made k tak«^ the,shape of the curveff surface of a cylinder; PQ, the 
length of the paper^ becoming the circ .mference of the base of the 
cylinder. 

Thus the curved surface of cylinder 

= the area of the rectangular pajier 
= PQ x P.S 


=*(.circumference of cylinder) x height. 
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* Example i. Find the curv<*l surface and voluhie of a cylinder 
•whose height is 1 ft. 2 in., and the diameter of whose 5 base is 1 yard. 


Here 


(i) Curved mtrfacf = 2ir\% 




= 2 x 


22 


. sq. ft. = 11 sq. ft. 


(ii) Volume 


=- t rfih 
22 

•-- - x 

* 7 


j!) X»C. ft. ~H+ t C. ft. * 


= 4. 


Example ii. The weight pf *a cylindrical granite column t is 8 tons 
5 cwt., and it» height is 8 ft. 9 in. Find its diameter, supposing 1 
cubic foot of granite weighs 108 lbs. 

The weight of column = 8£ tons = 8£ x 20 x 112 lbs.; 

.. i . , 8£x 20x112** 

.*. the volume of column— ^ = 110 c. Jt. 

Hence • wrVl= 110, 

.,110 1J.0 

xh V x 8$ 
r — 2 feet. 

That is^lie diameter of the cylinde^ is 4 feet. - 

Example iii. From a cylindrical tank 4| feet in diameter water is 
^jawn off at the rate of 1L0 gallons per hour. Find (to the tenth of 
an inch) by how much*the surface would be lowered in 27 minutes,# 
(t= 3*1416; and 1 gallon -277*26 cubic inches). t # 

Here r=27 inches; suppose the surface is lowered by h inches. 
Then the cylindrical mass of water drawn off — it rVi c. in.; • 

* 27 * 

and this by hypothesis is equal to — x 110 x 277*26 c. in., 


07 

.*. i?(27) a J*=^x 110x277*25, 

, 11 x 277*25 


Hence 


6 x 27 x 7r 
= 0 inches nearly. • 



f m-tm 
_58’4768 

5 H'W. |l8*8256j 5*89.. 
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95. The surface and volume of a hollow cylinder (open 
at. the ends)^re thus found. 

Let'the height-//, tin? external radius%r, ,and the 

thickness,- k ; so that the internet radius -- r — k. 

, ' ' r 

i\) Then the external curve/} surface rh 

the infernal curved,surface - 2ir(r- k) h, 
and each of the two circular rings, whicli form tin? ends 
7rr 2 — 7r ('/• - k)~f Art. 42. 

The whole surface? is found by guiding these results. 

(ii) The volume of material in a hojlow cylinder is 
the difference between the volume of a cylinder having the 
given pxternabdimensions, and tin? volume of a cylinder 
having the intern’d dimensions. Hence the. required 
volume is 

irv'h — 7r (r - kj'fi tt h [r~ — (v — A:) 2 }. 

Example (i). "Find the whole surface of a hollow cylinder, open at 
the ends, if the lev gth is 8 inches, the external diameter 10 inohes, 
and the thickness 2 inches (t=3-1410) , *' 

* 

Here h —8 in.; the external radius = 5 in., and the internal radius 
=3 in. 

/ » 

External curved surface = 2ir x 5 x 8=80 tt sq. in. 

Internal curved surface — 2ir x 3 x 8 -48 tt sq. in. , 

The tw< circular rings = 2ir (5 2 - 3®)=32ir sq. in. 

Hence the whole surface =ir (80 + 48 + 32) sq. in. 

= 100 x -rr sq. in =502-05 sq. in. 

[Obs. A point to be noticed in this and the following example is 
that numerical wo'jk is saved hy not substituting the value of v until 
the last stage of the wonk is reached.] * 

< » 

Example ii. Find the weight of a* cylindrical iron pipe 64 feet 
long, the external diameter being 2£ ii.ches, and the thickness $ inch; 
supposing 1 cubic foot o| iron weighs 486 lbs. (ir-3‘1416). 

Here h = 64ft. =768 inches; external radius =l|inoh; internal 
radius = 1 inch. « 

Hence volume of material in pipe=c 768ir jfgY ~ lj 
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17 1 .« 

■ 7<>8ir x ~ x s c. m M 

o o 


* 

••• weigl)t = ’ffi8ir x-^~ >ly 728 lbs ^ 


7T x 17 « 27 


3 1416 

l L 

• A 1 ii]« 

21 yd l 

* A»~40|7 

y_ i 

■&0 06 |! 
3 


lbs. = 180J lbs. nearly. 


8ii m DM l 


y 

nearly 


* Example in. In a‘hollow cylmdei, open at boJ,h ends, tlieie are 
678-6 cubic inches of material, if the length is 9 inches, and the 
external fliameter 14 inches, find the thickness. (7r--3141(T.) 

i * 

Hero h -= 9in., r —7in.; let the thickness — k inches. 

• » 

• fhr }7 2 -(7-^) 2 } —678*6, 


ttx!) i 

19 - (7 - A , ) a -24 nearly. 
a.>=(7- 
. 5-7 
A* —2 inches 


678 C 
75 4 ’# 
62 832 
12 568 
12 566 


*96. The solid represented in the annexed figure; is 


formed by cutting it right circular cylinder 
by a plane not parallel to the base. Sijeh, 
a solid is H£ir\ptimes called the oblique 
frustum f oi a cylinder. 

The curved surface and volume of this 1 
solid are equal to those of alright cylinder * 
having tire same hast} and the mean height 
Cc. * 

Hence » 

(i) curved surface 2rrr . Cc- -- x , 

L 



y 


■ . h*+ h t 

= trr\ Cc = wr‘ x —— , 

t - 


(ii) \olumc- 

where A, aad h, t denote the greatest and least heights. 
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EXAMPLES.' XV. A. 

| On Oymnderk. 

‘ v 1 

\Elementary Course .] ^ 

{In the following Exmnpltf take n~W.) 

, ~ (Surfaces.) 

1. Find the curved surfaces of the cylinders in which 

(i) the radius of the base is*' 7 inches, and the height 
5 inches. 

(ii) the diameter of the base is 3ft. din. and the height 
3 ft. 4 in. • i„ 

A 

2. Find the whole surface of the cylinders in which 

(i) thq. Radius of the base is 3A inches, and the height 
8 inches. 

(ii) the diameter of, the base is 2 yds. 2 ft. 2 in., and the 
height 1 yd. 1 ft. 7 

3. The radius of the b ,se of a cylinder is 5 inches, and its 
curved surface is 440 square inches; find its height. 

4. Tne diameter of a cylindrical granite column is 2 feet, and 
its height is 14 feet; find the cost of polishing its curved surface 
at the rate of l*. rt GcT per square foot. 

5. How many square yajds are covered in 100 resolutions 
of a cylindrical roller whose length is 4 ft. 6 in., and diameter « 
3ft. 6in.? 

( Volumes^ ' <> 

6. Find the volume* of the cylinders in which 

(i) the radios of the bate is 7 inches, and the height 
5 inches; 

(ii) the diameter of the base is 3 ft. 6 in., and the height 
3 ft. 4 in. 

» 

7. Find (in pounds) the weight of a solid iron cylinder 

1 ft. 9 in. long, the diaineter of the base being 2 feet; supposing 
that 1 cubic foot of iron weighs 486J lbs. < 
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• <8. How many gallons aj-e contained in a cylindrical tank 
•whose'depth is 2 ft. 4in., and whoso base is 2$ feet in diameter: 
supposing that 1 cubic fopt=d>| gallons? , ^ 

9. Find uhc cost of baring a semi-cylindrical tunnel 30 feet 

in diameter and 88 yards m length) at the rate, of 15*. 9 d. for 
every cubic ya. I excavated. f 

10. Find the heights of the cylinders in which 

(l) the volume is 308 cubic inches, and the radius of the 
base 3T> inches; t 

(ii) the volume is 21 c. ft. 1290 o. :n., and the diameter of 
the base 1 yard. f ' 

11. A cylindrical tank contains 4400 gallons : hud its depth, 

if tho diameter of its base is 5 ft. 4 in. Suppose 1 cubic foot 
=6] gallons. Tfi 

12. It costs £343.15*. to b v ,re a cylindrical shaft, at the rate 
of 15*. 9d. for every cubic yard of rock removed. If the diameter 
of the shaft is 5 ft., what is its depth ? 

13. The volume of a cyliudor 14 inches Ion* is equal to that 

of a cube having an edge of II inches. Find r »tne radius of the 
cylinder. % 1 , o 

14. What is the internal diameter of a cylindrical tank 8 feet 

(jeep, if it is capable of containing f>£ tons of water l (1 cubic fcot 
of water weighs 1000 oz.) j 


(.Hollow cylinders.) 

j5. Find the surface and volume of a hollow' cylinder (open 
at both ends) whose external diameter is 44 inches, thickness 
2 inches, and height 25 inches. 

16. Find (to the nearest lb.) the weight of 14 feet of lead 
piping, whose internal diambter is 1 inch and, thickness j inch. 
Given 1 cubic inch of lead weighs oz. 

17. An iron roller is in the shape of a hollow cylinder whose 
length is 4 feet, external diameter 2 ft. 8 in., and thickness 4 inches. 
Find (in pounds) its weight, supposing dne cubic foot of iron to 
weigh 486 lbs. 
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EXAMPLES. XV. B. 

t On the Cylinder. 

[Higher Course.] 

(In the. following Examples take n y.) 

1. The radius of the base of a cylinder is 5 inches, and its 
curved surface i' 440 square inches; find the volume. 

2. Ihe diameter of a cylinder is 1 ft. 2 in., and its volume is 
1 o. ft. 1352 e in., find its whole surface m s juare feet. 

3. The weight of a cylindrical granite column is 8| tons, and 
its diameter is^fcct. If a cubic foot of granite weighs 168 lbs., 
find the^oost of polishing the cuned surface of the column at the 
rate of 1.9. (X/. a square foot. »• 

4. Find %tbe curved surface of a cylinder whose height is 
double of its diameter, and whose volume is 539 cubic inches. 

5. How mafiy revolutions are made by a cylindrical roller 
whose length is feet and diameter 3j feet, m rolling a square 
field of 2-J Ttcres ? 1 

6. If the weights of equal volumes of iron and coppor are in 
the*ratio-of 7 : 8, find flic edge of a cube of copper equal in weigfle 

‘to a solid iron cylinder whose height is 4 inches and diameter 
1 ft. 10 in. ' * 

< ' • 

{In the following Example;} suppose 1 c. foot of water weighs 
1000 oz.; 1 gallon -=277'25 c. inches ; rr=3T416.) 

7. The cylinder of a common pump is 6 inches in diameter; 

what must be tfye length of beat <Sf the piston, if *8‘beats are 
needed to raise 10 gallons '( , 

8. ' A tfubic inch of gold is drfcwq into a wire 1000 yards long. 

Find (to the neare d, thousandth of,an inch) the diameter of the 
wire. * 

9. Water flows through a cylindrical* pipe 2‘4 inches in 
internal diameter at th$ rate of 80 feet per minute. Find (to the 
nearest second) how ltmg it would take to fill a vessel capable of 
holding 5 cwt. of water. 
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• *10. • Three hundied and sixty gallons of water are drawn off 
.from a cistern in half-an-liouf'by a cylindrical pipe. If the water 
flows at a uniform rate of 72 feet per minute, fin<^(to the nearest 
hundredth of ">n inch) the internal diameter of tno pipe. 


11. A reservoir, j-tandmg on a base containing ?240 squaro 
inches, is suppled at a uniform rate by a cylindrical pipe 1*8 inches, 
in diameter. At what rate (m foot per minute) must water flow 
through the pipe, if the depth in the reservoir is increased 8 inches 
in a quarter of an hour ? 

12. From a prism whose length is 10 unbox, and whose 
transverse section is a regular hexagon or a side of 8 inches, the 
greatest possible cylinder js*cut having the same axis, as the 
prism. Find (in sqr ire and cubic inches correct to two places of 
decimals) the surface and volume of the cylinder. 

13. A copper wire A inch in diameter is me; Jy wound al hi ut 
a cylinder, whose length is 0 inches and diameter 9*9 inches, so 
as to cover the curved surface. Find the length and weight of 
the wire, if 1 cubic inch of copper weighs frl o/. 


{Ho! I on' ('j/fvn</rnt > , 

14. Fiqd to the nearest ton what weight of stone will be 
required to line a sermcylindvical tunnel 30 foot ni internal 
diarnotcr and 120 yards long. The lining is to he 15 inches thick, 
and 4 per cent, of the volume of the lining is to be deducted for 
lament. One cubic foot of the stone ernplovod weighs 170 lbs. . 

15. Find (to the nearest tenth of a foot) whaHength of piping 

1 \ inches in external diameter, and \ inch thick, could be made 
from a cubical block of lead whose edge is I foot. And find iho 
weight of 21 feet of such piping, if a cubic foot of lead weighs 
709‘1 lbs. j > 

16. TMif volume of metatin a cylindrical tube is 502*656 cubic 

inches. If the fength is 8 inches, and its external diametor 
1 foot, find TtN 41 lieknesN. . ,, 

t ^ 1 

17. A hollow cylindricafimn roller weighs,1314| lbs.; if its 
length is 4 feet, and its external diameter 2 ft. 8 in.; find its 
thickness, having given 1 cubic foot of iron weighs 486 lbs. 

18. The wholfc surface of a cylindrical tube is 264 square 
iuclies: if its length is 5 inches, and its external radius 4 inches, 
find its thickness. (jt*=^.) 
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THE PYRAMID. 

97. Definition. A pyramid is a solid bounded by 
plane faces, of, which one, called the,£a#«, is any rectilineal 
figure, and the rest ere triangles having a common vertex 
at somr* point not in the plane of the base. 

In the pyramid represented in the diagram, the figure ABODE 
is the base; and the triangular faces 
OAB, OBC, have the common 
vertex C. 

A pyramid is said t6 be right, hen 
a perpendicular dropped from the vertex 
on the base lAeets the base at its central 
point ( i.e . the centre of its inscribed or 
circumscribed circle, if the base is a regu¬ 
lar figure, or the intersection" of its 
diagonals, if the base is a rectangle). 

Thus the pyramid she n in the 
diagram is right, because the perpen* 
diealar OP, drawn to the base from 0, 
meets the base at P its central point. 

The perpendicular OP is the height of 
the pyramid; and UQ, which bisects the edge AE at right angles, is 
called the slant height. It is important to obsor/e that OP is at 
rignt angles to any line, such ps PQ, drawn in the plane .of the base 
from P. [Def. 2, Art. 78.] 

The sum of the triangular faces OAB, OBC, OCD, Ac., is .called 
the slant surface of the pyramid. In<a right pyramid, standing on a 
regular base, the°t.nangles OAB, OBC, OCD, are all equal. 

t { 

b8. ,To -find the, surface and volume of a rigid pyramid 
standing on a roguhr base of n jfides. 

In the last figure let each side of the base-,a units of 
length; let the height OP = h, and the slant height 0 Q = l; 
and let the area of the base contain E square units. Then 
the perimeter of the base = ua. 
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, • ' # 

. Noyv the slant surface =#i-times A OEA 

x i AE * cfa 

2 ) • 

• — ~na. I square unite; 

(i) slant surface, ofjnjramid * 

• i (perimeter (if base) \ { slantVieight ). 

• • • 

The whole surface—the slant Surface i the area of the base# 

• • 

Again, it may lye shewn that the volume of a pyramid is 
onK-third the volume of the prism on the same base and 
of the same height, * 

• 1 * • 

(ii) volume of ^pyramid (area of base) x height 


- Eh fit hie units. 

• ,T 

The volume an oblique pyramid is also given by the formula 
9 * (area of Ixtse) x ( perpendicular height). Art. 91. Nate. 

Example, l^nd the slant, surface and voknn# of a pyramid 
21 inches high, standing on a square base whose side is 40 inches. 

St 

t Here * ft = OP -21 inches; 

a =AD = 40 inches; # 

PQ^^AB = 20iifchca. 

From the aCiPQ, right-angled at P, 

OQ 2 =OP- f PQ 3 =(21) 2 + $!0) S = 841. 

OQ (or I) = Jsil =29 itches. 

Area of aODAj-^D.OQ 



= i x 40 x 29 sq. in. = 680 »q. in. 


S. E. M. 


10 
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Henoe (i) the slant surface=4 a ODA = 4 x 580 sq. in. 

= 2320 sq. in. 

(ii) The t olume = ^ (area of base) x height 

= i (40) 2 x 21 c. in. 

= 11200 c in. 


99. r Definition. A tetrahedron ;s a pyramid on a tri¬ 
angular base: it is thus contained by four triangular faces. 

Jn a regular tetrahedron tlfe faces are equal and equi¬ 
lateral triangles. 




To find (he height, surface and volume • of a regular 
tetrahedron whose edge is giveu. ' ‘ 

Let OABC bo a regular tetrahedron, each of whose., 
edges is 2m „ 

OP is the perpendicular from O, P being'the central 
point of the equilateral triangle ABC. 

I'hen.. 0& = BQ m v':i; Art. 25. 

. w u t, n 7)1 

and PQ = QC tan SO . See fig. ii. 

* v 3 . 

And from the AOPQ, right-angled at 0, . 

OQ a = OP 1 + PQ 2 ; or, 3 m? = OP a + . 

3tr 
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. • • 

Htaee (i) height OP = im 

| * • # 

(i i) whole surface, 4 ,*A ABC =Hm. a \/3; Art. 25. 

. * r * 

(ill) volume — - . A ABC x OP 

^. w* \'3. 2m ^ ~ ??i S/2. 

Note.* A regular octahedrqp is a solid* 
contained by fight £qual Unilateral tri¬ 
angles. 

It will be seen reference to the figure 
that a regular octahedron consists of two 
pyramids on opposite sides of a common 
square base A BCD. Hence its linight and 0 
volume may be calculate^ by the method of 
the present article. 


EXAMPLES. £VI. A. 

• On Pyramids. 

« 

j Elementary Course.] 

(Surfaces.) 

1. A right pyramid”, 3 feet 4iigh, .stands on*a square bone 
whose side i# 8 feet. Find th£ area of one of the triangular faces. 

• i 

2. Find tl^e whole surface of a right •pyramid of which the 
height is two feet, and the base g. square <m a side *>f l,ft. 8"fn. 

• 

3. Find the slant surface of a right pjwaifnd one foot high, 
standing on a rectangular bas£ whose length and breadth are 
5 ft. 10 in. and 10 inches. 

4. Find the cost of polishing fhe slant surface of a right 
pyramid, 6 ft. 5 in. high, standing on a square base, each side 
of which measures 6 feet, at the rate of 9<i per square foot. 

10 —% 
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( Voluvtjs.) 

5. Find thk volumes of Jhe pyfarnids in whic{» 

(i) the bale is a square oi^ti side of 5 inches, and the 

height i^ indies, • e 

* (K) the base is a rectangle measuring 8 inch.es by 4 inches, 

and the height is 1 foot, ' 

(iii) the base is a triangle whose sides are 13 inches, 12 
inches, fninches; and the* height is 9 incites. 

t ' t 

6. Find the heights of the pyramids in which 

(ij the volume is 81 cubic inches, apd the-base a square 
on a side of 6 inches. 

(ii) the volume is 1221 cubic inches, and the base a 
triangle whose‘Sides are 4 ft. 3 in., 3 ft. 1 in., and 1 ft. 8 in. 

7. A pyranrcl, standing on a square base, is 15 inches in 
height. JiV.bc volume is 320 cubic indues, find the side of the 
base. 

8. The height of a pyr.umd standing on a rectangular base 

is 2 ft. 8 iu., and*its volume is 5 cubic feet. If the length of the 
base is 3 ft. 9 in find its tycadth ' 


(Miscellaneous.) " 

9. Find thfe weight of a granite pyramid 9 feet high, standing 

oil t a square base whose side is 3 ft. 4 in. [Given 1 cubic foot of 
granite weighs 105 lbs. | , , 

10. A tovyer, whose ground plan is a square on a side of 
30 fedt, is furnished with a pyramidal roof 8 feet high. Find 
the cost of covering the roof with sheet laid at the'Vate of 8c/. 
l>er square foot. , 

it. A mhrble column, 6 feet Jiigh, having a square cross- 
section on a side of 15 inches, is surmounted by a pyramid 
whose height is 1 ft. 6 in. Find*the weight of the whole, having 
given 1 cubic foot of marble weighs 170 lbs. 

12. The base of ^ pyramid is square, and covers an area 
of 1764 square feet, ind its volume is 11760 cubic feet; find its 
slant surface. 
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EXAMPLES. XVI. B. 

i 

• ^ 

OjtPv'ltAJIUlK. 

• ’ 

[Higher Course.'] 

• ( .. 

{Edge% and Surfaces.) 

1. Kind the. .slant turfacc of a rigid? pyramid havin^the .same 
base and height as a cube whose edge is 10 inched. 

• • • 

2. A right pyramid standi on a rectangular base whise sides 
are 3 ft. 6 m. and 1 feet; if each of the slant edges measures 
2 ft. f> in., find the height of the pyramid. 

3. The base of a right pyramid is an equilateral triangle on 
a side of 1 foot, and its heights 7 mehe*. find th^area of one 
of its slant faces. 

• 

4. A right pyramid stands on a regular hexagonal base 

whose side is 8 inches. If the heiglft is 1 inches, find the area of 
one of its triangular faces. . • 

5. Tl« slant faces of a rig[it pyramid, standing on a square 
base, arc equilateral triangles, each ?ide of which is 1G inches. 
Find the height and slant surface of the pyramid. 

• • • * 

6. A right pyramid stands on a hexagonal base, each side of* 
which is 14 inches. If each slant cdtfc is *21 inches, find the 
height and slan£ surface of the pyramid. 

( Volumes.) 

Take \J\*~ 1 *732. 

. • 

7. Frojn a rectangular block of doa^ standing on a square 

base whose side is 1 ft. 4 in., a pyrannd.is cut having th^same 
base and height; if the wogd that is cut away Weighs 152 lbs., 
find the height of tho pyramid. [Given 4 Aibie foot of deal 
weighs 912 ounces.] * 

8. Find tho ^oiume of a pyramid whose base is an equi¬ 
lateral triangle on a side of 1 ft. G tn., Uie height lieing equal to 
the perpendicular drawn from a vertex of flie base to the opposite 
side of the \*ase. 
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9. Find the height of a pyramid, of which the volume is 

623*52 cubic inches, and the base a regular hexagon on a side of 
1 foot. ^ i l ( 

10. A right pyramid stands oj\ a square base containing 
300 square inches; and the perpendicular height of the pyramid 
,v s half >f.s slant height. Find its volume. 

11. The base of a right pyramid is a regular hexagon on a 
side of 20 inches, and its slant faces are inclined to tho base at 
an angle qf 60°. Find thrp volume. 

12. The bciso of a pyramid, 6 inches high, is an equilateral 

triangle; if the volume is 346*41 cubic inches, find the length of 
each side of the base. * K , 

( Miscellaneous .) 

13. Fronw-u solid cylinder the greatest possible pyramid 
on a s(jhaie base and of the same height is cut: express its 
volume as the decimal (to four* figures) of the volumo of the 
given cylinder. 

14. OA, OB, OC, are conterminous edges of a cube, whose 

edge is a inches Find the volume of tho pyramid OABC, the 
area of the triangle ABC, and the length of the ’perpendicular 
drawn from O on the plane of ABC. , 1 

15. Three conterminous edges of a rectangular solid OA, OB, 
OC. measure respectively «, b and c inches : find the volume of 
the pyramid OABC, the area of the triangle ABC, and the lengt’n 
of the j>erpendicular drawn from O to tho plane of the triangle 

ABC. 

,16. l v he corners of a cube are cut off by planes which pass 
through the middle points of each set of conterminous edges. If 
the edge of the cul>e was originally 2 feet, find the volume and 
surface of the insulting figure. , 

17. Find the edge of the greatest cube that can b& cut from 

a right pyramid h inches high, standing on a square base whose 
side ii a inches, one face of the cubo being in tjie plane of the 
base of the pyramid. “ • 

18. From a right pyramid, twiioso height is 9 inches, and 
whose base is a square-on a side of 6 inches, a rectangular solid 
is to be cut, so that its base lies in the base oi t the pyramid, and 
its upper vertices in th« slant edges of the pyramid. .The base 
of the rectangular soVid is to be a square on a side of 2 inches; 
find its height. 
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• • 

19. ’Find (to th£ nearest tenth of an inch) the edge of a 
regular tetrahedron whoso volffme is 117*851 cubic inches. 

20. Find the surface <§f a regula^ tetrahedforf, if the perpen- • 
dicular from (toe vertex to ^ie opposite face is15 inches, • 

* * • * 

21. Find the* volume of a regular octahednto eacl^edge^ 

which is a feat. # • 

• 

22. The volume of a regular octahedron is 471*41 cubic feetj 
find the length of each edge. 


CHAPTER XVH. 


THE RIGHT CIRCULAR CONE. 

• # 

100. •Definition. A right circular coife is a solid 
described by the revolution of* a riglit’angled triangle 
about one of its sides (containing the right angle) which 
Remains fixed. • • " 

• 

Thus if the right-angled triangle ABC lc^olv^p about the side 
AB, it describes £he cone represented in 
the figure. AB # is said to be the axis, or 
height, oi the cone; and the angle CAD is 
called its vertical angle. 

The whole surface of the coqp consists 
of the curved surface described by AC, and 
of the circular %nd, or bast* described by 
BC * . . 

A similarity in character between tl^j 
cylinder and prism has been x>oif!ted out on 
page 136. The beginner winnow observe . 
that the same relation exists between the 
cone and pyramid; a pyramid becoming 
a cone, when its base is a circle instead 
of a rectilineal figure. Accordingly the rulgs 
for finding the surface and volume of a coni oorrespond with those 
already givep for the pyramid. 
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Note. The ifbove definition refers only to bright circular cone. 
Cones may exist whose axes are not fierpendicular to their bases, and 
whose bases are not circular. Such, cones, however, are beyond the 
scope of the present 1 text-book* • 

k 101, To fud the surface and volume of- a cone. 

Til the adjoining figure let the height AB h units of 
length, the radius of the hase BC r, and the slant height 
AC — /. t 

Then from the right-untied a ABC, j 

AC" = AB 2 | BC 2 ; „ 


, F-h- 1-/"; I sJlF + r*. 

(i)'■ 7 he curved surface of cone 

^ (circumference of base) 

\ (slant height), 

4 ■ 2«r ■<(' 

= 7 rrl square units. 

The wh<rfe surface of cone curved surface -f area cf 
c - -Trrl -h 7rr 2 



t «.< —*t r(l+r). , 

t* , 

Again, it m;ty bo shewn that the volume of & cone is 
one-thjpd the volume yf tho cylinder on the salme base and 
of the sanfe Height; ’ < 

'1 

(ii) the volnrrtf of cone = ^ (ana of hate) x height 


- - nr‘h cubic units. 



THE KItfttT CyiCULilK CxfxE. 


153 


• XVII'.} 


’Note. The formula for the # curvcd surface of a cone mqy he illus- * 
'trated'by bending round a piece of paper ACD, cut in tho form of tho 
seotor of a circle, until the lints AC and AD ephyide. Jn this whj 
the sector ma*be made to take the shape of tho curved surface of a 
cone; CD, tlfb arc (tf the stetor, becoming the 'circumference of the 
base, and AC, the radhis of the sector, becoming t^ie *l9nt heiyhtoi 
the cone. * * % 


Fig. i. 


T1• •* I 

rig. n. 



— % - arc x (radius of sector) # Ait. 53. 

“ • 

^ (circumferonce off base) x ^slant height) 

2irr' /*— irrl. • 


« Example i. Find th# slant height, the w hole surface, and the \ ofumc 
of tho cone whose height is 1 foot, and the diameter of whose base if 


5 ft. 10 in. 



Here i = 12 inches; r - 35 inches; * 
and Z 2 =fc 2 +r 2 -144 +1225 = 1360. 

Ia) : Z= > /l360 = 87 inches. 

• • • 



(ii) Wh8le surface—curved surface area*of base 

= irrl 4- ^r 2 =*irr (I + r) • * 

— x JJifx 32 sq. in. -5f> sq. ft. 

(iii) Volume • *=~7rr £ 7i 

3 * « 

1 99 

“s ' Y x ( 85 )’ x1 ' 20 - ft 
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* Example ii. Water flows at the rp4e of 20 feet per minute from a 
cylindrical pipe ’25 inches in diameter. How long would it take to 
fi’l a conical vesse’ whose diameter at*the surface is 10 inches, and 
depth 9 in "lies? (tt = 3*1416.) 

Suppose i A takes x minutes to fill the'vessel 
* In one minute a cylindrical column of water * inch in radius and 
240 inches long enters the vessel; 

.*. in x minutes the volume of water passed 


= x x4r x 



x 240 c. in. 


15 

— x. t r x — c. 

4 


in. 


.(i). 


And the volume of the cono 
1 


ttx 5 2 x 9c.*jn. --757T c. in.. 


..(«). 


10 __ 

x . x . = 75t ; 

4 

j =20 minutes. 


[Obs. A point worth notice in this example is that the value of r 
is not to be substituted at the stages marked (i) and (ii), as at the final 
stage it is cancelled from both sides of the equation.] 


* Example iii. The height of a cone is 34 inches, and its curved 
surface is four times-the area of the base. Find its volume to the 

nearest hundredth of a cubic inch. ^ 7r =y 


Here h- 


2 ’ 


required to find r. 


By hypothesis 


And since 


7rrf = 4irr\ 

•. / = 4r, 

l*-i Or-; or,' h\y r 2 = 16r 2 . 


< 2 ’ 


r 1 ---- -. 

60 


V 1 1 2/ 1 22 49 7 • 

Now volume ~~vrh --- x - x — x -c. in. 
3 ^ *3 7 1)0 2 


= 2*99... o. in. = 3c. in. nearly. 


c 
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EXAMINES. XVII, A. 

# On Confess. 

. , ►. 

\ Elementary # 0 Mr#c.] 

• In the following Examples take 
• (Surfaces.) 


1. Find the curv<#i surfaces of tint cones of^vhich* 

(<i) the slant height is 1 ft. 9 in., and the radius of the base 
5 inches;* • • • • 

• £ 

(ii) tho vertical height is l foot, and the radius of the base 
2ft. 11 in.; * • 

(iii) the vertical height is 5 feet, and the diameter of the 

base 15 ft. 2 in. , 

•* * 

(iv) the slant height is-2 ft. I in., and tho vertical height 

2 feet. • 

• 

2. The curved surface of a corn; is 396 square inches, and 
the radius of^bhe base is (> inches* find its slar^ height. 

3. The ciftvcd sur/ace of a Conors 2 sq. ft? 42 sq.^n., and its 
slant height is 1 ft. 3 m.; find the radius of the base. 


• 4. Find the cos# of canvas for a conical tent, whose height 

is 15 feet, and the diameter of whose base is 16 feet, at Is. 3|c£ 
per square yard. • • 

• • • 

5. How many square yards of canvas will be required ifor a 
conical tent 24 feet high, if the area of the base is 154 square 
feet 1 

• • • 

c • Volumes?) 

• • 

6. Find the volumes of the conos of which 

(i) the radius of tljp base is 3 inches, Aid*the height 

7 inches; • _ • 

(ii) the diameter of the* base is 1 ft. 2 in., and the height 

1 foot; 

(iii) the hfiigVit is 2 feet, and the giant height 2 ft. 1 in.; 

(iv) the diameter of the base is 6 feet, and the slant height 

7 ft. 1 in. # 6 
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7. Find the'height of the conect of which 

( 1 ) the volume is 88 cubic inches, and the radius of the 
base is ^ inchos ; , 

(ii) the volume is 1 <\ ft. 648,o. m.. and the diameter of 
tbo base vs 1 ft. J m. 

8. Find the radius of the base and the slant height of the 
cones of which 

(i) the volume is* 3 c. ft. 96 e.- m., and tho height 
2 ft. 11 in.; 

(iij the volume is 36 c. ft. 1680 c. in., and the height 
4 ft. 8 in. 

9. A conical vessel measuring 2 ft. 4 in. across the top, and 

4$ feet deep, vs placed with its axis vertical and vertex down¬ 
wards. Hew many gallons will it hold, given 1 cubic foot — 6j 
gallons ? • ■ 

10. Find (to the nearest pound) the weight of an iron cone, 
' the height being 1 ft. 2 in., aiid the diameter of the base 1 foot; 

given that one cubic foot of iron weighs 486f lbs. 


(MUeelltimous.) ' 

jfl. A cylindrical granite [hilar 20 feet high and 16 inches ii. 
diameter, is surmounted by a cone 3 feet in height; find the 
weight of the whole,'having given one cubic foot of granite weighs 
165 lbs. v 

12. The weight of a brass cone is 55 cwt., and the diameter of 
its base is 3 ft. in.; if one cubic foot of brass weighs 500 lbs., 
find the height of the cone in feet. 

13. Find (to the nearest hundredth of an inch) the radius of 
the bpse of a cone whose height and volume are the same as 
those of a cylinder 1 ft. 8 in. in diameter. 

14. The base of a cone is 4 sq. ft. 40 sq. in., and its height is 
4 feet; find its volume, l and the area of its curved surface. 

15. From a cylinder whoke height is 3-3 inches, and diameter 
11*2 inches, a conical cavity of the same height and base is 
hollowed out. Find the whole surface of the remaining solid. 
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THE R?Cr!*r CljcaiAk coil. 

♦ • 

EXAMPLES. XVII. B 

, *On Cones. 

• * * 

[Higher Course.'} 

• , 

In (he following Examples take tt = 3*1416 
{Surfaces )* 

1. into each end of a solid cylinder, \those length i«*10 inches 
and diamet(»r 8 inches, a conical cauty is 1 wired; if thetliameter 
of each cavity is flinches, and its depth is 4 inches, find (to the 
nearest hundredtlwof a square inch) the whole surface of the 
remaining solid. 

• *. 

2. The area of the base of a cone is 7^*54 square inches, and 

its height is one foot; find ux, curxed surface, to tlie nearest 
hundredth of a square'inch. • 

3. Find (to the nearest hundredth of a square inch) the 

whole surface of tlie greatest cone tlfat can be cut from a solid * 
cube who|fj edge is 1 ft. 8 in., tlie base of t.hcT'ofle being in the 
same plane as*bhe base of the rube. # * * 

4. The height of a cone is 27 inches, and its curved surface 
h seven times the afea of its base. Find (to tlie neatest Hun¬ 
dredth of an inch) the radius of its base. 


( Volume*.) 

In the following Examples talg 1 galIon = 2771§5 cubic Riches. 

5. hind th<* height of fi. cone, the radius«of whose base is 

1 ft. 9in.,*and whoso volume is equal t« that of a cylinder of 
diameter 3 felt, and height 12 ft. 3 m. • , , • 

• 

6. Find the radius of tjie base of a •one, whose height is 

9 feet, and whose volume is eqtial to that of a cylinder 9 inches 
high, and 5 feet in diameter. * 

7. Find approximately in gallons, the capacity of a conical 
vessel having a diameter of 3 ft. 4 in. at tile surface, and a depth 
of 2 feet. 
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8. A conical vessel has a diampter at the surface of 30 inches, 
and a depth of one foot. Find how long it would take to till it 
,with water flowing at the rate of 50, feet per minute from a 
cylindrical pipe ‘G inches in diameter. 

9. A conical vessel has a diameter at tlmsurface of 18 inc hes; 

f. 'd its depth tV) the nearest hundredth of an inch, if its capacity 
is 10 gffdons. ,, 

(Miscellaneous.) 

In the following Examples t dr 

10. The curved surface of a cylinder is 2640 square inches, 
and its volume is 20400 cubic inches; find the cur/ed surface of 
the right cone which has the same base, and height as the 
cylinder. 

11. 'Find the volume of a cone whose curved surface is 
550 square inches, and the radii* of whose base is 7 inches. 

12. The v height of a cone is 7 inches, and its curved surface 
is 3 times the area of its base. Kind its volume to the nearest 
hundredth of a cubic inch. 

13. Find the curved surface of a cone whose height is 
20 inches,,and whose volume is 9240 cubic inches. 

14. A sector of a circle of radius 2 feet and vertical angle 60°, 
is wrapped into the form of a right cone. Kind (to the nearest 
t hundredCh of an inch) the height of the cone. 

15. A right'angled triangle, whose remaining angles are 60° 
and 30°, resolves about its hypotenuse, which is G uiches in length. 
Find (to the nearest hundredth of an inch) the volume of the 
solid figure thus described. 

16. ( , Find tits dimensions of i right cone whose vertical angle 
is 120°, and whose volume is 4 c. ft. 1712 c. in. 

17. A cone, whos<£ vertical anglo is 60°, is pressed (vertex 
downwards) into a vessel full of water. When O’ gallons have 
overflowed/find (to the nearest tclitb of an inch) the depth of the 
vertex below the surface of the Water. 

18. A vertical cylindrical vessel of radius 1 foot, is partly 
filled with water, and into it is plunged a solid cone, whose height 
is equal to the diameter of its base. If, when the cone is com¬ 
pletely immersed, the 1 water rises 4 inches, find the dimensions of 
the cone (to the nearest tenth of an inch). 
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• f. f • 

THE ^vJSTyM OF A PYRAMID AND CgNK. 


102. Definition. A frustum (or slice) of a pyramid 
or cone is the part contained between the base and a plane 
drawn parallel to the base. 



Thus the fyistum of the pyramid represente<yin fig. W is that part 
which is included between the*base fcBCDE and the parallel plane 
abcde. 


• The frustum of tht cone (fig. ii.) is contained between tiie ba"e AB 
and the parallel plane ah. • 

The figure^ ABCDE, abcde in fig. i. and the*figiftes AB, ab in fig. ii. 
are. called the *n4s of the frustum. The ends of the frustum of a 
pyramid are similar figures. The ends of the frustum of a coae are 
circles. * • 

The slant surface of the frustum of a pyramid is made up of 
trapeziums. If the pyramid is right, a»d the base mBCDE iff a regular 
polygon •these trapeziums are all equal. ^ 

Note. m The areas of the ends of a frustum are 'proportional to the. 
squares of th^perpendiculars OP, Op. # (Euclid#p. 424.) 

• * • • 

103. To find the. slanfa surface and volume of the frustum 

of a right pyramid on a regular base of n sides. 

In the above # figure, let the ends ABCDE, abcde contain 
Ej and E 2 squire units respectively ; and let the thickness 
Pp = k units of length. Let «, be tfle length of each side 
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of the end ABODE, and a. x of the- end abode . Also let l be 
the distance between any two corresponding sides of the 
ends, such as AiE and ae\, this may be callei the slant 
thickness of the frustum. 

-, 0 Then tlie slant surface -• n times trapezium A«eE 

- n \ - (a x + « a ) l Art. .34 
1/ 

, - (na„+ na 3 ) t sq. units, 

. .1 v . 

.‘. (i) Slant surface oj frustum - -- {stun ofiperimiters of ends) 

x ($laut thickness). 

(ii ) ^Volume of frustum ~ j. f E _ + s /e,e] + Ej cubic 

s < t ( units. 

The formula (ii) gives the volume of tlx* f'ustum of any pyramid, 
regular or otherwise. 

104. To find the n rred surface and volume of the 
frustum of a mfit cone. , 

In lig/'ii. of page 15i).Vt /’/and r be the radii of the 
two ends AB and ab respectively, and let the thickness 
P p — k. , Let the slant thickness Aa — l. Then if E : and El 
denote the areas of tlie ends, we have E, - my, and 
E, - irry « ' 

i*. (i) Curved surface of frustum of cone 

- - (sum of circumferences of ends) x (slant thickness) 

- - - (2tti\ -f 2irr. x ) l tc (v-j 1 - I s<j. units. 

(ii) Volume, of frustum k [Ej + J E,E 2 + E.] 

fk [my’ + Jjrr?. mf + my] 

t 

- ^ k [r, 2 + r,r, + r, 5 ] cubic units. 
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• • • 

*Note 1. The fornlula giving the curved surface of 

• of a cone may he thus established. 

Let OAB and Oab be two sectors ( 

of circles havi»g a commifn vertical * 4 / 

angle. Then by bending round the 9 / 

figure AB6a until A a and B6 dbinclde, • _ 

it may be made to thke the form of the 
curved surface a frustum of a cone, 
the arcs AB and ab becoming*the cir- • 

* cumferences of the ends of tluf frustum. A 

Let OA = /,, Oil = l 2 ,^md A a = l; 9 

so that Z, - l 2 - l, the slant thickness of 
the frustuip. 

• aicAB • arc ab „ 

Then . , =@ 

.* jltcAB — /j0, and ai cnh — l. 2 d. 

Now an red surface of frustum — sector OAB - sector Oab + 


/ 161 
f the Tiustum* 



Art. 50. 


1 _ 1 • • 

— - aic. AB y /“ -- aic ab x Z a 
“ • " 

1 * • 

— 2 1 ^ ' j V) “2 1 ( aic AB ^ nr#,, d) 

1 • • ’ • * ' 

— t) l x {sum of circumferences of ends). 


Art. 63 


' • 1 

* Note 2. Tho expression - k [E, i J E, E, + EJ for the volume * 
a frustum of aTyyywud or cone may be similarly obtained. 

Let OP = /( 1( Op — h^; so that -h, — k. Seo fig. p. 159. 


From Note p. 159, wo have 


(say), 


• • .*. E jrr/x/^ 2 , and E a = /ift 2 2 . 

* 111* 
And volume frustum = Ej h x ~ - E Ji u — 1 * (/j, 3 - 
«{ .{ “ #3 


V)A 
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Example i. Find the curved surface and .olume of the frustum of 
a cone whose thickness is one foot, and whose ends are 1 ft. 6 in. and 1 
8 inches in diameter. 

Hen A; = 12 inehes, ^=9 inches, 
r,.=4 inches. 

7 

In tiie annexed figure draw aQ 
perp. k AP. Then aQ — 12 inches, 
and AQ=5 inches; required A a, or l. 

Aa 2 =ttQ 2 + AQ'-’; 
or P :12 2 + 5 2 = l()9. 

1 = 14 inches. 

(i) Curved surface = v (r, t- r.J I 

22 

- rj x 18 x Id sq. in. = f>31} sq. in. 

1 t . 

(ii) Volume A (rj J ir/., \-r.r) 

1 22 

•= - x x J 2 x (81 36 {■ 16) cubic inclies 
o 7 

-1672 eubb* inches. * J 



*Exa 7 jiple ii. Find the slant surface and \ olume of the frustum of 
a pyramid whose thickness is 1 ft. 3 in., and whose ends are squares 
on sides of 3 ft. 4 in and 2 ft. respectively 


Referring to the figure we soe 
that 

PQ=~ AB=20 inches, 

2 >g , ss^ffM=12 inches, 

Rr/=Pp = k-15 inches, 
RQ= PQ - PR = 8 inches 
Required the length*of Qg, or /. 

Qg 2 = Rg 2 + R Q 2 = 15 2 + 8 2 =*289; 

• c 

i = 17 inches. 
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(i)‘ Slant surface = 4 times trapezium BCcft 


1 , 


=4 x 5 (BC-^&c) Qr i 
2 - * 


^4 
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Art. 34 


x^xf49 + 24)xl7 sq.inches 


(ii) 


~2176sq. inches = 15 sq. ft. 16 sq. in. 
' E, = sq. on Afi = 1600 sq. Inches, 

Ej=sq. on al> = 576 sq. inches 

Volume=~ [I, f s EX.. E,] * 


• 15 • ___ • s 

• = in [1 fi 0fT+ N /l600 x 576 + 576] cubic inches 

1=:: ^ [1600 + 40 x 24 + 576] cubic inches 
= 15680 cubic inches = 9 c. ft. 128 c. *in. « 

. Example iii. A cono 12 inches iiWieight, and 16 inches fn diaraetor 
at the base, is cut by a pla»e parallel to the base and 9 indies distant 
from it. Find the curved surface and the volume of the frustum so 
formed. • 

t Here r, and if are given, also tl *3 * 
height of incomplete cone. • €) 


«i>9 


We have first tfi find thj value c i r, # . « 
From the similar triangles APO, 


r, i ' 3 8 r, 

~ = —~ • or — — - 
OP Op' ' 12~8' 



hence AGt = «, A< 

• An, or ?, is found from J:he right- 
angled triangle AQu; . t # 

for .» + Vin = 10-81 neaty, 

(i) Curve* siy-faoe = r (rj + r 2 )/. • 

22 • * • . 

= y x 10$ 10uy eq. inohcs = 889*74 sq, in. 

(ii) Volume = ?*{V + r^+r, 2 ) 

. .8 

22 • • p 

^ 21 x ® x ^ + *** * ^ °* 1I1C * H ‘ 8 - 792 c. inches. 


11-2 
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EXAMPLES.- XVIII. A. 

> - .. < 

u 

On the Frustum of a JTVramid and "Cone. 

| Elementary Course.] 
in the following Examples take ir — y. 

(Surfaces.) < 

1. Find the curved surface of the frustum of a cone whose 
slant thickness is'5 inches, and wnore circular ends are 8 inches 
and 6 inches in diameter. 

2. Find the curved surface of the frustum of a cone whose 
slant tj'icknsss is 1 ft. 3 in., and whose ends arc 1 ft. 10 in. and 

1 ft. 8 in. jn diameter. 

3. Find the curved surface of the frustum of a cone whose 
thickness is 1 ft. 3 in., and whose ends are 3 feet and 1 ft. 8 m. in 
diameter. 

4. The qucjs of the frustum of a pyramid are squares on 

sides of ?0 inchqs and 4 inches ; if the frustum js 15 inches thick, 
find its .slant surface. 1 1 

* 5. , An open vessel, m the shape of frustum of a cone, Iqis 
the following measurements: the upper and lower diameters arc 

2 ft. 4 in. andy 1 ft. 2 in. respectively, and the depth is 2 feet; 

find the whole surface. 

c. ' ■ 

r 6 . An open vessel, in .the form jf a frustum of a cone, is 
to be lined with thin metal which costs 3.->\ (jrt. per square foot .* 1 
Find, the wh<rle cost, if the upper and lower diameters of the 
vessel are 1 ft. 8 in. and 8 in., and its depth is 8 inchqy. 

( % ( Volumes.) r 

c t, 

7. Find the vqlunie of the frustum of a pyramid, the ends 

being squares on sides of 8 inches and 6 inches, and the thickness 
being 3 inches. •* 

8 . The ends of a frustum of a pyramid are rectangles, the 
base measuring 9 i^cnes by 6 inches, and the top 3 inches by 
2 inches; if the thickness is 5 inches, find the volume. 


( 
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• i • 

• * t • 

, .9. Find the volume of the f*ustum of a cone 

(i) if the radii of the ends are 5 inches and 3 inches, and 

the thickness 1 loot, • I * * 9 

(ii) if the ends*age 2^4 6 in. ajid 1 ft. 6 in. in trimeter, 

and the thickness 9t inches. • • # 

10. The enfls of the frustum of a pyramid are triangles, the 

sides of the base measuring*] 3 inches, 12 inches, 5 inches, and 
the sides of the top 6\ inches, 6 inches, 24 inches; if the thick¬ 
ness of the frustum is 8 inches, find the folurne. • 

11. Tbc^s&mJ thickness of # a frustum flf a cono is 5 inches, 
and the radii of its ends are 4 inches and 1 inch respectively: 
find its volume. 

• ,• 

12. The ,9 lant thickness of a frustum of a cone is 2 ft. 1 in., 

and the diameters of its ends are 2 ft. 4 in. and 1ft. 2*in. re¬ 
spectively; find its volume. ■ * 


EXAMPLES. XVIII. B. 

On tiii Frustum of a IVrajSid and Cone. 

• [Higher Qoiurse^ 

(Surfaces.) 

• • . • * 

1. The ends of a frustum of a pyramid are squares on sides 

of 20 inches and 4 inches: if the frustum is 15inches thick, find 
its slant surface. * * # 

2. The*ends of a frustum of a pyramid are squares on sides 

t>f 8 inches and 1*4 inch:#if the thickness of the frustum is 
5'C inches, find its slant surface. • • t 

• 

3. A cRne, 3l;5 inches if! height, standing*on a base 60 
inches in diameter, is cut through by a plan# parallel to the base 
and 21 inches dfbtant from it: find (to the nearest hundredth of 
a square inch) the curved surfkce*of the frustum so found. 

-• * • [tt = 3T416.] 

4. A conical vessel inches deep and*20 inches across the 
top is completely fyiod with water. If sufficient wator is now 
drawn off to lower its level by 6 iitchcai fjpd (to the nearest 
hundredth of a square inch) the surface of the vessel thus ex- 
posed. [tt = 3*1410.] 
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5. AVater is poured into a» conical vessel, 126 inches deep 
and 24 inches across the top, unt’l the surface of the water stands 
10*5 inches a^c.e the vertex of tho cone: fin<? (to the nearest 
hundredth of a square inch) the surface of the- vessel left un¬ 
covered. r 

6. ' The ends of a frustum of a, cone are respectively 8 inches 

and 2 inches in diamcier: if its curved surface is equal to the 
area of a circle whose radius is f> inches, find the thickness of the 
frustum. . , 

c ( Volumes.) 

7. The ends of a frustum of a tetrahedron are equilateral 
triangles on sides of 10 inches and 8 in'ohes: if the thickness 
of thqjrustum is 3 inches, find its volume to the nearest hun¬ 
dredth of h cubic inch. 

8 . The ends of a frustum of a pyramid are regular hexagons 
on sides of 6 inches and 4 inches: if the thickness of the frustum 
is 5 inches, find its volum< to the nearest hundredth of a cubic 
inch. 

9. ,A dyeing vat is in the form of a frustum'*of a square 
pyramid. Each side of Elio brise measures G feet, and the slant 
faces arc inclined to the base at an angle of 135°. If the vat is 
r yard deep, how many gallons will it.hold, reckoning 1 cv-bic 
foot = 6| gallons'/ 

10. The diameters of the ends of a frustum of a cone are 
q inches and 2 inches respectively, and its slant thickness is 2*9 
inches: find its volume 

Jl. A otme, 20 inches .jn height, standing on a base of 
diameter 10 inches, is oat by a plane parallel to, the base, and 
6 inches disteut from it. Find the volume of the frustum so 

formed. [»r=^.] ■ 

» 

12. A rrustum 7 inches tnielr is cut by a plane from a cone 
whose height is 3 ft. 6 in. and base ] foot in diameter. Find the 
volume of the frustum, [ir= i 9 i .] 

13. A cone 2 feet in height, standing op a base 1 ft. 8 in. in 

diameter, is cut bv.r plafte parallel to the base so as to leave 
a frustum whose slant thickness 13 1 ft. I in.: find the volume of 
the frustum. [rr»= Y-] r 
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. (Misctllaneovs.) 

• • I * * 

Suppose 1 <jalion= 277*25 cubic inches. 

' • • ° 

14. A vesselTn the form of a frustum of a cone Contain 
37 gallons. If tho diameters of the two ends are 1 ft. <#in. and 
1 foot, find the depth, [tt —3*141(1 ] * 


15. The ends of tlpe frustum of a pyramid are regular hexa¬ 

gons on sides of 8 inches and 0 indies: if th* thickness is 3 
inches, find the slant surface to the nearest hundredth of a 
square incB. , • • * 

• • 

16. A cone, pdjpse height is inches, is cut through by a 
plane parallel to the base and one inch distant from it: express 
the volume of the frustum so formed as a fraction #f th$ volume 
of the whole cone. 

% 6 * 

17. A cone of height h is'eut through by a plane parallel to 

its base: at what distance from, the vertex must*the cutting 
plane be, if the volume of the f'rustifln thus formed is half that of 
the original cqne >- , • * 

_ • • 

18. miter ps poured into a .conical vessel, whose ai^glo is 90*, 
until the surface stand* 10 ineftos ab#ve the vertex. How many 
gallons must now be added to raise the surface by 2 inches? 

• . . 4>JV.] 


19. Into a conical vessel, whose angle, is £0° and depth 9 
inches, water Is paired until the surface is 6 inches above the 
vertex. Find (to the nearest tenth of a pint) how nffich waiter 
must now be added so as to fill tin* vessel. fn- = i Y J .] 

• 

20. Water is poured into a conical vessel, wl#xse angl$ is 60°, 

until the # tjjirface of the water is 6 inches above the vertex. 
A solid cube of% metal is iffnv dropped in, and is totally sub¬ 
merged : iftth^ surface of the water rises jL inch, find the edge of 
the cube to the nearest tenth oj an inch. • \n ‘-v-.J % • 

• 

21. The volume of a fripstufti of a coi*e is 407 cubic inches, 
and its thickness is 10J inches.* If the diameter of one end is 8 
inches, find the diameter of tho other emf [«•—*y 1 .] 

22. The frustum of a squaip pjranyd is 6 inches thick, and 
the area of one end. is four times the area # of the other. If the 
volume is 3£0 cubic inches, find the dimensions of the ends. 



CHAPTER XIX 


THE WEDGE, FHUST'JM OF W'EIXiE, AND PKISMOID. 

105. " Definition. A wedge is a solid contained by five 
plane faces; the base is a rectangle, the two ends are tri¬ 
angles, .and the tv r o remaining fixes are trapeziums having 
a common side, called the edge, which is patallel to the 
base. ' 



In the diagram, ABCD is the reotangular base; and EF is the 
edge. *. •*- 

Note. If the edgo EF = AB the length of the base, then the faces 
ABFE, DCFE a>e parallelograms, and the wedge js a triangular 
prism. ( 

106. To find the vofunle of a wedge. 

Let the length of the br-se --- a dnits, the breadth = b, 
the height = h, and the edge EF - ,e. 

T f hen volume of wedge - ~ ('2a + e) cubic units. 

The surface of a wedge is feunth by calculating separately the 
area of each of the faces. To do this, the slant heights of the faces 
(or the means of finding them) must be given. 

Note. The formula for the volume of a wefig' may be proved by 
dividing the solid int^ a-’prism and two pyramids by planes drawn 
through E and F perpendicular to the edge. 
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1 ' * f • 

,• Example. Find the weight gf a steel wedge whdbe base measures 
8 inches by 5 inches; the height of the wedge being 6 inches. [Given 
1 cubic inch steel weighs^-Si? oz.] ^ ^ ^ 

Here a = 8*inchoB, b =5 inches, <? = 4 inches, Jf=6 inches. • 

0 ' 


Volume of wedge - 


the weight = !()(? x 4*58 oz.^453 oz. 


107. Definition*. I. The frustum of a wedge is the 
part included between the bast 
base. * # • 

In tho figure, /9BCD is the 
rectangular base,#u^l abed repie- 
w-uls the cutting plane. The 
end abed is rectangular, and the 
remaining faces are trapeziums. 

Note. The frustum of a wedg^ 
differs from the frustum of a 
pyramid in that the ends A BCD, • 
abed are not similar: hence the 
edges A a, Bft, # Ce, DtZ, do not, if # 
produced^ meet at a point. A # # B 

2. A pnsmoid.is a s< A id" wfco.se end$ are any parallel 
(but not similar) figures of the same number of sides, and 
•the other faces areHrapeziums. # • 

In the diagram, ABCD and abed, the two parallel ends, are alsfo 
trapeziums. • * 

, • 

If the ends wcio similar, 
the Bolwl would be the frustum 
of a pyramid. The frustum of 
a wedge is a prismoid whose , 
ends ar^ rectangular. • 

A plane dranAi parallel to file 
base tlnoufch ft, the middlo point 
of the thickness PQ,cuts the solid 
in the mid-section XYZV: tnd* 
each side of tlio section is respaj- * 
tively half the sum of the com -* 
spending sides of the ends. For 

instance XV~- + ad), YZ (BC + Jc), and the distance between 

the parallels XV, YZ is half the sum of file distances between the 
parallels £0, BC and ad, be. 
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\ ' ’ , 

108. To find the volume of $ pristnoid. 

Let E, and E 2 denote the areas of the ends, and M the 
area of the mih-s sction: Ihen, if the thickness is k, the 



This formula applies equally to th e'frustum of « wedfje , since the 
latter solid is a particular case of the prismoid. 

Examp{°. In front of a, rampart there is ( a foss of which the top 
and bottom aio horizontal rectangles: the top is 80 feet long by 
30 feet broad, and the bottom is 60 feet long by 24 feet broad. 
If the dentil is 12 fe^t, find how many tjnbic feet of earth have been 
excavated. >• v 


The figure is a prismoid, in this case tho frusti nr of a wedge. 

Ej = 80 x 30 sq. ft. - 2100 sq. ft. 

E 2 =60 x 2-1 sq. ft. = 1440 sq. ft. 

The mid-dimensions are ^ (HO-f-60) and 4 (30 + 24), that is 70 feet 
and 27 feet. * 

\ M = 70 x 2tsq. ft. = 1890 sq. ft. 


Now volume of prismoid 


=|[E,‘+E 2 + 4M] , 

« 

J~ [2400 +1 140 + 7500] c. ft. 
b 


- 22800 c. ft. 


EXAMPLES. XIX. 

On TfcE Wwi)«ns, Frustum of#thk Wedge, and Prismoid. 

% * • 

\Elementary and Higher Courses^ 

* 41 4 

4 ( . {The Wedge.) 

1. Find the voluiae of a wdtl^e.stunding upon a rectangular 
base which measures 7 inches by 5 inches, if the height is 3 inches 
and the length of the edge 4 inches. 

• • 

2. Find the weight <\ f a Itfas* wedge, whose height is 5 inches 
and edge 4 inches, thS base being s» rectangle which measures 
8 inches by 6 inches; if one cubic inch of brass weigh* 4'63 oz. 
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* • • ; * 

3. A wedge-snaped trench is 40 yards long at tlio top and* 

8 feet wide; the length o£ the bottom edge is 32 yards and the 

depth is Infect. How,many toiy of earthjujve Wen excavated l 
[Given 1 cubic foot of earth weighs 92£ lbs.*] • 

*4. The triangular faces of a vfedge are equally fhejined to the 
base, of which the length is 40 inches and the breadt^ 18 il!bkes. 
Jf the height of the wedge is 1 foot and the edge 30 inches, find 
the slant surface. • 

*5. The cross-saction of a wedge is an equilateral triangle 
on a side of 20 inches, and the triangular face,fare inclined to the 
base At,an angle of 00°. # If the base*is 40 inches long, find the 
volume and slant surfudb. f V 4 - 1-73205.} # 

*6. The triangular faces of a wedge are equally inclined to 
the base, and the dimensions are as follows: length of base 
a feet, breadth b loot, height h feet, and length of*edge e feet.. 
Shew that the slant surface jg given by*the formula 

i {(a -pc) \/4/r*p b\J 4/t^-p (<i — c)i}, 
and the volume by the formula - |2u-f e) 

( 7'& Prityioid) 

7. Find the volume of a prismoid whose parallel ends are 
* rectangles, the has! measuring 16 inches by 10 inches* and^hetop 

9 ihches by 6 inches, the thickness being 4 inches. * 

* • . 

8. Hoifr nifuiy tons of earth are removed in excavating a 
trench of which the top and bottom are rectangles t At ,£he top 
it is *400 feet long by 18 fqjjt* wide, and at the bottom it is 
350 feet long by 15 feet wide. The bottom is horizontal and* 
the depth 12 feet. [Given 1000 cubic feet of efrth weig^n 42 tons.] 

9. * f he Wp and bottom of a reservoir,are rectangles: the 

top is V>0feet long by 80 feet broad, and the bottom 120 feet 
long by 7fl feet broad. If the depth is 24 feet, for 4ow long 
would the reservoir afiferd* a daily supply !f *2600 gallons ? 
[1 cubic foot = 6j gallons.]# * • 

*10. A prismoid stands on a square base, and one pair of 
opposite slantjftyces are inclined to the base at an angle of 60°, 

, the other pair at 30°: if tlu^ side 04 the base is 16 feet and the 
thickness 2 V3 feet, find "the dimension! of the top, the volume, 
and the «lant surface. 



CHAPTER XX. 


THE SPHERE. 

109. T>efii?itjon. A sphere is a sol’d described by the 
revolution of a semicircle about its diameter, which remains 
fixed. 

Here the semicircle ACB, by re¬ 
volving about its diameter AB, de¬ 
scribes the sphere represented in the 
figure. 

O, the middle point of AB, is K))e 
centre. Any line which passes through 
the centre, and id terminated both ways 
by the surface, is a diameter: and any 
line drawn from the centre to the surface 
is a radius. Thus all radii are equal. 

A sphere may also be Refined 
as a solid contained by one curved 
surface, which is such that all 
points upon it are equidistant from a fixed point within 
it, called the centre. 

If any plaice cuts a sphere, the line of section is a circle. 

If tfie cutting plane passes through the centre, the section is called 
a central section or great circle. The area of a plane central soction 
of a sphere is eviYiitly nr*. From the formula (i) of the next 
Article we shall see that the surface of a sphere is four 4 imes the 
area of its plane central section. 

/ 

110. The following formulae give the surface and volume 
of a sphere in terms of its radius^ r. 

(i) Surface of sphere -- \tt r l Square units. 

4 

(ii) Volume of sphere girr 3 cubic units. ’ 

Hence if the surface (S) or the volume (V) is given, tjie radius 
may be found. For since ( 
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• (i) S^lirr 2 and (ii) Vfcgjr r 3 


we have 


/S ,♦ • 

rvr,’ anJ r -v a- 


Example 1. Find the sin face and volume of a sphere whose iffdius 
is 3-7 inched, giving a result true to the nearest tenth of a square 


and cubic inch. 


(”?) 


ti] Surface=4?rr- 

• 22 ■>«! • 

= 4xyX — 4 x x 13‘69 sq. * 

• « = 172-1 sq. in. 


(ii) Volume iri 1 


= x y x '70*0, 


\(3-7)‘ 


in.-212-2 c. in. 


• 37 
i^ 7 
11 1 I 
2’50 
r 2 =13-09 
3 7 , 
• 41-07 
, 9 5813 

r s =50-05 


Example ii. An .iron sphere of diameter (i inches is dropped into 
a cylindrical vessel partly tilled # with water. # Thc di<yneter of the 
vessel is 1 foot. If tho sphered completely submerged, by bow much 
will the surface of the water bo raised ? 

Here ABDC represents the cylindrical vessel, q 
EF the surface of the water before the sphere was * 
dropped in, • and GH the surface afterwards.* 

Let EG —a: inbhes. 

Then the volumo of the spherS equals tho 
volume of the water displaced, that is, tho 
volume of the cylindrical slice«EFHG. 

(if *Volugie of cylinder EFHG 

• 9 =tx6 j xi cubic inches. • 

(ii) Volume of the sphere 

= ir x#* cubio inches. 



irx6Jx# = ^j-. 3 8 . 


Hence* 


x=*l inoh. 
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Exampl l iii. Find the whole surface and weigV t of a hemispherical 
' oopper bowl 1 foot in external diameter and 1 inch thick; having 
given that 1 cubic inch of copper weighs 5*15 oz, (ir=3*1416.) 

(i) ^ho external curved sul/ace 
= ^ >; 4if x 6 3 ^q. in. = 72ir sq. in. 

The internal curved surface 

= ^ x 4 tt x 6 2 sq. in. — 50ir sq. in. 

The flat circular rim = ir (0 2 - 5 a ) = 1 W sq. in. 

.*. the total surface = 72ir + 50 t +1 lir w. in. 

= 133 x r sq. in. = 417*83 sq. ir . 

(ii) The volume of the hemispherical bowl *" 

— o ’r fO 3 - i> { ) cubic inches = r cubic inches. 

3 . , 3 

*' r \v> 

1H2 

.*. ( the weight of bowl = ^ ir x 5*J> oz. 

1 = 190*590 x 5*15 oz. 

- 981*5 oz. nearly. 

Obs. As in many other examples the numerical labour f a greatly 
diminished by not substituting the Vnli.e of ir until the nnal stage. 



*E%ample iv. The weight of a spherical shell of iron is 1548*025 oz., 
and its external diameter is 10 inches. Find its thickness, having given 
1 cubic inch of iron weighs 4*5 oz. 

The volume of iron in the shell = 1548*025^4*5 cutyc inches 
=314*005 cubic inches. 

Suppose the thickness to be k inches. 


Then jjj w [S> - (5 - A-) 3 )} = 34-1-005. 


125 ( 5-A)* = 258 ' n04 = 82-125 


Hence 


(5 - kf -125 - R-2-126 = 42-876. 


5-A = #42-875', 
= 3-5 nearly, 
jfcj:l-6nnqh. 


42-8761 9 5 

« I 

(ao^vs—2700 15 875 
30 x 5 x 8 — 45(1 
6 - 88 

3175 I 15 875 
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♦THE SljjHEUE.* 


EXAMPLES. XX. A. 

* I • 

On Spheres^ 

♦ . . ^ 

[Elementary Course.'] 

^(Surfaces.)* 

In the flowing Examples take ir-- 2 f. • 

-1. Kind the surfaces of the aphew's wlio.se radii are re¬ 
spectively* ^ • * * • 

(i) 7 incjies. (Result in square inches.) 

(n) 1 ft. 9 in. (Result in square feet.) 

(iii) 4 yds. 2 ft. (Result in square yards and feet.) 

2. Find the cost of gilditig a hemispherical dome 42 feet in 
diameter, at the rate ot 1 a. (yd. per square yard. • 

. 3. A hollow cylinder is ilosotf at. the end# by hemispheres. 
If the length mf the cylinder is 8feet, and its diameter (> feet, find 
the \vhol%external sifrfaee in square feet. 9 9 

• * , • « 

* ♦ * s 

4. A boiler has the form of a hollow cylinder closed at the 
ends by hemispheres. If the whole length of the boiler is 7,fect, 
find its diameter is 2*ft. 0 in., find its whole external surface. 

5. What is the radius of the spline \\h<*se .‘mrfa.ee is 

(i) 154 Square inches; 

(ft) 17sq. ft. 16 sq. in .'{ 

• 

6. Find the radius*of a splmro, whose surtafc) is equal to the 
whole siyfece of a cylinder of hei^lit, Ifi inches, ami diameter 
4 inches. • 

• 

* ( Volumes.) 

* " 

7. Find the volumes if tlfe sphere* whose radii are re¬ 
spectively ' ^ 

(i) 7 inches. (Result in cubic inches.) 

(ii) 1 ft. 9 in. (Result i*i cfibic/eej.) 

(iii) 2d inches. (Result in cubic inches.) 
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* i , /# ’ ' 

8. Pin’d the weight of a solid sphere (of lead 6 inches* in 
diameter: having given 1 cubic inch of lead weighs 6 Jr oz. » 


• 9. Find the fjpr.tents in g/illons of u hollow spli^re whoso in¬ 

ternal <liameter is 2feet; having given 1 cubic foot=-=6| gallons. 

f 10. fT|, ind the contents in gallons of a hem:s])hencal vessel, 
■^hoso internal diameter is 2'Hfcet; having given 1 cubic foot 
=6| gallons. 


11. How many spherical bullets, each 1 inch in diameter, 
could be lhoul/hyi from a rectangular blook'of lead 11 inches long, 
8 inches wide, and f> inches thick ? 

12. 'How many solid spheres, each 6 inches in diameter, 

could be moulded from a solid metal cylinder whose length is 
45 inches and diameter 4 inches ? » ' 


13. A piebe of lead piping a yard in length is melted down to 
form sphcricrl shot ^ inch in diameter. If the external diameter 
of the pipe is 1 inch, and the thickness of the lead | inch, how 
many shot nny be made ( 

14. If a solitf cylinder of* lead 8 inches long and 6 inches in 
diameter weighs 92 lbs., find the weight of a leaden sphere one 
foot in diametef. 

" ® /« '■ 't . 1 

{Spherical Sheds.) 

15. Find, in cubic inches, the volume of a spherical shell, 
whose internal and external radii aro respectively 6 inches and 
5 inches. 

16. Find, in cubic inches, the \ dume of a spherical shell 
whose external diameter is 9 inches, and whose thickness is 
1 \ inefy , 

17. Find, in square inches, the whole surface of a hemi¬ 
spherical bowl, one inch thick, and 10 indies in external 
diameter. 

18. Find, in square feet, the whoie surface of a hemispherical 
bowl *7 inch thick, ancl 4'2 inches m external diameter. 

19. Find (to the nearest ounce) the weight of a spherical 
shell of copper, having an external diameter of one foot, and 
a thickness of one ir jh'; having given 1 cubic inch of copper 
weighs 5-1 oz. nearly. 
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*20. A solid splfere of metal 4 inches in diameter weighs 
•’9 lbs.* find the weight of a sjJherical shell of the same metal, the 
external diameter being 20 nfches, and the thickness 2 inches. # 
• • 1 ! * , 

21. How many,pounds # of powder would be needed to till a 

spherical shell .whose internal diameter is 2* in$ie#; given 
30 cubic inches of powder weigh 1 lb .'{ 0 • 

• 

22. An iron spheneak shell, 8 inches in external dinmetey, 
and H inch thick, is tilleil with water. Kind (to the nearest 
ounce)”its total weighty having given *1 cubic inqhauf lfou weighs 

4i 07.., and 1 cubic inch of water weighs •(> o/. 

• ' 9 


(Mmvlhtneons) 

23. Find the radii of the spheres whose volumes are 

i • 

(i) 1131 cubic inches,.* 

(li) 17!)jj cubic feet • 

• 24. Find the volumes of the^sphej*es whose*surfaces are 
016 square inches- 

(n) 384 square feet. 

25. Kind the surfaces of tlie spheres whose volumes aref 
* (l) J 79ij cubic inches ; 

(ii) 4.//eu^io feet. 

•V 

26. «A metal sphere, M inches In diameter, is dropped into a 
rectangular cistern, who* base measures 49 unjies by 14 ji inches. 
If the sphere is totally submerged, by how muclf will theftsurfaee 
of the w^tor be raisc<l # 

• • 

27. A*ni#tal sphere, of diameter out* foot, is dropped«into a 
cylindrical well, which is p;ytl/ tilled wifli water. • (Hie diameter 
of the well is 4 feet. If the sphere is completely submerged, by 
how much will the surface of the water he raised 'i • 
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EXAMPLES."! XX. B. 

;■ On* Spheres.* 

t [Higher Course.] ' 
l In the following Examples take 7r = 3*14,16. 

{Hurfae.es.) > 

1. Find (to the nearest tenth of a square inch) the surface 

of a solid figure consisting of a cone and' hemisphere having the 
same circular base: the height of the cone is 35 inches; and the 
diametef of its base 2 feet. ' f t 

2. If the earth is represented by a globQ v hose diameter is 

3 feet, find (to the nearest hundredth of a square inch) the area 
enclosed 'on ’Che globe between two meridians of longitude 
separated byl°. - f 

3. Find^the ratio of tilt; surface of a sphere to the surface 
(i) of its circumscribed cylinder, (ii) of its circumscribed cube. 

4. Find in square inches ,(to two places of decimals) tne 
surface of the -greatest sphere that can be cut from a solid cone 
whose vertical angle is 60°, and diameter of base ’0 inches. 

5. Find the surface of the greatest sphere that can be cut 
froth a gone whose vertical angle is 120°, and diameter of base 
1 foot. 

6. The external diameter of a hemispherical bowl is 1 ft. 
10 i$.; find its thickness, if its whole surface is 1454*5608 square 
inches. 


( Volumes.) 

, ** o 

1. If a solii cop'icr sphere 3 inches in diameter weighs 

lbsr, find the woight of a sphere of lead 1| inifu in diameter, 
given that the weights of equal volumes of copper and lead are 
as 11 : 14. „ ' 

8. Find the volume of a sphere, whose surface is equal to 
that of a circle on a diameter of 3 ft. 4 in. . „ 

9. A cube and a-sphore have equal surfaces : shew that the 
ratio of their volumes is 72 : 100 nearly. 
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10. A leaden p^>e, 6 centimetres in external diameter, and 

' 1 centimetre thick, is melted down into a solid sphere 20 centi¬ 
metres in diameter. Find to the pearest millimetre the length 
of the pipe. ■ « 

11. A sphere of metal, whose diameter i.* jj <?f gui inch, 

weighs 625 lb. What is the diameter of a sphere of the wflirf. 
metal which Veighs 40 lbs. i ■ 

12. If ice loses 7 per cent, of its volume on being melted, 

find how many gallon.? of water could *he obtained Jroift a sphere 
of ice 18 inches in diameter, supposing that one cubic foot of 
water cohtain.s gallons. , ’ , • 

• % 

13. If a cone of lead, 24 centimetres in height, can he 
hammered into a sfllid sphere 8 centimetres in diameter, find to 
the nearest millimetre the radius of the base of the, coqp. 

14. A closed vessel whose «*hole external length* is 3 ft. 8 in. 

consists of a cylindrical shell closed at each end by a hemi¬ 
spherical shell of the same diagnotor and thickness. If the 
external diameter of this vessel is*l ft. 8 in., and its thickness 
2 inches, find^(i) its whole external surface, to flic nearest tenth 
of a square inen, and {ii) its capacity to the neaJeafc gallon, having 
given 1 cubic f<%ot contains 6| ffillons^ • • 

15. From a cubical block of wood the greatest possible 

Jphere is turned. What decimal of the original solid has been 
cutaway? " * 

• • 

16. From a cylinder, whose height is equal to itr#diameter, 
the greatest .possible sphere is tqrncd. What fraction oMlie 
original Solid has been cut away? 


(The following Examples involve the extraction*)f Cube Hoot.) 

* • * • • 

17. A solid metal cyli^de* is 16 inches highland ^ feet 

in diameter. Find the radius of*a sphere pf the same material 
and weight. * . • 

• 

18. The greatest possible sphere is turned from a cubical 
bl^ck of deal. If^he weightof the v#ood Removed is 217 , 2384 lbs., 
find the diameter of the sph<vo, having giv£h 1 cubic foot of deal 
weighs 57 ltyj. 


12 —2 
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19. A cubical block of motal^eacli edge of which is 1 foot, 

is melted down into a sphere. Fin,d its diameter, to the nearest 
tenth of an inch* it 

20. A piece of leaden^ pipe, 8 centimetres in external 
diameter and 15 centimetre thick, is molted down into a solid 
sphere. , If the length of the pipe is 1 metre, find to the nearest 
millimetre the diameter of the spher.. 

21. Find to the nearest tenth of an inch, the internal diame¬ 

ter of a hemispherical vcrwcl capable of containing 11 gallons. 
[One gallon — 27 V 25 cubic inches.] '* 

22. If the weights of equal volur ics of gold and silver are 
in the ratio of 19^ to 1()£, find the radius of a silver spliero 
whoso weight is equal to that of a, sphere .-f 'gold of radius 6 
inches. 


(Spheric* f, Shell*.} 

23. Find, to the nearest tpnth of an inch, the thickness of a 
spherical shell 14 inches in external diameter, if its weight is 
equal to that of'a solid sphere of the same material, having a 
diameter of 102 inches. 

A 1 i\ 

24. A leaden sphenc.'d shed, 18 centimetres in external 
diameter, is melted down into a solid cylinder 8 centimetres 
high and 12 centimetres in diameter. What was the thicknesi 
• of the shell ? 

25. A copper spherical shell 14 inches in external diameter, 
weighs 407 lbs. Find its thickness, to the nearest tenth of an 
inch, having given 1 cubic foot of copper weighs 555 lbs. 
(»=¥)• 

26. A spherical iron shell is 32 inches in external diameter. 
Find the thickness (to the nearest hundredth cf an inch) if the 
shell is capable of containing 50 gallons. [(liven 1 cubic foot=6£ 
galloLs nea-rly.] 

27. A spherical / hell (consisting of two hemispherical shells 

screwed 1 together) fits tightly over a solid spliero of the same 
material. If the weight of the sphere and shell are equal, 
find the thickness of the shell, the external diameter being 
1 foot. t L L 



• I * 

(Miscellaneous.) 

28. A cylindrical cup of External diameter inches, heigh^ 

6|- inches, anti thickness* \ inch weighs 24 *o£. 0 dwts*: what 
would be the weight»o£ a hemispherical lid, of the same material 
and thickness, to. fit the top ? 0 

29. A hdllow cone, whc*so angle is,60°, is held with*its axis 

vertical and vertex downward, and water is poured in until the 
surface stands 8 inches above the vertex. A metal sphere A 
then dropped in, and the water rises half an inch. # $upf>osing the 
sphere to be completely submerged, find its radius to the nearest 
torilh of inch. * • 

^ • • 

30. Water is poured into a hollow cone, whose angle is 120°, 

until the surface stands 10 centimetres above the vertex. An 
iron spherical shell, of external diameter 8 centimetres, having 
a small aperture, is then dropped in, so that the waler inters the 
shell and completely submerge.^ t. If thi surface t>f the water 
is found to have risen, 2 millimetres, find the thickness of the 
shell. $ • 

• 

• 31. A spherical shell, having a small aperture, is placed in a 
cylindrical v(Asel of the snjne (fiameter, and # water is poured 
into the %essel untif the shejl is just submerged, its cavity 
having been lifted. Tihc shell* is* n<*v removed, and ^hc water 
contained in it poured back into the cylinder. If a solid sphere 
§f the same diameter is now dropped m, the surface of* the 
water.is found to stand half an inch above its former level; finc^ 
the thickness of the shell, its external diani 4 jter # being 6 inches. 

32. A spherical shell, of external diameter 8 centfmetr^*, is 
placed m a conical vessel whose vertical angle is 60°, and water 
is poured into the vessel,*until having entered_tke cavity of the 
shell by a small apertftre, it just submerges rie outer #urface. 
The sheU «is now removec^ and tflo water contained in it is 
poured back info the vessel. If a solid splfere of the same 
diameter is* ngw dropped m, the •surface <tf the water Is fojind to 
stand 3 millimetres above its/ormer letel. find* the thickness 
of the shell. # 



CHAPTER XXI. 


T*HE v%4>NK AN I? SEGMENT OF* A SPHERE. 


HI. Definitions, i. A segment of p, sphere is a part 
cut off from the sphere by a plane. 

It is clear that any plane, which does 
not pass through the centre, divides a 
sphere into two segments, one gre?*er and 
one less than a hemisphere. 

The base of the segment is a circle 
(see p. 172); and the line CQ,, drawn at 
right angles to the base from its centre, 
and terminated by the curved surface, is 
called the height 1 oi'the segment. 

The centre of the sphere lj“s in OD, or 
CD produced towards C. 

2. A Zone of a sphere is the part cut off from the sphere 
Detween two parallel planes. 

Thus t?he zone of a sphere has two 
circilar ends and a curved surface. The 
thickness of the zone is the perpendicular 
distance between t l e two cutting planes. 

Note. Suppose one of' the cutting 
planes to recede from the centre of 1 the 
sphere, it will be seen tint the correspond¬ 
ing erfd of the zone will bo diminished in 
area : and finally, when the plane ton lies 
(instead of cabs) the sphere, th6‘ circular 
end will vfcnish altogether. The zolie then 
becomes a segment. Thtos a segment of a 
sphere may be regarded as a special kind of zone • and we shall find 
accordingly that the formula} f^r the volume and curved surface of a 
segment may be deriveu from the corre°ponding formula for the zone. 
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112. To find the curved surface and volume of the 
segment of a sphere. * 

Let the Tadius of the sphere = r units,' '•tilo radius* of till 
base of the segment .r,, and the flight h. 

(i) Cvfved surface of segment = 2 irrh square uyits. " 

• • 

(ii) Volume of segment - {3?*j 2 + /r} cubic units. 

• ^ • • 


113. ’ To find Jive cnvvAl surface and volume ofIke zone 
of a sphere. 

• • 

Let the radiup of the sphere r units, the radii of the 
two ends r x and r 2 , and the thickness Jc. * * 

m * * 

(i) Curved surface of zone — 'lirrk square units. 

§ 

k * 9 

• (ii) Volume of zone - - - ^3 (r£ + r.f) + & 3 } cubic units. 


It is important to* notice *thafc the curved surface* of a zone 
depends only on the radius of the sphere and the thickness of the zone. 
•Hence all zones cut fr^n the same, sphere have equal curved surfaces, so 
long as they are of the same thickness. 9 g 

For, * . 

curved surface of zone = (circumference of sphere) x (thickness of fpne). 

a • 

Note. Supppse one circular end of a zone to recede from the other 
end until the zone becomes a segment, then the thinness ( k ) of the zone 
becomes the height (h) of the segment; and the formula for the 
curved surfaces become identical. # 

* • • ^ 

Again, it Ifks been seen that if one circular end of a zonegreoedes 
from the centre, its area ig gradually diminished? cftid ultimately 
vanishes altogether. Hence vjhen*the zono Incomes a segment, r a =0. 
Accordingly if we put r 3 = 0 in the formula for the volume of a zone 

{%(>\ i + r.f) + h‘ i }, we obtain ^ {3r t 2 + /i 2 }; 

• ’ • # r 

the formula for the volume ot a segment. 
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Example i. Find the whole surface and Volume of a segment 
(greater than a hemisphere), its liciglic being 18 inches, and the radius 
of the sphere from which it was cut being 13 inches. 

The fgure reples.jnts a central section of 
the segment. 

. r- OP - OD .= 13 inclies; 
knu , h = CD = 18 inches. 

.. OC- 5 inches. 

Required r x , or AC, 

From tfte right-angled triangle OCA, 

132-.7*.-Ill 
. r x —12 inches. 

(i) Curved surface ~2vrh; and aiea of bane—nr/. 

.'. whole surface — 2vrh H m f — n (*2/ h + r,' 2 ) 

"T l«d l-‘) «q- in. 

1923$ sq. in 

<j frh 

(ii) Volume — - 



2*2 1H - 

- ---- x - {3 12-+ 18-1 cubic inches 
7 o 

— 41 d.ibic feet. 


J Example ii. Find the whole surface and volume of a zone, th? 
diameter bf the sphere being l ft. 8 in., and the distance of the plane 
ends from the centre (on the same side) 6 inches and 8 inches. 


In the figure r= AC^ DC = 10 inches; 
t . CG -8 inches, CF ^6 inches; 
k~ FG —‘2 inches. 

Required r x and r, 

From the right-angled titangles AFC, 

DGC, 

r 1 2 =z : FC-; and»r 2 * = r 2 -GC-. 

Hehco r x ~C inches, and r v =6 inches. 

(i) The curved surface and th3 areas of 
the two ends are respectively 

2trrk, nr/ and nr./; 
whole turf ace — n {2 rk + r/ t -1- r /} 

20 ' f 

= y {2 x 10 x 2 + 8 2 % G 2 } aq. in. = 440 sq. in. 
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. • (ii) »The volume = — {3 {rf-\9r.r) + A* 3 } 

• - y X j|«3 (8 J + (i-)^.3 J ; c. m.V=«18 17 c. . 

* • * • 1 

Example iii. Find the curved surface of a zone o# a sphere, if tho 
radii of the t\^o ends are 12 inches and f> inches, and the yrickntsi# 
7 inclies. • • 

Here = 12 inches; r., — 5 inches , and L — 7 inches 

Required r. Let *» CF —* * • 

ThAi • , AC 3 —r,"' + F 2 , and DC-= -t (7 I- j ) 2 ; 

* ^2'-“ + x-V- 7r -f 40 +14 j; + 

a x = f» inches. 

Hence r-sVf f.r" —\/12- + 5-* — 13 inches; ^ 

22 

and curved surface - 2vj^—2 x — x /3 x 7 sq. ill. 

• —572 sq. in. # 

• 

# Example iv. A sphere of diameter 21 feet is placed so that its 
centre is 37 fr#t distant from an •bserfer’s e>e. Find the area of 
that part the sphere ’» surfadfc that is visible to t.'«e ®bserver. 

Taking a ceiftral section of • * t 
the figure, we see that the 
fjingents OA, OB indicate that 
part of the sphere which is 
visible’ from O. 

Now OC = £7©;.» 
and AC 12 ft. 

OA=Vdc 2 -AC 3 

— H 2 —ti5 ft. . 

It is »(fliired to find DC| 
and hence ED tli? height of the segment. 

• • • 

From the tflmilar triangles DC A, ACO, , 

DC AC ’ DC 12 
CA ~CO'.° r ’ 12 :t7* 

144 • 

Hence DC— —— = 3*811 . feet; 

• • 37 

* /. 7i (or ED) = EC - DC ■= 12 - 3‘89 . *.8*1 feot nearly; 
and curved »urface of segment611*7 sq. ft. 
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EXAMPLES. 1 XXL A. 

On Agues and Segments' of a Sphere. 

[Elementary Course .'| 

{Surfaces.) 

u In the following Examples tal;e rr—^f. 

Find the curved surface of the segment of a sphere 

(i; the radius of the sphere being 5 inches, and the 
height of the segment 3| inches, 

(ii) the diameter of the sphere being 1 yard, and the 
height oi the segment 1 ft. 2 in. 

2. Find the curved surface of a zone of a sphere 

(i) the radius of the .sphere being 10i inches, and the 
thickness of the zone 1 g inch, 

(ii) the d'ameter of tho spkero bqing 2 ft. 6 in. and the 
distance between the parallel face s of the zone 4’? inches. 

u + 

3. From a sphere 8 inches in diameter, a zone is cut by 
parallel .planes whose distances from the centre on opposite sidei 
»are lj inch and A inch; lind its curved surface. 

4. F ; nd the whole surface of a segment ot a .>phere 

(i) the diameter of die sphere being 10 inchesy and the 
height of the segment 2 inches, 

r 

(ii) the diameter oP the sphere being 2 ft. 2 in., and the 
height of the segment 8 inches. 

5. v ’Find the whole surface of a zone of a sphere, the diameter of 
the sphere being 5 ft. 10 in , and the'distanen of the plane ends of 
the zonejrom the centre 1 ft. 0 m, and 2 ft. 4 in. on the same side. 

6. From a sphere of diameter 4 ft. 2 in. a zone is cut by 
parallel planes, whose distances from the centre are 1 ft. 3 in. 
and 7 inches on op]r.site sides. Find the whole surface of tne 
zone to the nearest hundredth of a square foot. 
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7. A copper boiler, whose extreme length is 4 ft. 4 in., con- 
'sists 6f a hollow cylinder ^th ends closed by segments of a 
sphere. If the cylindrical part is ^ yard in length, and 2 feet in 
diameter, fin8 (to the nehrest square inch) fee whole surface of 
the boiler. 


^ v vvtunvx.i 

• • 

8. Find the volumes itf the segments of a sphere in which , 


(i) the radius«of tho base of the segmenj i£ 1[#inch, and 
the height 3i inches, * 

• • # • i • 

(ii) * the diameter «f the base of the Segment is U inches, 
and tho height is 0 inches. 

• • 

9. Find the volumes of the zones of a sphere in which 

• • 

(i) the radii of the circular ends are 4 inches and 3 inches, 
and the thickness 3 inches, • 


(ii) the diameters of the circular ends arS 2 feet and 
10 inches, and the distance betweei* th«*m is 3 inches. 

• ' • 

10. Find*the volumes of the segments of a # sphere in which 

(i) the*radms pf the sjHiefe it 5 inched, and th$ radius of 
the base 4 inches, the segment, being greater than a hemisphere, 

• (ii) the diameters of the sphere and base are 2»ft. foin. 
and 2 ft. t> in. respectively, the segment l>cing less than a hemi* 
sphere. . ' • 


11. # F rom a sphere of radius 5 jnohes a zone is cut by parallel 
planes, whose distances from the centre on opposite sides are 
4 inches and 3 inches. •Find thp volume of thf^egment^ 

12. friid tb# volume of^i zone cut from a inhere of diameter 
2 ft. 10 in., by parallel planes, jvhose distances from*the centre 
on the same side are 15 inches and 8 inches respectiyely. • 


13. A sphere of diameter Si inches^is cut through by a 
plane drawn 8 inches from tho centre^ find tho rafio of the 
volumes of the two segments. 
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EXAMPLES., XXI. E. 

On Zones and Segments of a Sphere,. 

. Vn c ' 

[Higher Cou.se.] . 

' (Surfaces.) 

In the following Examples , unless otherwise stated, tale 7r —3*1416. 

1. Fii»d the curved surfaces of the segments in which 

(i) the radius of the base is 4 inches, and the height 
2 inches, 

(ii) the diameter of the base is 5 ft. Id in., arid the height 
2 ft. 1 m. 

Ana find the curved surfaces of the zones in which 

4 r 

(ni) the radii of the two cuds are 4 inches and 3 inches, 
and the thickness 1 inch, * 

(iv) t) c diameters of the ends are j. 5 inches and 7 inches, 
and the thickness 2 inches. 

2. A sphere of diameter 80 feet is placed so that its centre is 
50 feet distant f*om an observer’s l cye. Eind (to tly» nearest 
square foot) the a v ea of that part? of the sphere’s surface that is 
visible to the observer. 

3 1 . A sphere of diameter 16 inches, is pkced so that its centra 
its 17 inches distant from an observer’s eye; find what decimal of 
the whole surface of the sphere is that part which is visible to 
the obserypr. •• r 

4. How far distant must the centre of a sphere of radius 
1 foot be placed fyorn an observer’s eye, in order that of the 
whole surface nify be visible to i»im? 

5. Considering the Earth as i sphere of diameter 8000 

miles, at \^hat height above the ground would one-millionth of 
the earth’s surface be yisiblc? [(live the result to the nearest 
foot.] c * ‘ 

c ° ( Volumes.) 

i 

6. A vertical cylindrical vessel, whose internal diameter 
is 4 feet, is completely filled with water. If a metal sphere 
of radius 25 inches is^ioV laid upon the rim of the vessel, find fio 
the nearest pound what weight of water will overflow. 
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7. A conical wineglass, whose angle is 60", ami whA<e depth 
is 4 inches, is completely filletf with water. If a metal sphere of 
diameter 5J inches, is now placed upon the run of the glass, 
what fractionVf the whold contents V ill overfft>’# v , ® 


► * i 

(Miscellaneous) 


8. An ir<>h sphere of radius f> inches is placed at tin? bottom 
of a cylindrical vessel wl«>so internal diameter is 1 loot, and 
water is poured in to a depth of 1 inch. What fraction of the 
whole surface of the sphere is imnuAxcd? An*l *if the sphere 
is jvithdjawn from the vessel, what wijl he the depth of the 
water ? • # * . • * 


9. A metal spnere is placed at the bottom of a cylindrical 
vessel whoso internal diameter is :VS centimetres, and water is 
poured in toadepth of 1 centimetre. If, when the sphere is with¬ 
drawn, the depth of the water be» nines -55 centimetre, what is 
.the radius of the sphere? ^ • 


10. If, when a sphere of cork floats m watet, the height 
of the submerged segment is j *c£ the radius, shew that the 
weights of equal volumes of cork^and,water are us 3 4 .4 4 . [Note. 
The weight rtf a floating body is equal to weight of the 
water displaced.] 

• 

n. i \vo tangents OP, OQ are drawn to touch a circle of 
Radius 8 inches at P.and Q- the angle between them beinj^OO'. 
If thp figure is made to revolve about the line joiningO to the 
centre of the circle, find the surface and ^volume of the solid 
so formed. # # * 


12.. Two tangents OP, OQ aw? drawn to touch a circle of 
radius 10 inches at P *ml Q, the angle between the tangents 
being 120 u . If the figure is piade to rovofl^ about ^hc hue 
joining Q.to tho centre of the citric, find the whole surface 
of tho solid so formed. * • 

13. A*s]H lero is placed in a*paper cone wliofce verticil angle 
is 90°, and the paper is cufoawfiy along the circle rf Contact, 

(i) what decimal o? tjio whole sifrfaee of the # spliere is 

concealed by the cone? . 

(ii) what # decimal of the whole volume of the sphere is 
that segment which lies withiiwtln? eoi»?[\/2== 1*41421.] 
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SIMILAR SOLIDS. SOLII. AINGS. 

SECTION I. 

Simii.au Solids. 

114. Similar solids may be described as those which 
hare the same sh^pe, but not necessarily the same size. 

All cubes are similar solids. 

All spheres are similar. 

Right Prisms are similar, when their bases are similar, and their 
heights are proportion^,! to oorresuoruling sides of the bases. The 
same test of similarity applies to right pt/ramuls. 

e. 

Right Cytinders are similar, when their heights are proportional to 
the radii of their bases: and sii i/nr cones are known by the same test. 

Or again, right circular cones tire similar if they lia 'e equal vertical 
angles. • l/ ‘ 

115. The following rules apply to all similar solids. 

• (i) The surfaces of similar solids^are proportional l. 
the squares of corresponding edges , or of any corresponding 
lines that may be a'raum in them. 

(ii) The volumes of similar solids are proportional to 
the cubes of corresponding edges, or of any corresponding 
lines tliat may f v drawn in them. 

For example, the surfaces of siinila • cones are proportional to the 
squares of their heights ; and tho volumes to the cubes of the heights. 

Or "again, if the diameter of one sphere is three times that of 
another, then tne surface of the first ; s 9 times the surface of the 
second; and the volutpe of the first sphere is 27 times that of the 
second. 

i. 

Example i. If the diameter of the Earth is taken as 7900 miles, 
and that of the Moon as 2160. miles, how many tfmes greater is the 
Earth than the Moon?^ A&d how many times greater is the surface of 
the Earth than the surface of the Moon ? 
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* 'I s . 

• (i)‘ Now volume *>f Eanffi: volume of Moon = (7900) 3 :f2160) 8 . 

• Volume of Earth f7900\3 

' Volume of Moon “\ 2 IiJ 0 ) ‘ - 49 ' 02 ■■■ 

• • ' * 

Thus the Eartli is nearly # 49 times greater thaA the Moon.* 

(ii) Again, Surtheh of Earth: Surface of Moon 
- (7900) 2 : (2100) 2 , 

Surface of Earth <• /7900 


Hurl ace of Moon 




Thus the surface of Jihc Earth is ratljcr more than 13 # times that 
of the Moon. • • * 

'Example ii. Wliat must be the thickness? of the SrustunJcut from 

• * 2 

a cone 100 inches in neight, if the volume of the frustum is — that of 
the cone ? ' • 

The cones O ah, OAB are similar : 
and if the frustum Aa&B is — of^he 

• 9 

original cone, then the cone O ab is ^ 
of.the Cone OAB. 

cofte O ab 


Or, 


But 


cone Oab 


, 9 

' 10 ' 

"Op\ 


cone OAB OP*’ 

••• %=k° r0p=0P '-^ 

= 100 x *905*—9G-. r » inches. 

Henca the thickness Pp = OP - O^§=3*5 inches. 



• • EXAMPLES. XXII. A 

* 0 On SlMTI.Aft SOLIDift 

1. The edges of two elites are as 4 : 3, find the ratio of their 

surfaces and of their volume!* # • # 

2. The surfaces of two spheres are in the ratio of 25 : 4; 
iind the ratio of thqjr volumes. 

« 3. The volumes of two spheres arenas 343 : 64; express the 
surface of the first as a decimal of the surface of the second 
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4. 'fne weights of two similar cones of the same substance 
are as 1331 : 729; find tho ratio ol the radii of their bases. 

5. The weights of two similar cylinders of tjio same sub¬ 
stance are 13824 lbs. and 12167 lbs.; it the height of the first is 
16 feet, fiiyi the height of the other.-' , * 

- 6. f l’hc diameters of two spheres of different substances are 
as 7 : 3,' and the weight of tho first js 15 lbs. Tf /.he weights of 
equal volumes of the two substances are as 27 : 49, find the 
weight of the second sphere. 

7. The v eights of two spheres are as9 : 13, and the specific 
gravities of their substances are respectively 1*69 and '81. If 
the diameter of the first is 45 inches, find the diameter of the 
other. 

8. The weights of two similar cylinder, yof different sub¬ 
stances) ^ro as 49 : 45 ; if then* diameters are in the ratio 14 :15, 
Compare the weights of equal volumes of the two substances. 

9. A pyramid, whose height is 16 inches, and whose base is 

a square oiCa side of 14 inches, is intersected by a plane parallel 
to the base and l foot distant from it. Find the volume, of the 
pyramid cut off. u 

10. At wha'o distance from the base must a co le, whose 
height is 1 foot, be cut by y plane parallel to the'base in order to 
bo divided into two parts of equal volume? 

11. A pyramid, 18 inches in height, stands on a square has*, 
, whose side is 9 inches. At what distance from the base must it 
be intersected by a-parallel plane, if the volume of the pyramid 
cut off is ,16 cubic inches? 

'i.2. In what ratio must‘the height of a eono be intersected 
by a plane parallel to the base, if the volume of tbe frustum cut 
1 f ( 

off is -all of the whole cone? 

n ; „ 

13. ^ right circular cone is cut by a plane parallel to the baso 
through tlie middle point- of the height. Compare tho volumes 
of the two parts into which the cone is divided. 

14. A right circular cone is intersected by two planes parallel 
to the baso and trisecting tho height. Compare tho volumes of 
the three parts into which the cone is divided. 
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SECTION^ II. 

<SdLin Circula*r Rings. 

116. Suppose a circle whose <*mtro is C to pe con¬ 
nected by a thin bar CD*with 
an axis AB. Tf thf* bar re¬ 
volves about the axis, the solid 
figure described is called* a 
solid circular ring* 

The original cfc-cic is the cross- 
section of the ring: and the dotted 
circle described by the centre of 
the revolving circle is called the 
•length of the ring. The length .flt 
the ring is half the sum 3f its inner 
and outer circumferences. • 

* 117. To*find the surface* 

and volume of a soltd circular 
ring. # • * 

The surfaco and volume 
(ft a solid ring are equal to 
those of a cylinder whoso base is ihe .cro^s-section, and 
whose height the length of the ring # 

Herjce (i) Surface of ring* 

• , * ” (circumference f^cross-scction) 

x (length of ring). 

• # • 

(ii) Volume of ring — (area of cro^s-srefion) xflcngthof 
ring). • * , . * 

Example. The outer and inner diameters of a solid ring are 176 

* . ( U2 \ 

inches and 10*5 inches; find its surface and volume. ( 7r = -y . j 

Here the mean diameter= £ (17*5+10*5) = 14 inches • 

• Length of ring = 14ir inqjies.* * * 

And the r#dius of cross-section = £ (17*5 - 10*6) = 1*76 inches. 
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/. circumference of oroFs-nectioi?f= - x ir inches, 

and area of cross-section - ir (l‘7fi) 9 sq. inches. 

Now (i) Surface of ring=(circumfen.icc of cross-section) x (length 
of ring ), 

= i r y Mir so. in. 

U 2 4>l 

„ =484 sq. in. 

And (ii) volume of ringer (area of cross-section) x (length of ring) 

-nr (1*75) 2 x I47r cubic inches. 

' = 423*5 cuAic niches. r 


EXAMPLES. XXII. B. 

Solid Oirovlaii Kings. 

4 [In the following Examples take tt—W.] 

1. Find the surfaces and volumes of the solid rings iu which 

(i) the a'ft lius of the inner cncumfeuence is 10£ Riches, and 
the diameter of the cross-sectjoir.'lli inches, 

(ii) the diameter of the outer circumference is 6J inches, 
and the radius of the cross-section J inch, 

(in) the diameters of the outer and inner circumfprcnces 
are 12*6 inches, and J)*8 inches res]natively. 

2. The volume of a solid ring is 81 -312 cubL inches, and the 
diameter of its cross-scctioq is l\i inch; find the length of the 
ring, and its inner and outer diameters. 

3.0 The wun diameter of a solid ling is 1*75 inch, and its 
volume is *33*8 cubic inch, find the diameter of its cross-section. 

4. A solid Circular ring fits closely round a cylinder of the 
same diameter (2 r) ds the cross-section of theming; find the 
height of tho cylinder* (i) if their yolumes are equal, (ii) if the 
whole surface of the^cylinder is: equal to that of the ring. 

5. A solid circular ring fits*closely round a sphere. If the 

diameter of the cross- e scction of the ring is equal to the radius 
of the sphere, what ratio does (i) the surface tf the ring bear to 
the surface of the sphere,‘(ii) the volume of the ring to the 
volume of the sphere? ‘ 
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LOGARITHMIC TABLES APPLIED TO MENSURATION* • 

. 

118. The present chapter is designed to shew hoy 
the numerical labouj involved in sqmo problems qf Mensu¬ 
ration may he abridged by the use of logtAithms; and 
to* illustrate the application of Mifthematgcal tables to 
questions iq whi$h angles occur other than thosft whose 
trigonometrical^ ratios are readily determined. 

Example i. Find the aiea of a tuangulai Held whose base measures 
18 chains 47 links, the angles at the base being 73° 38'^0'"and 82°., 

[Given log 2 = -3010300; I, euMtfm 9 -995/528. * 

L sin 73° 18»= 9-9812850, diff. for 60"= 37fl; 
r. »in 24° 41' — 9-620763*. *liil. for 00" = 2748; 
log 1847 =3-2064669; 

% *log387i}l = 4-5»8058*7, diff. for l = ySJ.] 

Here a = 18-47 chains, B = 73^ 18'3<J", C = 82», A=«4°41'30". 


Now area of a = 


a 1 sin B sin C 
• 2 sin A 


(18-47) 2 . sin73 rt 18'30" 
2 sin 24° 41' 30" 


sin 82 a . 

- ^ —- sq. chains. 


2 log lrf-47* 

= 2 *5329338 



•log sin 73° 18' 

---1-9812850 

» 


dilf. for*30" 

= • 189 

lug 2 «w 

= -3010300 

log sin 82° 

= f-9957528* 

• log sin 24° 41' 

= l-6f07634 

• • 

2*5090905 

diff. for 30" 

= 1374 

• 

1*9219308 

• 

• 

*•9219308 

log A* 

= 2-.>880597 


-—*- 

log 387-31 

= 2-58i|0587 




* l°* 



Now diff. for -01 


= 112, » 



prop 1 , incrquee x -01 =‘00089. 

• Hence a = 887-31089 sq. ^haiifs = 38-731069 acres 
= 38 ac. 2 r. 87 p. nearly. 
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Example ii. The volume r t f a coni/ is 3692*475 cubic inohes, and 
its h< iglit is 17*752 inches; find its f articol angle. 

, [Given log 36824 = 4*5060130, diff. for 1 = 118; 

log ltf/52 = 4*2492473; log tt=*4971499; 

L^an 38° 24'=9*8990187, diff. for 60"-=2595.] 

Suppose the height and radius of the base are h arpl r inches, and 
the vertical angle 2a. 

' Then r=h tana, 

and \ tti'Vi — 3682*4*#5, 

t 3 

or ~ tt/i 3 tan 2 a = 3682*475, 

, „ 3 x 3682*475 

., tan* a — , ; 

(17-752) J xir 

2log tan a—hg3 + log2(142"175 - 3log 17'752-log jr. 


log.? = '4771213 

log 3682-4 = 8-5690:30 

add for '075 8!) 

4-0431432 
- " 4-2448018 

2 jj-r„ 82514 
log tan a — I 8091257 

■log tan 38° 21'--1-8990487 
770 


diff. for -1 =118 

. diff. for -075= 8? 

Yog 17-752= 1.-2492473 
• __ 3 

3- 7477419 

K'"- = -4971499, 

4- 2448918' 


Required addition = x 60" = 17"-8; 
259 .j 


.. a=,38° 24' 17"-8; so that 2x = 7fi° 48’ 36"-6. 
i *-i‘ 

110. in the following example the logarithms and 
differences are .supposed to be taken as required from the 
Tables. *• ‘ » ,, 

C 

Example ? To the ends of a cylinder, whose length is equal to 
its diameter, are applied hemispheres of the same diameter as the 
cylinder. 1 If the volumo of the whole figure thus formed is 463*873 
cubic inches, find its surface. [tt=8*1415926.] 


'Suppose the radius of ^ie cylinder and 'Hemispheres to be 
r inches. Let the vohjmff of the A'holp figure be V, and let the whble 
surface be S. 
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1 » 

I'lion V = volume <?f cyliiulej* + volume of two hemispheres 

.. .. 4 „ 

irr-x'Zr * + t ,-irr 

= T r * cuSicnnches. , 


Thus 


Arid 



• • 

- 8irr square mclu-s 


— 8 tt 



H 

Jrom (i) 


• , 

-«(irx3 a x (lG-3873) 4 ^ ; 

lpgS = log8 I * jlog #+2 lt>g 3 + 2 log 46-3873}. 

From the Tiftrlcs, log 46-387 fc1-0003963 

mill for 3 2H 


• • 

From the Tables, 
. atld for 


From the Tables, 


1'0603991 
2 

3-332W82. 
2 log 3 = -9342426 

log3-1415 - '4971371 

9 1241 

2 > 

. 6 V* 

$ | 4'78419071 
1-5947309 
log J = '£*30900 
.logS -2'1978202 
log 314-64 =2-4978189 
• 63 

65 

»| 

8'3 


314*6446 square inches. 
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ELEMENTARY MEJJSUK/VTION. ( [lHAP. 

i „ l ‘ 

EXAMPLES.- XXIH. 

MISCELLANEOUS QUESTIONS TO BE ‘WORKED BY LOGARITHMS. 

'* (Area* of Plane Figures.) 

[.In Examples 1—10 take log — *30103; log 3 = *47712; 
log7 = *84510; log* = *49715.] 

1. Find tlie acreage of a triangular field whose sides are 
2500, 3500 links and 4090 links. 

[(1 i ven 1< >g 43302 = 4*63650.] 

2. In the triangle ABC, a 21 yards, 1 b --36 yards, and 
c=40 yards; find the length of the perpendicular from C on 

AB. 

[Given lofc 13 = 1 * Ft 394; log 2- ’ 331 = 32900.] 

3. Find' the length of the perj>endieular drawn from A on 

BC in the triangle ABC, if °o—800 feet, 5 = 671*7 feet, and 
c=528-3 feet. , 

[Given u 

log 3283 = 3*51627; log 4 J17-- ‘67367; log 439“8 = 4*64343.] 

4. The sides of a triangle are 15 inches, 16 inches, and 
17 inches; find tho side of an equilateral tfiangle of equal aretq 
giving a result true to the nearest thousandth of an inch. 

[Given log 75623 = 4*90138.] 

Z. Find the area of a triangular field of which two sides 
measure 8 chains 75 links and 2 chains 45 links the included 
angle bping 64° ^ . 

[Given L sin 64° 20'=9*95488; lou 96717 = 4*98503.] . 

, u 

6. Fin l (to the niarest square inch) the area of a circle 
whose radius is 71*27 inches. 

[Given log 7127=3*85291; 1^1*5958=*20297; log tt=*49715.] 

7. A strip of ground has the shape of a trapezium A BCD. 

The parallel sides AB and CD measure respectively 1076 links 
{10(4 924 links; the length of AD is 64 links, and the angle BAD 
is 71° 13'. Find the iwrehge of the ground. *' 

[Given L sin 71° 13'=9*97623; log 60591 = 4*78241 ] 
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• * I * 

8. Find tho diaifieter of circle whose area is equal to that 
of an Equilateral triangle on a, side of 18 inches. 

[Given loj* 66827=4*82495.] » t » 

9. The two diagonals •of, a quadrilateral are inclined to one 

another at an angle of*28° 15', and measure resjxytivtty ^4 3 feet 
and 254) feet. Find its area. , * « 

[Given L shi 28° 15' 9’6?515; log U722 - 4T0796.] * 

10. Find the area of a triangle of which the base is 1(H) fec£, 

and the adjacent angl<& are 51“ 18' and»42 u 12'. . . * 

t [Given //sin 51 ° 18' - 9*892j3 ; 

X «iiV4*z # 12'-9-82719; * 

L sin 86° 30'- 9-99919 ; 

* * and log 20-20-1-41930.] 

{The rex lilts in the following examples are to bV, given to six 
significant digits, the seventh djjyit ix to If found, und used if 
' necessary to correct the sixth.) 

11. Kind the area of a regul;»r # po]ygou of 16 sides inscribed 

hi a cfrcle whose radius is 100 inches. « 

[(liven lnf2='301030«;.isin22°W = i)-riH28J97 ; 

* log 30614 = 4-4R r >t«()l, rhff. for 1 ,U'l] . 

12. Find tho area of a triangle whose base is 243 yards, the 
adjacent angles beinjj 59° 8' and 42° 52'. 

[Given 41 

log 2 = -3010300, log 3=’477-1213 ; /.sin ,V if = !)’933«713 ; 

L sin 42°"52'=9-8326970.; £ sin 78" ^8-98040*; 

• log 17025 = 1-2101291,Miff for 1=247.] 

• * % 

13. The area of a q*uadrilataral enclosure is*L2 acres^and the 
two diagwnnls measure 16 chains and 20 chains respectively. At 
what angle are fhe diagonals inclined to one ai*>ther ? 

[Given • log 2 = -3010300; log 3 - *477)813 ; 

L .sin 48” 35' = <m5()142; diff. for i' = fl f4.] 

14. Al>out a square vvhosfi side is l inch, a circlets circum¬ 
scribed, and about this circle a square : ‘about tho second square 
a circle, and so <yi.» Find the area of the 18th circle so draw # n. 

• [Given log2 = -3010300* logTr^-4»71499 ; 

# log 20588=4-3136142, diff. for 1 =211.] 



200\ 


ELEMENTARY MENSURATION. [(MAP. 

' / 

15. Supposing the earth ' o ho a true sphere whoso diameter 
is 792")'5 miles, find the length of tuo arctic circle (lat. 60° .10'). 

[(liven log 79255 — 4*8990207 ; log tt =’4971401),* 

L sin 23° 30'- 9 000(1997 ; 
log 99283 = 4-9908749. diff. for i=44.] 


- [Surfaces and Volumes of Solids.) 

[In the following Examples take log 2= 3010300; 
log 3 =-4771213 ; log tt = *4971499. 

Give*'the results to six significant digits , using the seventh 
where necessary to correct the sixth.] 

i> - 

16. Find, in inches, the edge of a cubical block of granite 
weighing i.50 Ions. 

[Given 1 cubic foothif granite* .veighs 2660 ounces, 

log 19 = 1-^787536 ; log 175)88=4-2549%!, dirt*, for 1 =243.] 

17. Find, to the nearest gallon, the capacity of a cubical 
cistern, each side of which measures 378-2 inches. 

[Given 1 gallon = 277*274 cubic inches, kg3782=3-5”77215 ; 
log 27727 = 4-4 '29d2l\ did', for 1 =15?, 
log 19509 = 4-2902350, diff. for 1 = 222.] 

18. ifow many feet of wire '48 inch in diameter may be drawn 
from 1 ton of copper ? 

[Given 1 cubic foot of copper weighs 554*87 ibs., 
log 7 = -8450980; log tt =-4971499 ; 
loj=r 55487 = 4 7441912; 

1 l6g 32125 = 4;5068431, diff for 1 = 135.] 

19. IIow many spherical shot, each -16 inch in diameter, 
could be mule from 70‘*-95 lbs. tff lead ? 

<*• . . w 

[Given 1 cubic inch of lead wcigliy 6*574 oz., 

log 6574 = 3*8178297 log ^04515 = *8481584.] 

20. Find the volume of the greatest cube that could be cut 
from a sphere whose diameter is 37*625 inches. ^ 

[Given log 37625 =,4-5?547lJ5 f 

log 10250= 1-0107239, diff. for 1 = 424.] 
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21. A cubical blbek or ice, cacli algo of which mdisures 0*3 
'inched, is placed in an euqKy cylindrical tank. If the ice on 

melting loses 7 per cent, of its volyme, and the diameter of tlye 
tank is 1 yard, find as a decimal of an inch*4ifw deep the water 
will stand in the tayk, * • , 

[Given log 31* -1*4913017 ; 

Jog 73491 *4*8662312, diff. for 1 = 50.J 

22. Find the diameteifcof a sphere whose volume i.^ equal 

that of a right prism 81 inches high, standing on a regular 
hexagonal base whose*jfide is 54 inched. » • 9 

. [({ivyn log 10543 = 4-022111 >42, diff. fot*l -4I2.J 

23. Find, in inches, flie diameter of a solid coppdf sphere 1 
equal ill weight to a cube of iron whose edge is 1 yard, if the 
weight of equal vcTlumes of copper and iron are as* 1439 : 3894. 

[Given log3894-3*5903959 ; log 4139-3 <>4728.51 f . 
log 42750 = 4*6309971, dift. f</r 1 = 102.] 

24. A right pyramid stands on a square base whose side is 
247 32 inches, and each of the slynt fact's is inclined to the base 
at an*angle of 52° 20'. Find the vftlume. 

[(liven log 24732 = 4*3932592*; L Uw 52° 20' = 10*1124058 ; 

• log 32861 = 4-51^)295, ditf. for 1 *ft8.] __ 

25. A right pyramid, whose height is 9 inches, stands on a 
regular hexagonal base, each side of which is 10 inches. At # what 

Vngle are the slant faces inclined to the base ? • 

[Given log 2 = *3010300 ; log 3 = *477121 ; 

/4an33° -9 8125174, diff. for GO"-2705. ] # 

26. .Find the volume' of a conmwhose vertical angle is 8^ 30', 
the diameter of the busy l>emg 43 08 inches 

[Given log2184 =- 3*3392520 ► L tan 45° 15'-40-0113741; 

•• log 11198 1 = 4-(J191405, JW. for 1 -388.] 

» • 

27. A right pyramid standsyipon a square b<ise,#and its tri¬ 
angular faces are equilateral. Find the angle^ of inclination 
between a slant face and tfte l*ase. 

[Given L tan 54° 44' = 10*1504781, diff. for 60"---= 2U«U] 

28. Find the vertical angle of a coneVliose volume is 8082-74 

cubic inches, if the radius of the base is 12-8 inches. • # 

• [Given log 86827 - -■ 4-9380548, d*i If. lt>r 4 =• 50 ; 

4tan 75° 48' = 10-5908127, dill*, for 60"=5316.] 
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29. The water containeda cuuical cistern, each edge of 

which measures 6 feet, is found to^ose by evaporation *04 "of its 
volume in a day. Assuming, the loss to arise from evaporation 
only, find how tumiy ounces of wate^ will be left in the cistern 
after the expiration of 10 days. ' 

fOiv( i 1 cubSc foot of water weighs 1000 oz.; 

log 14360--4’1571544, diff. for 1=303.] 

30. A trench has the following dimensions : width at the ton 
11 feet, width at the bottom (which is horizontal) 9 feet; length 
20 feet, and depth 5 feet! It is filled vith water, and every 
day of the water wlibh remained at the beginning of the day 
is drawn off. Hov many gallons wdl be left after the 8th 
drawing? 

[( liven 1 gallon = 277*274 cubic inches, 

log 27727 = 1*4429029, diff. for 1 = 157 ; 

1 log 26827 = 4*4285721, diff. for 1 = 162.] 

IV< 

[In the following Examples all necessary logarithms and 
differences are to be taken frem the Tables. In solving these 
questions Chambers ' 1 Mathematical Tables have been used! The 
remits have been calculated to seven significant digit ;, the seventh 
figure being usefi t, correct the sixth. J n " •/ 

31. Find the radius of a sphere whose volume is of that 
of a pyramid of height 153*215 inches, and whose base contains 
34*51809 square inches. 

32. Find the vertical angle of a cone whose volume is 51904*77 

cubic inches, and height. 57*3568 inches. i 

33. Find the circumference of the base of a cone whose 
volume is 2!8*9694 ; eubie inches, and height 14*87? inches. 

34. ilow many cubic feet* of air are contained in a tent in the 
form of a cylinder surmounted by a cone, the radius of the base 
being 117*8<i»ches, the hsiglit of the cylindrical part 124*3 inches, 
and tlft extremo height to the vertex of the cone 217*9 inches? 

35. The ends of a cylinder,* whose length is equal to its 
diameter, fire capped by two hemispheres of the same diameter 
as the cylinder. If the' whole surface of the solid so formed is 
462*183 square inches, find the volume. < , 

36. Find the edge^f *a regular tetrahedron whose volume is 
6251*37 cubic inches. 
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37. A right pyraihid sta^uis on J regular hexagonal lfase whose 
side ifc 8 inches, and its volunje is 378*627 cubic inches. Find the 
angle ^vhich ^ach slant face makes jvith the tyise. 


84' 


38. VV steel cone weighs 286*453 oz.; if the vertical angle is 
26" 20" find the •railius of the bfise, supposing tAat f l cubic 

inch of steel weighs 4*533 oz. » , 

39. Find ft ie inclinatioifto one andther of any two fiices of a 

regular tetrahedron whiclFhave a common edge. • 


40. Find the angle between two ad];went face* (ti.e. faces which 
have a common edge) of a regular ootahgflron. 

• • > * 

41. A crystal (•msist^of a cube capped at two opposite ends 

by pyramids whose faces are equilateral triangles. If the volume 
of the whole figuft) thus formed is 8*2715 cubic inches, find the 
length of eac h edge. . » 


42. A solid figure consists j§f* a cone (Having a Vertical angle 

of 60° and a. hemisphere on'the sanwj base. If its volume is 
4082*7 cubic; inches, find the radius ot the base, afid the whole 
surface. • 

43. A rig^it pyramid squids* on a square i><|se, each side of' 
which it? 20 inches:* and each slant edge of the? pyramid is 15 
inches. Find^he inclination *f £acH slant face to the "base. 


44. A cone whose height is 38*26 inches has a vertical Angle 
bf 78° 40'30"; find its volume and curved surface. * 

45. The volume of a frustum of a cone ft 95i9*5 cubic inches. 
If the diameters* of the ends are 12 inches and 10 inches, find 
the thickness ; and determine the .vertical angle of the cont^fcom 

which the frustum was cut. 

• * 

46. The volumo of* a frustum gf a pyramid standfhg on a 
square l»i8fc is 1734*281 eulfe inches. If the thickness is 16*348 
inches, and if tTie area of the base is 9 tynes the are$ of the top, 
find the dimensions of each end? 

47. The cross-section oi a tunnel, borod through a limestone 
hill, consists, as to its lo\fei part, of tlfree sides ok a regular 
hexagon AB, BC, CD (the middle side B£ being horizontal), and 
the section of the roof is a semicircle described on ACJ. If the 
length of the tufmel is 120 yar^s, And # its width at the bash BC 
ft 30 feet, how many ton* of stone havS been removed in the 
excavatioi^given 1 cubic foot of limestone weighs 170lbs.? 
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48. Toe diameter of a sphere is >] 32*01*101 inches, and its 
volume is 5 0 times as great as tlgit of a com? whoso height is 
09*6687 inches. Find the radius of the haxo of the cone. • 

i 

49. A cylindrical shaft, 4 feet 9 inches in diameter, is sunk 
into a quaHz-roof, If the yield of gold averages l oz. lf»dwts. 
per ton of stone crushed, how much gold will he obtained when 
tho depth of the abaft is 188 feet'( \j liven l cubic .‘not of quartz 
weighs 171 *875 lbs. Av.] 

50. From a sphere of copper of radius 4u09 inches, 5*9217 lbs. 
of wire *178 itiea in diameter are made ;• and from the remain¬ 
ing copper a solid cylinder 99*782^ inches long is constructed. 
Find li(V r many times the wire can he /ound » , ound the cylinder, 
having gi\cn that 1 cubic foot of copper weighs 555 lbs. 

51. If V dfcnotes the volume of a sphere, and S ihe area of its 
surface, prove that 

3 log =2 log 04 h)g tt4 1 log V. 

And calculate the value cf S, if V = 79(»«*2w cubic indies. 

52. A square on a side of 19 inches revolves about it*i dia¬ 
gonal. Find the* surface and the volume of the solid figure so 

‘described. 

53. Find the surface andH'olumV) of the “solid described by the 
revolution of a regular hexagon about one of its sides, tho length 
of each side being 20 inches. 



CHAPTER* XXIV 
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COLLECTION OF FORMULA?. EXAMINATION QUESTIONS. 

» • > ‘ . 

120.' Wk liereVolU-ut for reference and revision the 

ffinmiliRinost. generally uv'd in Kloiflentyry.Monsttrfttion. 

» * 

I. Plane Mensuration. 

1. Right-angled Triangles. [Chapter u. Yage 7.] 

(i) ( Hypotenuse ) 3 - • a\ i- Ir. • , 

(ii) Diayontl of square ~ sole x \/‘2. # 

% Rectangles and Squares' [Chapter m * Page 14.] 
£i) 9 Area q£ rectangle - -length v breath. 

(ii) Arm <>J* square (putyy. • m 

3. Triangles. [Chapter i\. Page 30.] „ 

• (i) Area of any trianyle — \'s. (-•* — a) (s — — c) • 

. 1 * • 

~ — be sin A • 

z 

<i ! sin BsinC 
“ — 2sin')/ _ ' 

(ii) jfrea of right-angled triangle * ^ «.6. # 

(iii) Arsa o/ - eqvMla/errjl triangle = *^3 (side - 2»r). 

4. Quadrilaterals. [Chapter v.» Page 42.] 

(i) Awa of parallelogram - base x height • 
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(ii) Area of rhombus ~ ; f (product of diagonals). 


(iii) Area of trapezium ~ - ( height) x (sum of parallel 


1 . 


(iv) Area of any quadrilateral - (diagonal) x (mm 

* J 1 of offsets) 

1 fl/ . 

- dd am I. 

5. Circles. [Cliupter vi. Page 51.] » 

if) Circumference of circle "■ ‘lirr, ■ 

(ii) Area of circle — irr. 

6. Sbotiors of Circles. [Chapter vm. Pago 75.] 

(i) Area of sector = ■ arc x radius 

- —x area of circle 
- &>0 J 

, , 

‘7. Segments of Circles. [Chapter vm. Page 78.] . 
(i) Area of segment — sector - triangle. 

- Jr a (0- sin b). 

8. Regu’ar Polygons. [Chaptt r x. P.-ge 94.] 

(i) Area of regular polygon ~ ™ x side x (peep r . from 

centre) 

2 n , 180* 

■ -<n 7 cot- 

4 n 


- r 2 x n tan 


180° 


„ n . 360° 

= R X ~ 8111 - . 

2 n 
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II. Soui Mensukation. 

• ' > i > 

-angular Sblids and Cubes. ["Chapter xm. 
Page 116.] • ' * # ■ 

(i) Surface of reliant pilar yalid 2 (ab -i- bd+ ca). 

(ii) Surface of dhbe - Cut,' 2 . » 

(iij) Volume rectangular hdid -- lei y'Ji x* breadth 
. u i t x height 

(iV) Volume of Cglb'S -'(edgef. » 

2. Prisms. * [Chapter xiv. Page 128.] » 

* 

(i) Lateral surface, of right prism ‘ 

m ' (perimeter of base) x height. 

(ii) Volume, of prism -Jarea oj bas“) < Height. 

. • • * 

3*. Right Circular Cyji infers. "[Chapter xv. Page 133.]' 

(i) Ctirved surface &f #yHauler 2tcrh. 

(ii) Volume, of cylinder — m J h. 

• 

4 . Pyramids. [Chapter xvi. l’agp 141.] 

(i) Siailt surface, of right pyramid 

1 . • 

• i (perimeter of base) % (slant height). 

*. L .! / « 

(M)* Volume, oj pyramid - -(area ojjbasc) x height. 

.• • : * • 

5. Rigid. Circular (Jrm^s. [Chapter xvit. * Page 151.] 

(i) Curved surfa<* »/* conn nrl. • 

- nr J r 3 +7i 8 . 

• ^ # 

(ii) Volume of cage, nr 2 h* 
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. r, i ' i 

(>. Irusta of Pyramids and ’ Cone?.. [Chapter xVill. 
Page lf>9.] f 

Slawi mrface oj frnslvm-of ri<jht pfa'h ivjj 

, ' ~/W»i of ■perimeters of ends) x (slant thickness). 

(ii; Volume of frustum of pyramid * 

-.75 [ £ H v' E i E '->+ E J- 

(ii?) Curved surface of frustum of cone ~ 7 r (>*, + r 2 ) i. 
(iv) Volume of frustum - k [r, 3 - 1 - v, /v - 1 - r./j. 

7. Wedges. Pnsmoids. | Chapter xi\. Page 108.] 

t 

(i) • v olmne of ivedye {’la 1 e). 

(ii) Volume of pnsuuttd. -j[E ( 4 E., + 4M], 

8. Spheres. [Chapter xx. Page 172.] 

(U Surface of sphere - l7rr 2 . 

(ii) Volume of sphere — ^ nr\ 

9. Zones ymd Segments of Spheres. {Chapter XXI. 
Page 1*32.] 

V '' <1 

(i) Curved surface of zone or sc y menu -- lirrh. 

t 7r/fc 1 

(ii) 'Vetin»i! nj" zona - (:i(j-, a + r s 2 ) + A"|. 

C 

(iii) Volume of seyment {*Vj 2 + h 2 J. 
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EXAMPLES . 1 XXIV. 

Examaia'tioh Questions?'. 

• ^ 

Section t. 

A. Questions in Oxford Local Examinations. 

B. Questions set to Engineer Students, Militia Officers , Dockyard 

Apprentices. 

• t • 

C. Questwns set to Stwhnth in Training CoUeyes. 

1).’ Questions set by the Colleye 9 of Preceptah. $ 

• 9 

■ 9 Section IT. 

A. Questions set for Admission to li.M.C. Sandhurst. 

B. Questions set for Ad mission tolt+M .A. Wotfhvich. 


Section 1 # 

• • . ’ • _ 

[A. Questions set in O.fford T^ical Ecustn/iafioi rf.J 

1. Find the area of a quadrilateral A BCD in which the sides 

<^B, BC f CD, DA, and*the diagonal AC are respectively 2p, CKt, 52, 
tJO, ami 65. ^ > 

• i 

2. Three qqujil eireles of nidi us 10 feet touch one another 
externally, rind the area of the space enclosed l>etweed then*, in 
square feet correct to two places ofMeciinals. [tt — 3^.] 

• 3. The height of tfcone is 30 feet. A smifll cone i# cut off 
the top l^ii plane parallel ,to taie Ifcise : if its volume he of 
the volume of ttio given ertnc, at what height abovo the base 
is the sectioiynade ? [tt=31.] • • • ^ 

4. JA right pyramid .stands on a regular hhAgonal base, 
whose side is 20 \J 3 foot. Tl^e total area #f the triangular faces 
is 3000 V3 square feet. What is the height ? 

5. Two tangents AB, AC to a circle of radius 10 foot} contain 
an angle 60°. Find to the nearest *squftre/oot the area inchided 
liotween them and the circle?. [?r=3f ] 

8. e. m* 


14 
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6. 4f*moat 6 feet deep aif 'l 18 fe$t widd surrounds a circular 
islet 115 feet in diameter. Find ( -ho quantity of water hi the 
jnoat, taking 1 cubic foot as pieasuiing gallons. / [tt=3^.] 

7. fend the volume and the aj-eaf of the total siv v face of a 
truncated '-ircujar cone 42 f<6et in diametei' af w th,e base, 21 feet in 
diameter at the top, and 14 feet high. [7r=3J.] 

t • r 

8. 4 plank 15 feet Tong rests vertically against a perpen¬ 

dicular wall. How far must the bottom end be pulled out to 
lower the,top end 3 feet l , * 

9. How often will^a wheel 3 feet 4'32 inches in.diameter 

turn roufid in 2 miles '! {V—3}.] ' , 

10. A pendulum swings through an angle <>£ 30° and the end 
describes an t rc of 13^ inches. Find the length of the pendu¬ 
lum. In-* 34-.] 

11. Froni a circular metal rVsc of uniform thickness with, 
radius of 14 feet a concentric disc is cut.of weight equal to the 
ring remaining. Find the radjus of the inner disc, [tt—31.] 

12. A right pyramid 1,2 feqt high, standing on a squaie base 

each side of w^iqh is 10 feet long, iu divided into four parts of 
equal thjokness bv planes par all'4 to the base. f Determine the 
volume of each part in cubic feet.' * 

1£, Two spheres of lead, each 10 feet ir. diameter, are melted 
down and recast into a right circular cone whose height is equal 
to the radius of its base. Find its height, [rr— 3f.] 

14. Plan out anil find the acreage of a field from the following 


Links. 


600 to B 



400 to D 
800 to C 
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[B. Questions set to Engineer ,# tudents, Officers 0 / Militia , 

I • Dockyard [Apprentices, dec.] 

15. ^£he cost of floorcloth, sufficient to cover a room 15 feet 

long, wa3*£2. 5«. ; £hi valuA of the*floor-cloth being, 2^. 3 d. per 
square yard. How wide was the room 1 * • # 

16. A robfh is 21 feet 4ong, 13 ft.* 6 in. wide, and foft. 6 in. 
high, and has a doorwaj* 7 ft. 7J in. by 4 feet, three* windows 
10 feet by 4 feet each # and a fire-place 4 feet square. Find the 
cost of pointing the wills at 6 d. per square yard* * 

*17. lt*6| gallons of watei equal 1 cut)ic fpot,«and w&ter whilo 
freezing increases»by expansion ’089 of its bulk; how many 
gallons of watei^ are required to cover a rink 110 yards long and 
96 yards wide witfl ico 5^ inches thick ? • 

18. A cistern 5 feet square contains water 11’OS inches deep. 

. If a gallon = 277^ cubic inchc^lbw man)**gallons 6f water does 

the cistern contain f # t 

19. A section o£jjk stream is 16 feet wide and 10 in. deep ; the 

n»eAn # flow of the water through the section i^3 miles an hour; 
taking 25 gallons to equal 4,cubie fee?, find hoy ^nany gallons of 
water flo^v through tlTo section,in # 24 hours. # • m 

20. The diagonals of a rhombus being 88 and 234 feet, find 
^he are^; also find the length of a side and the heigjit of the 
•rhombus. 

• i 

21. Find fhe .volume of a pyramid, the height of which is 

12 inches, ana the base an equilateral triangle, eafih sidjj of 
which is 10 inches. * 

• » 

• 22. A spherical eanhon-ball, # 15 inches in diafneter, i% melted 
and cast^rio a conical mouVl, the bftso of which is 20 inches in 
diameter; find fhe height of the cone. • 

• • • 

23. ’One ifide of a triangular field is*369 links} ip length, and 

the perpendicular upon it from the opposite angle measures 582 
links. If the field is let for find to the nearest penny the 
rent per acre. m 

24. On the same side of a line 20 feet long, a semicircle .and 
a, quadrant are drawn. Find the 'amt iryduded between them. 
|> = 3 ' 1416 .] 
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25. Ffad to tlie nearest }j f »my tbft cost of gilding at Gd. per 
square foot, the slant surfaeo^of ateone whose altitude is$ feet, 
and the diameter of whose circular'oaso is 3 feet. [7r=3 lj l(5.] 

„ ' 1 ' > f 

26. In a trapezium, two sides of Which are paralleled the 

other tw,o Tales ^qual, the lengths of the parallel sides are 85*5 
fee' and 9*5 feet respectively and the equal sides arc each 47 5 
feet: find tin; area of tin?, trapezium, in square y„rds, feet and 
inches. - .. t 

27. AE.C is ''.n equilateral triangle ; two circles arc described, 
each passing through A, one of them touching BC at its middlo 
point, anVl the < ther passing through B and C ; and each side of 
the triangle is 14 inches long : find the areas »f the circles. 

28. A cylindrical eup of external diameter 4i inches, height 
6^ inches,’and tlnckness ,} incli, weighs 24 oz. 9 dwts.: what 
Would l>e the weight of a hemispherical lid, of the same material 
and thickness, to tit the top X 

29. The perimeter of one ..quarc held is 588 yards, and of 

another 67*2 yanks. Find the perimeter of a third which is equal 
in area to the other two. <• 

30. A'right cylinder of woo* 1 , 10 fee> long and 2 feet in 
diameter, is sawn along two planes parallel to each other, and 
parallel to the axis of the cylinder, each place being at a distance 
from thi axis equal to one-half of the radius of the cylinder. 
fJomparV.'lhc volumes of the logs so formed. 

A*conical hole is bored in a sphere of 5 inches radius, so 
that the vertex of the cone is at the centre of the sphero, and 
that the portion of the spherical surface removed is one quarter 
of the Whole surface of the sphere. Find the area of the surface 
of the conical hole. ,| 

32. <- Find the solid and superficial contents of a cylindrical 
ring whose thickness ?s 9 inches, and inner diameter 32'inches. 
[”■=¥•] ( 

33. Explain the uso of Gunter’s chain. Find the area in 
aerps of • a quadrilateral field of which the diagonal is 1274 links, 
and the perpendiculars upon 7t from the opposite angles 550 ard 
583 links. 
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• • * , * ;* i . . * a ' 

34, t Find the area of a .sejrneruj "t a circle of which the arc 
is oi*|>third of^lio cireumffJence, the radius l)eing 7A inches, 

[r^ r =^ tN /»-i{j.i - 4 

35. A’cube of \v<)-*d, measuring £ foot each way, ),yis a .square 
hole cut through it, perpendicular to the top am? bottoiA, leading 
each side 3 inches thick ; a piece *is taken off the to]> by a satv 
cut, passing through one <ff the edge A and bisecting the face of 
the opposite side; the reftiainmg portion we’ighs 141 lbs. 12 c«s. 
What is the weight o f j a cubic inch of the wood ? 

» • * * • 

*36. r, »he base of a quadrilateral figirc is 13*5 feet ]n length, 
and is divided into throe £<pi*al parts by the ^r|fendicubl,rs upon 
it from the extremities of the opposite side; each of these 
perpendiculars :« 5 feet in length ; find the area of the quadri¬ 
lateral figure. * * 

37. Find the volume of the uplid \vhi< f h would # l>e generated 
by the revolution, about its IwM, of the figure mentioned in the 
last question. [n^t] 


[07 Question* set to Students in Training *Coll<jjcs.] 

0 • • ‘ • 

(First Year.) 

•* • # * 

38/ How many panes of glass, each 4ij l»y 3| inches, will be 
required for a window with a seinieircular#hoafl, whoSff extreme 
height is 35 f«y.t »n<l width 11 feet ? [rr • - *y i .] @ 

39. A rectangular field contains 1| acres; the distance 

between opposite corner.* is 6| chains; find the length and breadth 
t>f the field. • • 

• * • 

40 . If the fcffdes of a right-angled triangle Jit-e in Arithmetical 
Progression,^o what numbers afe they jitoportional V* # 

t • • 

41. Find in yards, to tour places of ‘decimals, tlie difference 
Imtwoen the area of a regulftiv hexagon, eafh of whose ^ides is 72 
yards, and the area of the circle inscribed in it. [it—3}.] 

42. Find, to three places of dc< finals, the radius of the tflrcle 
\fhose area is the sum of Julie "areas «Tf* the two ti'ianglea whose 
sides are 3J, 53, 66j and 33, 56, 65. [tt = 3}.] 
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43. Dfew a plan and findphe ares of a level field with five 
straight hedges, from the following(jotes. (All lengths in (jnks.) 


To E 


To D 120 
To II ISO 


220 

':110 

420 

,200 


From A 


200 to C 


44. In a circular riding school of 118 feet in diameter, a 
circular ride 10 feet wide is to lie made just witlifn the outer edgo 
of the building. Find the cost of doing this at 3i<A per square 
yard, 

45. The area of a f semicirefo p i.j 13013 square feet; find its 

total perimeter. [jr=3l.‘] ' 


(iSVy’.m.f, ) r ear.) 

46. A conoWld hemisphere have eqiial bases arid equal 

volumes; Yind the ffctio of Ueif heights. , '* 

47. One quarter of the volume of a cylindrical boiler 12 feet 
long hnd ,6 feet in diameter internally is fitted with cylindrical 
heating tijj>cs fitted longitudinally and 7^ inches in diameter. 
Find the number, of trjlies. 

48. A prismoidal tub lias a rectangular base 2'feet by 1 foot, 

and**H. top 2 ft. 9 in. by 1 ft. 9 in., and is 18 inches deep Find 
how much water it contains, having givpn that % cubic foot of 
water wgjghs 1000 oz. and a galkqi weighs‘10 lbs. < 

49. A minute of latitude contains^ 6,080 feet and k inetre is 
the ten-millionth fiart of a quadrant of the meridian. A kilo¬ 
gramme is 'the weight of the (file-thousandth part of a> cubic 
metre of watei^ and a # ‘cubic foot qf water weighs 1,000 oz. 
Express a kilogramme in ounces to tyo places of decimals. 

50. Find the curved ^surface of the frustum of a cone whose 

top and bottom diameters are 4 and 6 feet, and slant side 8 feet. 

[^= 31 .] - , 

51. A sphere, whofo radius is 21 inches,, is enclosed in a 
hollow cylinder of the same radius, whose length is equal to its 
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fcTlUjN lOJlSHliUWB.* 

. * 1 * J 

circumference ; how many £ubic irjlhes are there in tl:> remain¬ 
ing p. !rt of the cylinder 1 [w h Z \./ 

52. A circular ring fits closely ;«ound a cylinder of the sam# 
diameter ^2<x); find the height of the cylinder j) if their Volumes 
arc, equal,'’ (ii) if th<j total surface of* the cylinder=surface of the 
ring. » i 


# » ( 

53. Assunsng that theyolume of a cone is one-th.rd of the 
base x height, find an expression for tne difference between the 
volumes of two similar cones, of which the height and radii of 
the base are H, R, thid A, r respectively, lienee deduce the 
formula tor the volume of a frustum of a cone. 

* 

,, ('Skird Year.) 


54. The sidqs of the base of a triangular prism are 17, 25, 
and 28 feet, and its height is 20 feet; find its volume. 

55. A basin is in the form of a segment of a splfer/*.; if the 
diameter of tho top is 5Jr incjje#, and tbp depth Y$ inches, find 
the number of cubic inches it contains. 

56. Find tho volume of a frustum of a square pyramid, each 
sjdo 6f one of its dnds being (5 fefet, each sidq of the other ond 
4 feef, and the perpendicular height r * feet. 

57. J?ind approximately the diameter or? ft# sphere whose 

volume is 5946 cubic inches. ' $ ' M 

58. A right-angled triangle, whose sides are 4 and 3 inches, is 
•tnade to> turn roundfits hyjiotenusc; find the volume ayd surface 

of tllo double cone so formed. 


59. Find thc^area of the convex surface ofHho segment of a 

sphere, tho height being 8 inches, and tho diameter ofktlio sphere 
10| inches. » ** 

60. A crystal consists of a cube, capped at two opposite faces 
ny pyramids, the sides of whiter arp equilateral triangle#. Shew 
that th(f wliole^surfaco is crjual to that of a square on tho sum of 

. the diameters of a rhombus of which one of the equilateral tri¬ 
angles is a lfelf. 

[D. Questions set in Certificate Examinations by the College of 
Preceptors.] 4 # 

61. A cricket ground contains 3 acres l rood 4 poles 25 yards, 

and is to be cifclosed by a wall. Tho ground is a square. , Tho 
fiost of the wall is 7 s. 10W. p<fr If neat yard. What will be the 
cxjrense ? * * * 
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62. A 1C D is a field in Iho forfti of *a trapezium whoso 
diagonal AC is 320 yards; ADs= 14DC = 300, C B — 240, AbV- 180 
yards. Draw a fair plan of 11/e liol<i x and then find jj,s area! 

63. How many slabs, eaoli measi/nrtg 0 feet long by^ inehos 
broad, wjll *'>e required to pave a court 120 feet .by 00 feet, after 
djid/icting for six circular beds, the diameter of each being 8 feet? 

64. D-escrilte (if. possible by a Fieljl-Book) the measuring of 
a'field ABCDE, F, H, K being.the feet of perpendiculars drawn 
from B aiwl E to AC, and* from D to EC.* Then fmd^the area 
in acres, roods' and poles. 

[Giv<;u: AC -■ 066 yards, CE -5fa) xrrds, Bf=12I yards, 

EH—303 yards, KD— 105 yards.] 

65. Tim cofitent of a cistern in the form of a cube is la yards 
10 feet Iftlfk indies. Find the cost of lining its sides and bottom 
with lead costing \)<l. per superficial toot. 

66. The perpendicular height of a. square chimney is 150 feet 
3 inches. The side of the hasp measures 12 fpet 0 inches, and the 
side at top measures 6 foot 3 m< lies. The cavity is a spuanj 
prism whose side measured 3 fi* >t 1) inches. How* many cubic 
feet and inches. 4f 'solid brickwork are there'in tlm build fAg ? 

*’ v . #* ‘ i . * 

67. Take tnc Earth’s diameter—7058 miles, find its surface 

and s^plid content. n fj 

t 

,68. Fjxan the following dimensions &c, draw out a plan of the 
irregular field. Find' 1 the area in acres, roods, and poles. (The 
ineasuremo/its are in links.) 


Field Book. 


t € 

c 'fo F 066 

To 1) 7JO 
To C 25(,i 


‘To G 


2560 
18S() w 

1200 

850 

600 


1 


flfiO to Ji 


!ll-2 to B t 
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. 69.^ Find the arch of a^trinngj^ whose sides are 1$40, 1330, 
and 1520 links, giving the ain^vor in acres, roods, and poles. 

70. ,A fioVl in the fo'jni of a tAipezoid its paraljol siddh 
equal to 5. chains 15 lmforand 3 chains 85 links, respectively, and 
the perpendicular drstfinco between ihem is 15 chains* Jfind the 
area ; also draw a figure. t t 


71. Draw filan and find the aroa»of a field from ^following 
Field J’oolc: » • * 




To B 


Tfl /*' 88 
To* !> 17(5 


1000 

(>25 

500 

375 

250 


To E (Id 
To C 121 


Ik>oV 


Vmn A 


72. Find area ai^l draw plan a field from following Field 
)0k*— * 

I 

To B 
if- * | 

1200 
1120 
!)<;o 
910 
700 
200 


To <i 280 
To F 300 

t T^» J) 76o 


From .1 


* \ 

To II 160 

To J-J 4<)0 
r l'o C 30 


73. outer diameterjof a water-pq>e is 2 feet, tlie inner 
diameter is J foot 8 inches, and the lengfji of die pijwj is 40 feet. 
Find the number of solid incheslif metallised in the construction 
of the’pipe. 


74. The solid content .a triangular prism is ^16 cubic 
feet, and tlie sides of tlie triangular end are 2 feet 1 inch, 1 foot 

8 inches, and 1 foot 3 inches. Kind the length of the prism. 

9 75. Find the solid content qj‘ a^jyi'^mi^l whose vertical height 
is 14* feet, and which haw for its base a triangle whose sides 
measure 7% 58, and 50 inches. 
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76. H$w many cubic feet |re ther& in a ^edgo whose altitude 
is 14 inches, the length of its edgl 21 inches, tyie length of its. 
tyise 32 inchos, and the breadth of t^o base inches ? 

77. What is the solidity of a prismoi/3, the length and fereadth 

of whose greater end are 10 feet And 8 'feet; the length and 
breadth 'of tho 'ess end are 12 feet and 6 feet, And the perpen¬ 
dicular dj stance is 18 feet ? ' , 

78. How many .cubic feet are there, in a pillar whose ends are 
rectangles, the greater end measuring 64 by 40 inches, and the 
less end 32* by 8, and the perpendicular hcj^lit 50 feet ? 

79. Required the sqhd content of a cylindrical rii\g, whose 
thickness'is 27 inches and inner diagnotor 06 inches. ' 

80. Find the area of an irregular field, and draw a plan fairly 

to scale, from the following Field Book :— • * 


78 


Ml 

j 


2628 

2010 

>ik;o 

IfwO 
1400 
II 10 
92<7 
670 
520 
OIK) 


31 


38 


From A 


J 

go East 


Section II. 

[A. Questions set for Admission io li. Jf. (Sandhurst.] 

, No'ce. Unless btherwise'hlated, take 7r=3 - 1416. 

1. Find tile area of the tnanjjular field ABC from tho 
following measurements on the ordpUico survey of 25 inches to 
the mile. f 

AC 41 inches, perpendicular from B on AC 1*59 inches. 
Calculate'the same area fropa the three sides, AB measuring 
3 3 inches and BC 2 inches. Express the mean of the two in 
acres. , 
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. 2. A A well 5 feet'In diafoeter and 30 feet deep is lib have a 

lining "of bricks fitting close jogetKer without mortar, 9 inches 
thick.* Required approximately in tons the weight of the bricks, 
supposing d bHck 9 x 4k x3 inches to weigh b im. ‘ 

o i “ * 

3. A hollow‘shell 12 inches in diameter is phlbed in it conical 
vessel whoso vertical angle is 00°, and- water poured into it until 
it just covers the shell and dlls the cavity in it. When the shell 
emptied of the water in i’< is removed, and d solid ball of the 
same diameter substituted for it, the water stands \ inch above 
it; find approximately <the thickness of the shell.' * 

N ■» . . 4 , * 

4. A ball of legxl, 4 inches in diameter, is covered with gold. 

Find the thickness of the gold, in order that (1) tho volumes of 
gold and lead nufy*be equal, (2) the surface of th<^ gold may be 
twice that of the lead. * 

5. If a right cone on a oijcMar baucPbo divided into three 

portions by two sections parallel to thq base at eqqal distances 
from the base and vertex, compare the three volumes into which 
it is dwided. * “ 

6. The area of a •rectangular field is % of*aA#acre; and its 

length is double its breadth ; ijptdrnjno the lengths of its sides 
approximately. , 

T 0 If a'pony is tcthdVcd to tho middle point of one of the longer 
sides/ find the length of the tether in yards, corr^ to twe 
places of decimals, in order that he may*grale over half the 
field. * * 


7. An obeljsk 68^ {ect high has a square section through- 

•ut; it is 7£ feet wide at the # baso, and grad tally taj^rs to a 
width of.5ieet, the summit*being irt the form of a pyramid 7J 
feet high; it is* made of gftmite, of which a #ubic foot weighs 
15(5 lbs # .; fint^ the weight of tho obelisk- • • 

_ 9 • • 

8. A solid cone 15 inches high is placed on its base in a 
cylindrical vessol the inner diameter of wlifth is the same as that 
of the base of the cond; water is then poured into the cylinder 
until it is 9 inches deep ; the cone being removed, another cone, 
with the same sifed base, but of deferent altitude, is substituted 
fitr it; and the surface of tjie water just fcaches the top of .this 
cone. Fin^ the height of the second cone. 
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To F 94' 




9. Sketch plan anil calrljlate tlii area*if a field ABEGFDC 
from the follow imf notes: " * ! 


To /) 04 
. •To C S4'| 


\ 

♦Yards* 


J 


T< 


• 204 
198 

124 i 10 to a 

117 1 , 

88 


I 03 Vo to B 

i; t , I_ t, I 

| From .1 | 

10. A ^Hisxiim of a pyramid li;»s rectangular cuds, the sides 
of tho Wso being 2fi and 30 feet. If the height of the frustum 
1*5 GO feet, and its \oltpnc 50181‘^ubic feet; find the area of the 
top. 

, Find, to'the nearest foot, the ladius of the sphere whose 
volume is equal to the voluin^of the frustum, [jr« 31.] « 

, 11. Find tlic cost of the*cnn\fis, 2 find, wide, at 'it. tid. a*yard, 

required to myk(£a coni cal tent, 12* feet i>. diameter alid 8 feet 
high, [tt-31.] • » ‘ ; , * 

12. v A public garden occupies two acres, and is in the form of 

a square. If a pathway goes completely round its inner edgflf 
and occupies one-eighth of an acre, what is its width ? ' 

13. A cubical*box*, 5 feet deep, is filled with layers of spherical 

halls, whor e diameters, where they touch, arc ih vertical and 
horfrit ntal lines. , 


Find wliat portion of the space in* the box* would be. left 
vacant i/ the dnrtneter of a hall i? lialf an'inch. « 

14. A cathedral has two spires land a dump,; cacti of the. 
former consists, in thepipper part, of a pyramid GO feet high, 
standing on a square ba.^e, of whteli a side is 20 feet?; Th6 dome 
is a hemisphere* of 40 fqet radius. « 

Find the cost, of covering the three with lead at 7kd. per 
square foot. [Take 7r = jyh] 

15. A, half-jienny pieco is one inch in diaqieter. Six half- 
}>enifies are placed so tluj,t each,coin touches two othei-s, theiy 
centres being all on th4’circumference-of a circle. Find the area 
which thoy enclose. 
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IB. A circular diakof h^ul, 3 ini lies in thickness andjl2 inches 

’’diameter, is wholly convert,eduinto /hot, of the same density, and^ 
of ’O'? inch rad ids each. lliX many shot does it make? 

> > , . * 

17. The interior of a Jmilding is in the fonu of a cylinder of 

15*fect radius and J2*feet altitude, Mirinoiuitod by a^cone whose 
vertical angle is’a right angle. Kind the area ot*surtacv4 and the 
cubical contend of the biiihhng. 1 * f * 

18. The three content inous edges of a rectangular block aje 
J)J, 13 J, and 14^ intjies ; find the length of its diagonal. 

« a • 

.19. It’a cubic foot of cast iron weigli 450 lbs., what will lie 
the weight of a cast iron spWical shell A hose external diameter 
is (3 inches and th.rkness" J | an inch '' f 7 r = - r -.*) w 

20. The ami 'bf an equilateral triangle is 17320-5 square 
feet. About each angular point, as centre, a circle, described 
with radius equal to half the length of a side of tin# triangle. 

■ Kind the. area of the space i^’rtided between the* three circles. 
[V?-1-73205] 

21.1 -A hollow cojie, the leqgtlib/ whoso slant side is twice the 
mdiiiH of its base, is held with its vertex vertically downwards 
• and completely Idled with*water. A sphere # o£ greater density 
than water is gradually immersed, and it is fouivtf that, when it 
rests upon the sides*of the »term#of the cone, it is just sub¬ 
merged. Kind the amount of watewlispl.ioed by the sphere, and 
•filso tl*e amount contained between the sphere and the vertex of 
tlie 6 one. Consider radius of base of cone as 1 73205 inches. ^ 

22. Kind 'Jbq perimeter and the radius «»? a circle the area 

of which is 5-300301 square feet. • 

* * 

23. A soli^l sphere^ fits closely into the inside of a closed 
•cylindrical 1 m>\, the height of which is equal t*> the diameter of 

the cylinder. I laving givqp the radius of the sphere, write down 
tho expression* for the voHnne of tin*, sphere.the surface of the 
sphere, and the volume of the,empty * 4)000 between the sphere 
and tlic cylinder. • # * 

If the volume of this # empfcy space fis 134*0410 cubic inches, 
what is the radius of tho sphere ? 

24. A right prism on a triangular b?ise—each of whose sides 
is 21 inches—i.*t such that a sphere, described within 4t, touches 
«its five faces: find the volume df t.lffc sphere, and of tho space 
between it and the surface* of the prism. — and ,/3 —1*732.] 
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0 

25. Ffud the expense ui |pa>iug T . v**v.ular court 80 feet in 

diameter,*at 3«. 4c?. per squar 5 foota living in the centre & space 
for a fountain in the shape of a hd % agon, each aide of which is a 
)ard. " - ■ 

26. A hollow right prism stands upon a base which* is 

an equilateral triangle. The vertical faces of the prism are 
squares- the side of a square being one foot. The prism is filled 
with water, and the largest possible sphere is then submerged in 
it. Find (to the nearest cubjc inch) the amount of water re¬ 
maining ii the nrism. [n \/3== 1*73,"] , 

27. A circular dish of cardboard one foot in diameter is 
divided Into six equal sectors by pencil lines drawn through the 
centre. 

In each sector there is described a circle touching the two 
bounding l idii of the sector and also the arc joining their ends 
at its middle point. If the circles are cut out from the six 
sectors, find the area of card bo;ir’ remaining. 

„ 28. A hofiow paper cone, \yhose vertical angle is 60°, is held 
with its vertex downwards, and in it there i& placed a sphere of 
radius two inches. The portion of the cone remote from the 
"apex is now cut 'away along the line where the papen touches 
the sphere. Find the exterior suifaco of the bod” thus formed. 

] 

29r Prove that the area of a trapezoid 'is one-half the pro¬ 
duct of trie sum of the two parallel sides by the perpendicular 
distance net ween, »t hem. 

The arj'a of a trapezoidal field is 4-jj acres; the perpendicular 
distance between the parallel sides is 120 yards; and one of the 
parallel sides is 10 chains; find the other. 

30. Kxpress the volume cf a cone in terms of the radius of 
the base and the vertical height. : 

If the diameters of 'he circular ends of a frustum of a cone 
bo 4 inches and 6 inches, and the volume of the frustum be 209 
cubic inches { find the height of the cone. [rr=3}.] 

31. In‘the pentagonal field ABODE, the length of AC is 
50 yards and the perpendiculars from B, D, and E upon AC are 
10, 20, avd 15 yards, the distances from A of the feet of the 
perjiendiculara from D. and E being 40 and 10 yards; find tin 
area. 
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32. A sphc*v> ut^uuo iffjn xouiia rusts on a table j find {he 
••volume of the right holfowucone /which can just cover it, the, 

section of the jone througj/ the axis being an equilateral tri¬ 
angle. , S , , 

33. 105 lialf-poqny pieces lying*on a flat surface, with their 

edges in contact are just contained by a frame iA the fof-m of an 
equilateral triangle. The diameifcr*of a half-penny lacing oife 
inch, show thAt the side 0 / the triangle is (13 \ s /3) iinches, and 
calculate its area approximately. " •> 

34. Gpld is 19*25 J times as heavy*at# water, awl if cubic foot 
of water weighs 997 oz. avd. Find (approximately) how many 
square f^bt a cubic inch of gold will cover in the for/q of gold 
leaf, given that onA grain of gold will cover 56 square inches. 

35. Find the 'Area of a triangle, whose sides n ye 13*6 inches, 

15 inches, and 15-4 inches. , * 

Also find (correct to tho thousandth part of an inch) the 

• length of one of the equal sidtJ^oi an isosdeles triangle, on a base 

of j.4 inches, having the same area. * ,, 

36.i A circular rsrom, surmounted by a hemispherical vaulted 
rtxif, acontaing 5236 cubic feet cf air, and the internal diameter^ 

• of the lyiilding is equal to* the height of the «r>yn of the vault 

above the flooj. Find the height. # a 

37. Two pities, one of lead and the other of tin, are respec¬ 
tively 49 and 61 *6 inches long ; they both have the saiqp infernal 

• diauteter, 1 inch; and the external diameter of the Wd pij>e js, 

1*2 inch. If dead is 11 times ami tin 7 tii4cs i$! heavy as water, 
what must be tlto external diameter of the tin pipc^ that both 
pipes may have the same weight ! m 

38. Assuming a drop of water to be spherical, and one-tenth 
*>f an inch in diameter*to what*lepth will 500 tfeops fill * conical 
wine-glassf the cono of whiph has a # lieight equal to the diameter 
of its rim ? 

39. * The minute hand of a # clock is ID inches Joyg. Find the 
area on the clock face wffich it describes between 9 a.m. and 
9.35 a.m. 

40. From a cubic foot of lead is cut out a pyramid whose 
base is ono fact of the cube, and whose vertex lies ill the>faoe 
apposite the base. If the remnintlerDf tho lead is melted and 
cast into a sphere,* find its diameter. 
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’41. A* lull iu tlie shape ola righfyxme stands on a horizontal 
. plane. At a certain point iif) the jilane the circular base of the 
‘cone subtends a right angle, and t\e elevation c<f the summit is 
half a right angle. Show that the slant side of th', bill, as seen 
against the sky, subtends 60“ at the sane point. 

42. Water fs flowing steadily through a pipe winch consists 
of two p> rts. The cross-section of tjie first part ip, an equilateral 
triangle of side 6 inches, and that of the second a circle of 
radius ‘2 inches. Kind (approximately) the rate of flow of water 
in the second part, thatjn-the first being 3h'755*2 feet per minute. 
[tt = 'f ; ^3=1'73*2.] 

**" 

43. Calculate tlie diameter of a circle equal m area to the 

curved surface of a right cone, whose vertical angle is 90° and 
vertical height. 1*4142 lcet. J 

44. A solid iron cube, the edge of which is two feet in 
length, and sV solid in .a sphere,"'F e radius of which is one foot, 
are thrown into a cubical tank, wlueb is >ix feet across ami is 
half filled with water. Find the rise of the surface of the water 
in inches,‘to five places of denials, it being taken for gvanted 
that the cube and the sphere an. both completely submerged. 

' * * ■ i 

45. Find, in feet, to three phuFx of decimals, 4 he radius of a 

oin.lry'the area of winch is equal to the area of a regular hexagon, 
the ?ide of which is two feet. s # 

Also 'find the radius of a sphere, the volume of which is .equal 
' to the vtatnno of,a sqlid circular cylinder, of height one foot, and 
radius nine inches. , 

46: Write down the formula) for the volume of a cone of 
height a and base A, and for the volume of a sphere of radius r. 

Find: to the nearest gramme die weight of a steel body con¬ 
sisting of a cone and a hemisphere with a common oase, the 
height of the cone benjg equal to tlie diameter of the base, that 
is 10 centimetres, [(liven steel’is 7'8 times as heavy as water, 
and one cubic centimetre of water weighs one gramme.] 

47. A'frustum of a regular pyramid lias square ends: the 
edge of the lower end *2s 10 inches, and that of the upper end 
5 inches p and the height of the frustum is 7J inches. Find the 
length of a slant edge of .the (frustum, and the area of the slant 
faces. 
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48. (l) Find tin; muebei 
•'oentiihetro in diameter, thatli 
droii of lead, aifedgc of whifli 
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of Jsphencal l ml lets, touch one 
an fe east from a regular tet.rahe^ 
a, .v. 4 w. ». me^urcs 10 centimetres. # 

.. * % • * •* . . 

(ii) A circle is dumbed (/bout, and a second is inscribed 
wifjiin a regular lieyi^m the length T>f whose side is I foot. Find 
the area lying between the two circles. * « # 

* • • * 

49. Write down the expressions for the •volume <W a rigljt 
circular cylinder of radius r and height //, and for the volume of 
a‘spherical shell, th eastern a l and internal radii o{* which are 
5 inches ;tnd 4 indies respectively. ^ 

If th& shell is inade # of lead, and if it is lifled \vi4> water, 
find to the nearcstVuncc, its total weight, it liejng given that a 
cubic foot of uatoj; weighs loon <»z. and that lead is 11‘5 times as 
heavy as water. . * % 


50. The height of ,v solu^^ht cone»is 14 inches, and its 
vertical angle is two-1 birds of a right aygle. If this cone is cut 
intfl two [>arts hy a [mine bisecting the axis at nghl angles, find 
to fouj* places of decimals tin' vtft.tmc and total slantTsiirface of 
each jjart. 


|R Questions set fir Admission to R.M.A. \YooUnch.\ 

• * * 

Note? Must of the following (//testions require the Mathe* * 
viatical* Tables. In. solving them, (ft a inters' Tables hare 
been employed; atal the results arc given correettfo six sig¬ 
nificant digits. , • 

L 'class otherwise stated, take n *= 3d 41 fi, Jog ir-- ‘4971499. 

• * 

* * ' ) 

51. Determine the diameter of*a cylindrical gasholder to 
contain TO million cubic feet of gas, supposing the height to 
be made equal to the diameter; and uletermine 4n tons the 
weight*of iron plate, weighing 24 pounds per .^{yare foot, re¬ 
quired in the construe!ion <ff tne gashold«*r, supposing it onen at 
the bottom, and closed by affyt top. 

52. Determine the number of cubic yards in a bank^of earth 
•on a horizontal Rectangular base (J) feet long and 20 feet br<5ad, 

the four sides of the bank,sloping up to^i ridge at an angle of 
40° to the horizon. 

S. E. M. 
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53. ItAls proposed to add |o a square lav, n measuring 58 feet 
'on a side two circular ends, t.m centre of each circle being tho 
ppinfc of intersection of the d»agouab» of the square. f How much 
turf will'be requind for the purpose ? 

54. \ hallow pontoon has a cylindrical body 20 feet long, and 
hemispherical ends, and is made of metal J of an inch thick. 
The outside diameter is 3 ft! 4 in. Find its weight* having given 
that a cubic inch of the metal weighs 4'5 oz. 

55. Taking 7r = 3T4159 v calculate approximately the area aqd 
the perimeter'of the circle inscribed in a square, tl 3 side of 
which is 3.59*5678 feet. 

56. A vessel in the shape of a circular cylinder, open at the 

top, the height of which is double its diameter, stands on a 
horizontal table, and is filled with water. A solid circular cone, 
of the same base and the same height, is pushed into the water 
ufttil its vertex reaches the bfjse of the cylinder, and is then 
taken out. Find the height at wiueh the water afterwards stands 
in the cylinder. 1 

57. State formulae for the areas of the curved surfaces of a 
sphere, of a right circular cylinder and of a right circular oone. 

How many Square yards of canvas arc required ti make a' 
conical tent 9 feet <high, such that! a man of 6 fewt could stand 
any'ftilerc inside, within a radius of 2 feet from tho centre with¬ 
out pooping 1 

r 58. jLmut tankard is in the form of a frustum of a circular 
cone; its neigh- is inches and tho diameter of its base 
3| inches., both measurements taken inside. Find the diameter 
of the top, being given that a gallon of water weighs 10 lbs. 
and a cubic foot of water weighs 1,000 oz. Employ logarithm 
tables to find the dimensions of the" similar’quart tankard 
to four places of decimals. 1 

59. Prove that the area of a sector of a circle is equal to half 
the product'of the length of tho.arc and the radius,, 9 

If the area is 2240'5fi7 square feelj, and the radius 33'495 feet, 
calculate the length of the arc. • t 

60. An iron boiler ^ constructed in'the form of a cylinder 
with hemispherical ends. If the radius of the boiler is one foot, 
and. its extreme length (inside) four feet, calculate, as a fraction • 
of a ton, the weight of v/kted which it will hold, assuming that 
1000 oz. is the weight of a cubic foot of water. 
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61. A railway # tuimef consist of a hollow semt-c.ylindrieaj* 
top, terminating below fh J trough with slanting sides and Hat 
base. Tha radius of the'form** being 1$ feet, the % base and 
height of the latter bqjng 20 and 18 feet respectively, and the 
length of the tunnel*1,200 ^ards, find the cost of fa^ih" the sides 
and roof with brick at Is. (id. per square foot. • [tt —- ^-] # % 

62. Within a hollow tyhere of 1 ffoot radius is placed a right 
prism, the ends of which are equilateral til angles. The sidy of 
one of these l»eing Lfoot in length, and the surface of the sphere ’ 
being contact witT^all the six angMaf* pointsW thb prism, find 
in cubic inches tlu* volume of the lattes. 

> • 1 

63. A piece cf wood*is in the form of' a regular pyf&mid on a 
square base; the side of the base is 0 inches, and the jxapen- 
dicular distance t>f the vertex from the base is 8 inches ; find the 
number of cubic inches in the volume of the tfoo«h »Jhd the num¬ 
ber of square inches in its surface. 

64. A cylindrical Wler is hemispherical at its two ends ; its ^ 

rfldius is 2 feet, and its total length is 8 feet; assuming tha$ a 
cuhig foot of water weighs 62'5*lhs., find the liumh^of tons of 
«waty which will fill tlie boiler.* [T.jke tt —3T4.] % ^ 

65. *The height iff a conical tent is 7 k feet* anti it is to enclose 

200 square >ards qf ground Audi how nuieh canvas he 
required, [tt—-A] • 

* • 66. * The silk cohering of an umbrella forms a portion of a 
sphere of 3| feet radius, the area of the. silk liein^Wg square 
feet. Find the area of the ground sheltered Vrom vertical rain 
when the stidk ft held upright. [V 

67. Find the area of the surface (including the ends) of a 
^hexagonal priSm, whq& height is 8 ft., the l>a$e being ^ regular 

hexagon with a side of length 5 ft.* m 

68. The rifUii of the internal and external surfaces of a 
holloy sphwical shell of metifl are 3 ft. and 5 ft. respectively. 
If it *be melted down and tfie materifu^formed^ifto a cube, find 
au approximate value for the length of an edge of the cube. 

• % • 

69. Two cylindrica? vessels are filled with water; the radius 
of one vessel is six jnches and its height one foot, an<l # the radius 
of the other height inches audits height one foot and a half; 
find the radius of a cylindrical vessel eleven inches in height 
which wil^ust contain the water in the two vessels. 


15*-2 
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v 70. lining given that the .length euclr edge of a regular 
tetrahedron is four inches, determine!} to three places of decimals, 
the number of square inches en the 4 total surface of the tetra¬ 
hedron. " " , 

Also linAithe nunil>tT of cubic inches in Ijlie volume of the 
tet.rajiedron. 

71. A cylindrical boile*;, terminated l»y plane' ends, is in¬ 
ternally 11) feet long and 4 feet in diameter, and is traversed 
lengthwise by 50 cylindrical tire tubes, eachjl inches in external 
diameter; ilfitwdfino the'volume of water the cylinder c<yild con¬ 
tain, taking n to be ~f. i 

72. Supposing an ice held to exist round one of the earth’s 
jh>1cs, extending .V from the pole m all direction#, find the area 
of the ice fields in square miles, taking the earth’s radius to be 
4,000 miles,'cos 5"to lie *1)90195 and 

73. Find the area inclosed 'op,.200 hurdles placed so as to 
form a regular polygon of 200 sales, the length of eaeh hurdle 
lifting 6 feet. 

74., A leaden sphere one inch, in diameter is beaten out. into 
h circular sheet t/ o(. uniform thickness-^ n th inch. Find the 
radius of the sheet. 

,i * 1 t 1 

To." 'Find tin; area of the. greatest circle which can be cut out 
of a triangular piece of paper whose sides nr? 3, 4, f>, feet respec-. 
tivcly. - 

76. A conical'extinguisher, whose section through the vertex 
is an isostrles triangle with vertical angle 30’,'is placed over a 
cylindrical candle whose diameter is one inch, and rests so that 
the point of contact of the top of the candle with each generating 
lino of the cone bisects that line. Find ti e whole' inside surface 
of the extinguisher. 

77. The .radii of thij circular faces of a frustum of a right 
oone are 12 and 8 feet,.and the'area of its curved surface is 
2<W2II squaVe feet; find the thickness of the frustum. Show 
that the vertical angle, of the cone, of which this is a frustum, is 
29’51'46", 
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EXAMPLES. i. A. 

• * * * 

I. 14*811. 2 SI'KG'I. 3. *251)5. , JE2. lRn.Irf. 

5. £ii. 13s. i U. 

EXAMPLES. I. B. 

H* 

J. 53*42. 2. • *02055. 3. ;000460l. *31831. 

5. *1330. 

EXAjMpIeS.’ II. A, t 

1. (i) 17 ft., *(ii) 37 ft., (iii) ljj't.*2 i#., (iv) 1) yds. *2 ft, (v)jMihains, 
(vi) 370 links, (vii) 3 p. 5 yds. 0 ft. 6 in., (viii) 5 p. ftyd.^STETfi in. 
.2. (i} 21ft., (it) 77 in., (iii) 2 ft. 0 in., (iv) # 2l yfls. 2ft., 
|v) 2 chains 9 links, (vi) 9 chains 10 links, (vii) 2 ft. # 

3. 60 ft. • 4. 193 miles. 5. 00 lfliot4 6. 25*10 feet. 

7. 7 chains*23*links. 8. 17 miles. 9. 20 ft. ^ 10. 950 ft. 
11 . 15 in.; 20in. 12. 4in.; 5^in. 13. # 5 hours*. 

14. 6 miles an hour. » 

• 

EXAMPLES. II. 

• 

1. .360 ft.* 2. ^0 71 ft.* 3. 3 in, 

4 . 5 chains 74 links. #5. • 373 ft. • 6. * f55 yds. 1 ft. 8 in. 

7. 17 miles. 8. 20mil|s.* 9. 28^. 10. # 51 ft. « 

11 . 0*6 ft. 12. 02 ft. 13. 3£ft. 14 . 15 hours. 

15 . £1. 19*. 7d. 16. 15 min. 33 sen. 17. 33 ft. j 44 ft. 

18. 48 in.; 20*n. 19. 3*40 iij. # 20. 2*45 in. ■ 

'*1. 12 ft.; 5 ft. . 22. .15 ft.; H ft. * • 



EXAMPLES. III. A. 

«. ♦ • 

\ (i) 4-1 sq. ft., (ii) 1S2 sq. ft., (fii) 12f:i7>S sq, ft. , 

2. ' (i) 30 acres, (ii) 12^ acres," (iii) r6| acres, (iv) J/hOHO acres, 

(v) 1-89 acres. 

3. (i) 18s<j.fih 9s<j.in., (ii) 160Wes, (iii) 12-700acres, (iv)2r. Ip., 

(v> 47 ac. 1 r. 9 p. , 4. 13-22.7 acres. 

5. £170. ' 6. £3 1*. lOArf. <> 7/ £4. 13*. id. 

8. 544 sq.’ yds. 4 sq. ft. 9. lac. 3 ft. 9 p. 10. £15(5.7*. 
11. 53 ac. 0 r. 35 p. 18 tk[. yds. ’12. 17 ac. 2^. 21 p. 22 sq. yds. 
13.** 121 ac. f r. ‘if)*. 17 sq.'ycfs. 14. 1 r. 11 p. 29 sq. yds. '* 

15. £339. 3*. 16/ 44 ac. 2 r. 1(5 p. 2(5 sq. yds.; £2?. 8*. 4d.‘ 

' EXAMPLES. III. B. 

1 . (i) 15 fly,, (ii) 19 ft. 0in., (iii) 40yds., (iv) (58 yds. 2 ft. 

2. (i) 17 chains, (ii) 21 chains 25 links, (iii) 1(5 chains 0 links. 

3. (i) 17it., 1 (ii) 19-yds. 1 ft./* •>. (iii) 110yds., (iv) 308 yds., 

(v) 190 chains, (vi) 8 1 chains, (vii) 1820 links. 

52 ft - 5. 00 chains. 6. 15 min. 

7. £114. 19*. 8. 35 ft. 9. i-> chains; 5ehyi»S. 

'10. 09 chains; 17 fhains 25 links.* 11. 01 yds.' ( 

12. 212yds. 1ft. 13. 20ft. Gin. 14. 15chaps 25links. 

15 ;r ~»$8 yds. 16. 15 ciminsf 13 chains. 

17. JO yds. 2 ft. 9 in. P 18.' 7 chains 44 links. 

19. 12 chains 15 links. 20. 19 chains 00 links. 


' EXAMPLES. III. C. 


l. 

3. 

C. 

7. 

10 . 


16. 

19. 


25. 


27. 

29. 


3*i sq.ft. 2. 242 sq.ft. 

20 p. 19 sq. yds. 2 sq. ft. 4. 9 ft.; 108 sip ft. . 

05 fh ; 4680 s?j. ft. 6 . £102. 7*. Od. 

•18-4 acres. 8. 90 acres. 9. 25 min. 

£110.11*. * 11. 195 sq. ft. 12. 30 yds. 

1728. ' 14. 4 ft, * 15. lift. 

£3. w 4 17. ‘ £30. M «* 18. 269$ ft. 

31J yds. 20, 27 in. ‘ 21. £31.10*. 

58 ft.; 42 ft. 23. ,231$ sq. ft. 24. lift.; 42 ft. 

1 ft. 10 in.; 20 ft. 10- in. 26. 232 sq. yds. 

132 sq. yds. 4 sq. ft. , 28. 1400 sq. yds.; 444 sq. yds. 4 sq. ft. 
36Jyds.; 9s. 



9. 

11 . 
, 14. 
17. 
20 . 


ANSWEP 

IPLESl 
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.EXAMPLES? III. D. 


1. 10ac. Oi’ 17p. 2O0q. y*Js. i 2. 


1m ^ 

aba . 

IT m * 


V»- 


18 ac. 2i. 17p. 

"St. , 


7. 


s, 2 ft. 


15 chaitis; 13 chains* 10. 

12 chains; 5 chains* 12. 

50 chains; 40 chains. Is. 

£9. 11*. *18. 124 sq. ft. 

3S2 sq. ft. * 21. 1£2 sq. ft. 


' M>d 

8. #15 ft?; €0 ft. 

• • . 

4 5 ft. ; 8 ft. » 

72 min.• 13. 3<>ft.; 10 # ft. 

5 ft. • 16. 1ft. 

' * 19. *19 0. * 


, # EXAMPLES. IV. A. * 

1 . (i) 20 gq. ft , (ii) 48 sq. yds. 8 sq. ft., (iii) 1$ a<?rcf^ 

2. (i) 210 sq. ft., (ii) 9sq. yds. 3 sq. ft., (iii) 12*54 Here* 

3 . 110 yds. 4?. 8 iv* * 5* ( 1 ) 17 ft* ( 11 ) 10 chains. * 

• 6. (i) 272 sq. ft., fii) 7 sq. yds. 7 sq. f/., (iii) 1 r. 2 p. 7£ v n ’"Is., ^ 

(iv) 5*985 acres. • 

7^(i) 24ft.; 240*sq. ft., (ii) 5 chains 00 links; 1 848 acre. 

8 . (i^ 7 ft.* (ii) 84 chains. • 9. * 2 p. 

10 . (i) 2*4 ft, (ii) I* chains 7# links, (ni) 14/fft?* • 

11 . (i) 126 sq.ft., (K) 84 sq. * _ 

12. (i) 34 sq. yds., (ii) 22 sq. fda. 6 sq. ft , J[iii) ^acres, 

*(iv) 225 acres, (v) *084 acre. • 

13 . 12 ft. ^ 14. 20 yds. o 15 35 • 

16 . (i) 43*3^q*ft., (ii) 110*3 sq.ft., (iii) 27*06 acres. 

17 . 48 sq. ft. 18 . 120 sq. ft. 19. 25 ft. “ 20. . 13 ft. 

SI. (i) £16, (ii) £35.16*., (iii) 101,V yds. t * *' 

22. 25 chains; 7ch»fns; 117*84yds. f 

23 . £147. 10*.; 30 chain# 60 link#. 24. Sd. 

• 

. . EXAMPLES. IV. B. 

• • 

1. *1848 acre. • * 2. *721875 sq.Miile. 

3. (i) 2ae. 2r. 29 p. 10s<£^ds., (ii) 4 ac%Or. 38 p. 25^q.yds. 

4 . £9. 16*. 2d. * 5 . 12yds. 11 in. # 6 . 52ft. 8in. 

7 . 48 ft. lig. 8. 533 yds. 1 ft. 5 in. 9. 8*314 acres. 

10 . 75 ft. 11. 13 f^ 2fin. # 12. 6*32 in. * 

13 . 235 yds. 14 . *28 ft. 10 in. * 15 . 1492*8 sq. ft. 
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* 

AJNbW H.KS. , 

lb. 

5 sq, ft. 28 sq. in». 

* 17. 2). 28, ,V>ft.; 294 sq. ft. 

18. 

91, 104, 117 yds. 

19. y. , 00 ft.; 63 ft. 

20. 

65 chains; 60 chains; 2^chainV 21. 10fl c ; 8 ft.; 

22. 

17*ft ; 15 ft. yd ft. 

23. 21 It.; 17 ft. 

24 

20 ft. j 13 ft. 

. 25. 27-81 Mj.Jt. 

26. 

174d]ains 5J links. 

27. 17 an. 1 r i 1 ji. 8 sq. yds. 


( » , *• 

EXAMPLES. V. A. 

* l 

'l. (i) 108 sq. ft., <ii>10Jsq.ft.‘ 2 . (I)'214 an ft , (") 4ac. Or. 12 1 , 
, 3 . (i) 17kq, fKt (ii) 120Su'fi H. 4 . H ehaitis 33 links. * 

5. Hfi-tip HI. in. I 6. 2 ft. lin.; 2 sq. ft. 4> sij.in. 


7. 

10.,'t. *8. 85 ft. 9. 

CI20/2.S. 7d.r 10. 

360 sq. ft. 

11. 

4 ac. 2 r 19 p. 6 sq. yds. 12 

2 sq. l’t. 98*4 sq. in.; 

1 19 *32 in. 

13. 

6 s j. ft. 87-17 sq. in.; 23*7H in. 



14. 

30°, fjO?; 9 in. 15. 

60' ; 



EXAMPLES; V. B. 

t J 

r l. (i) ‘<J7sq.1ft., (ii) 37 sq. yds. r 2. 10 ac. 2 r. 10]). 

3. 209|“yds. 4. 10 chains. 5. l £5302. 10s. * , 

6. • £5. 7. 17 chains $0 links. 8 .» 750 aq. yds. 

9. 7 an. 2 s. lip* 10 . % frO'42 *[. ft. ^ ' 

EXAMPLES* V. C. 


4 

1 . JHOa.q. m. 

2. 

11 acres. 

3. 

61 ac. 0 r. 3*2 p. 

* 4 . £6*W9d. 

» 5 * 

210 sq. in. 

6. 

29 ac. 1 r. 24 p. 

7. 2 sq. yds. * 

*8. 

20ac. Or. 24 )>. 

9. 

234 #q. ft. 


10. .r.lfirfS'. ft. 11. £24.1*. 

12. Sac. Or. l(ip. 29sq. yd*. 13. 10-31 acres. 

14. 1418-53 sq.ft 15. llOjIlc.; 66y5s. 

16. 12%2 acres. ■ if. 3ft 1 . 

**• , 


. ’ EXAMPLES. VI. A. 

1. (i) 44in.,*» (ii) 22*in., (Ki) 41 ft., (iv) 29 yds. 1 ft., 

(v) 8 yds. 1 ft. Sirif (vilAp.f (vii) 45 chains 70 links, 
(viii) 6 chains 60 linkj. • 

2. (i) 42in., (ii) 11 yds. 42 ft., (iii) 10 p. 1yd., (iv) 1 chain 26 links. 

3. • 55 in*. 4. 7 in. ^ # jj. £29. 6a. 8d. * 6. 7 in. # 

7. 9 miles 3 furlongs." 8. 10. 9. 280t). 
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t , • • «J , 

lu. 30 miles an littur. • 11 . 30 miles an lioui^ * 

12 . *(i) 154sq,^in., (ti) 38£sqtin., (iii) 9sq. ft. 90Rq. iu„ 

(iv) 6 ^q. yds. 1 sq. it.,* »(v) 5 sq.jds. 7 sq. ft. 58 sq. i$., 

(vi) fl sq. p. llty sq.Jds., (\ii) 3 ae. >fr. 10 p., 

• (viii) lr. 15p. J3«31 sq.>ds. • # 

13. £42. 7s. * 1^. £5f07. # * V# , 

15. (i) 7in.,* (ii) 35 ft., Jin) 4 jd-^ft., (iv) 1 c\mwiC' 


16. 

6 in. 17. 

5 chillis. 18. 12 yds* 1 ft. 

*19. 17 in. 

,20. 

15 in. 

c 21. (i) 38£ sq. in., 

(ii) 962^ sq. ft 

22. 

(i) 418 m., (n) 1 frvds 23. <fe(n?q. in. 

•• 

• 

• 

24. 

5 fj. ft. 94 sq. 

m. 25. 2814 sq. yds. 


26. 

44 sq. in. . 

n. a. ii... 7<i. * * 

• 

28. 

£1«* 19«. Id. 

29. 

Site. 2r. 7 1'. 1 sq \d. 30. 80411m. II. 

>1 




EXAMPLES. VI. E. 

• 

• 

• 

1. 

10 miles. 

2. 70-028 y.K 

3. ' 

’ 3 111 . • 

4. 

184 miles per second, uoMly. • 

5. ' 

1 15 ft., 3ij it. 

•6. 

96 j acres. 

• 7. £2011. 12s» 

8. 

.364, 78 sq. 111 . 

9. 

8 86 in. f 

, 10. 1 chflm 11 Ini!,., 

11. 

:U4rf. .. • 

i2.; 

* £3.13... 4.1. 

13." 7 :<8. 

14. 

8 in 

15. 

y»- * 

. 16.. 2 in. ( 

y. 

4 ft. 

18. 

7 ft. , 

19. 1*4 sq. ^ll. , 

22. 1^itij. iy. 

20. 

*12 in. 

21. 

28 £ sq. in. 

23. 

2if m.« 

24. 

r>l- 

■ 26. 1: n / 2; 70-71 in 

26. 

9‘On in.* 

* 


EXAMPLES. VI. D. 


l. 


3. 


11 . 


12 . 


13. 


1 . 

4. 

7. 

1 °. 

13. 


50-26 ilk?; €108in. 2. 113 09 sq. in ; 226 19 sq. in. 

345 71 yds.; 3 99 acres. 4. # 49-49in.; 70 in. ^ 

33*8 in. 6. 70 in. 7. 462sq.in.; 1448sq. in. 

21 in.; 4*5 in. **9. 42in. 10. 27:30*27:32 

(tf a«.i HJ in., (n) i in.* 18$ in. 

(i) 4} in? login,, (i?) oft. 8m.; .'ill ft. 1# in. 

,2.> in.>24 in., 7 in. • 14. *13 in., 14 n* 



EXAMPE^S. VII*A. 

• 

• 

12 in. 

2. >ft. or 1 IS ft. ' 

3. 

loft. 10 in. 

1-21 in. 

5. 25 in. • 

6. 

Uyils. 1ft. 

9 in. # 

8. 1 ft. 3 in 

9. 

14 ft 7 in. 

44 -64 in. 

11. 17 *9 iti. • • 

12. 

28-28 in. 

1-87^ in. 

■ 
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, V 

1. 

22 in. 

EXAMPLES. VII. B, 

2. 24in. 1 * ?. L 

33° 45'. 

4. 

50° 24'. 

, 5. 105 in, ^ 6. 

52# yds. 2 ft. 

7. 

201°. 

8. 576 milf-s. « 9. 

14°-6. 

10. 

314V 

11 . 56 in. “ * 12- 

501 in. 

U 

20* ft. 11 in. 

14. 49(17 in. 16. 

48-91 in. 

16. 

2009in.; • 

0024. ‘ .. 

t 


> ' EXAMPLES. VlXI. A. 

1 . (i) 2J1 ac*ft., (ii) l 77sq.ft. 2. 30ac.Jr. 8p. 

3 J^in, , 4. (i) 272 sq. ill., .(n) 7 sq. ydf. 7 sq. ft. 

S. 84in.; 1S> ■ ' ' 6. 21ft. ' >. 7, 22 ft. 

8. 1 ohain 92-6 links. 9 - 

10 2ft 10ii'. 11. Klin. 12! 5 nnn. 

is. 39 2Tsq. ini !*■ -W270 »q. in. 

• EXAMPLE Vrfl. B. 

!. 7aq . j„. i. 10 01 sq. in. ’ 3. 7-53 sq. in. ' 

't 9-37 sq. in. 6. 5191) sq. in. 168'16 sq in. 

7 .. 82-53 aq. in. 8. ,17-li)sq. in. 9. V 568 s 4- <n - ■ 

10. 1-303 qq.,io.' 11. 13-27 sq. In. . 12. -57081.1. in. 

^ EXAMPLES."' VIII. 

1 .’ 9-06 sq. ill. 2. 13-73 sq. in. « 3. 34-76sq. in.« ' 

4 . 23 sq in. 6- 102-73 in. 6. 30-71 s?. in. 

" 7 . 4-53 sq. in.; * 8. 20-82 in. _ 9 • 78-54 sq. in. 

10. 50-^1 sq. in. 11. 42-06 sq. in. 12.° 0-16 sq.m. 

13 . * 8-62 sq. in. 14. 3-93 in. 

15 1 - 72 in.; 3828in.; 9-26sq. in. 16. ,-718in.; >18048 in. 

17 ! Win.; 28-2?sq. in. , • 18. <i) 21-54in.(ii) 1-54in. 

. EXAMPLES.' IX. 


1 . 


2. 

5. 

t. 

11. 


(i) 3m., 

(iv) 11 !n., 

(vii), 5 in.; 24 in, 7 
90 ft. 

2fJ. 4 in. 

5-625 in. , 

106 ft. 


“(ii) 17fti., (iii) 9ill., * 

.. (v) 12 in.’ 1 Ain., (vi) 7 in.; 87 in., 

(via) 29-Siivf (in) 10ft. 

,3. 55 ft. * 4. 30 ft.; 4ft 

• 6 . 4in.; 3-2in. \ 1-7in.; 5-iin. , 

9., 9V-5 ; 10*5; 11-25. 10. 20; 23-2; 28-8. 

13* 85 ft. 9inf 13. 1-73sq. in.‘ 
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1*. 

10-3$ sq. in. „ ie. t 

•• 1 

|10 sq.ft. • 16 . 3 in # 

17. 

*3-75 sq. in. 18 . # 

3-88 sq.^in. 19. 14-4 S q_ j n> 

20: 

210 acjes. # 21. 

MiOrt sq.^ds. t 22. 10 acres. 

23. 

704 /da? • 

24. £200. ’ '• 

25. 

7 lr * ‘ 

* 9 . 

26. 2<> in. to the m^le. * 

27. 

70*70 in.^ 

t 28. 87*73 in.; fu-iWin. 

29. 

47*25 sq. in ^ 

30. 230-4 sq.ft,. 

SL. 

128sq. in.; 1 sq.*in. 

• • 

32 ' 409lf* *. ’ 

33. 

503 ^q. in.; Hie sixth. 

# 34. 254f s<f, in.; 280-51) S(> in. 


1. 43-01 s<j. ilf. < 

4. £2. lfo. 7,1. 

7. 27-71 in. 


EXAMPLES. X* 

3. 43*2-43 sq. in 

5. £K(>. <)!. tut. 

8. 3-31 in. 


3. • 38-51 sq. in. 
‘e- 1(^00 in. 

9. fi-21*11. 


■ 10. 

202-81) sq. in. 11 . 

HKn. . * 12 . 1 

• 

13. 

283-17 sq. ft. 

, 1 0 , , ISO 0 ), 
14. no yt [- ft Ian — 1 

1 n 1 

15. 

$31-44 sq. in. 

18(^51 sq. in. ^ . 

16# 10 # in. 

• 18. 

19. 1558*845 sq.cm* 

« 20. 

/i , gl 80 °\ * „ 

n 1+CO.s* - ) » jnrcos 

V n J 

,30°. InO 1 ' , *9 

4 %- coll® ; iro*cos 4 - 

n # n 

J^l. 

J»39-23sq. in. B 

no - o180° 

22 . ti‘ cosee*-— . 

n 


n EXAMPLES. XI. A.* i 

1 . 

1152 sq. ft. 

2. 1 sq. ft. 30 sq. in. 

3. 

57 sq. yds. 3 sq. ft. 

4. '9 acres. # 5. 

6 ' 

12500 sq. £ds. ,• 

7. 113 sq. yds. 0 

8. 

63ac.^r. 24 p. t 

if. 2*4 sq. yds. 



112 sq. yds. 


EXAMPLES. XI. f. * 

1. >fr. 81-fp. 3 . lao. Or. 7-4p«. 3. 2no. 1 r. !> a 6p. 

4. 2ao. lr. 11-9 p. • V 17 oc. 0*r. 10-2p* * 

8. Sac. lr. 18-8 p. •» 7. 2r. 1-9 l» 

EXAMPLES. XU. 

1. 2-57. 2. -023. 3. -005. * • 

*« 1-55. . B. *2-63! * * 6. 5-96. 



23fi ' |NSWERR. • 

EXAMPLES. XIII. A. 

f. t 

1. 1300sq.ft. 2. 96 sq. ft.* 3. *10sq.ft. 


4. 

121J ft - 

5. 

l(k 

6. 

71 

Kj.^ds. 1 sq. ft. 

7. 

£3. 

8. 

7§ sq.pl? 1 M- 

ft. 


9. 168 yds. 

10. 

£3. 15*. . 

11. 

2 yi. 12. 

5 it 

i. 3 ill.; 165$ sq. It. 

13. 

£3 .7 s Ad. 

* 14. 

f»*. 2d. 15. 

100. 


16. 

(i)' 1ft. 3 in., 

(ii) * 

ft. 9 in. 17. 

1ft 

;. 1 in. 

18. 

(») 240 c. ft.*", 

(ii) 70c. ft. 1 




19. 

(i) 271 c. ft. 

1080.C. 

in. (ii) ft! c. vilf. 19 c. ft. 1431 c. in.' 

20. 

£105. 

21. 

400 gallons. 


22. 

25 tons. 

23. 

128 days- 

24. 

8610. 


25. 

450 gallons. 

26. 

ft «in-, 00 

1 ft. 3 in., (in) 5 ft. 4 

in. 

27. 

1 ft. 6 in. 

28. 

■*4 in. 

29. 

1 ft. 


5 




EXAMPLES. XIII. B. 



1. 

241 in. 

2. 

77 sq. H. 


3. 

1. 

2 111 ‘ 

4. 

\ in. 

5. 

21 a, 11 ft. 


6. 

13 ft. 6 in. 

7. 

25in.; 20in. 

; 15 in. 

8. lOiiu 9. 

16 ft.; b 

5 ft. 10.' 17 ft. 

11. 

12 ft., 11 ft., 

10 fi. 

•12. 75*36 in. 


13. 

31 m. 10 s. 

14. 

10 ft. 4 .it. 


15. 4*01 in. 


16. 

376 lbs. 131 oz. 

1*7 

304*8 lbs. ; 663*711* 

*18. 5.»*78in. 


19. 

2 ft. 6 in. 

20. 

16 ( sq. ft. 96 sq. in. 

21. 3 ft.; 

4 ft. 

6 in. 

; 7 ft. 6 in. ^ 

22. 

6C-53 in. 


23. 17*60 

in. 


** , ‘ 


24. I'M; in. 25. 4sq. ft. 99sq. in.; 1193-2c. in 

26. 34*64 in. 27. 12^sq. ft., 3c. it 12 c. in. nearl) 

28. If?. 4in. 29. 21 in., I6in. 30. 61 in. 

, * EXAMPLES. XIV. 

5 pq. ft. 2. 15 sq. ft., 3. £&. 

4. 48 c. in., ld8 sq. iy. 5. 810 c. in.; 4 sq. ft. 12 sq. in 

6. 62*016ounces. ^ 110 4 c.in.; 1 sq. ft. 8. *375 c.. ft. 

9. 15,000gallons. 10. 150 tolls, C 11. 13 ft. 

12. 2ff. 6in. , 13. 3ft.* / 14. 11£sq.ft.;2c. ft. 756c.i 

15. 15 in.; 996sq. in., 16. £1665. 

17. 7 in. 18. 900c. in. 39. 26*27 ft. 

i J . ' 

20 . 21 min. 56 sec. t 21„ 3t84jn. 22 . 9*5 in. 

23. 4c. ft. 245^c. in.; *171 ... 24. 15in.; 8in. 



1.* 

( 1 ) 220 nq.<n. 

2. 

(i) 2&if«q. in. 

3. 

14 in. 

6. 

( 1 ) 770 c. in., 

8. 

0(5 gallons. 

11. 

31 ft. 0 iif 

14.. 

6*G ft. 

ft. 

(57 lbs. 


• n 



1. 

1100 c. in „ 

4. 

308 sq. in. 

7. 

12* in. 

10. 

2-21 in. 

12. 

73(5*00 sq. 111 ., 

14. 

1009 tons. 

^17. 

•1 in. nearly. 

* 


' i37 

EXAMPLEs/xV. A.* 

, (ii) 30 ft. ( .)f> sq. in. 

, (ii) J3 sq. yds. u.sq. ft. Oftf^. in. • 

9 4.* £4». 12*. 9 5. 550 kij. yds. 

•(ii) 32 c. ft. 1 i 1 <•. m. 7. # 2(57^ lfcs. 

9 . £2722. 10s. • # 10. Sin., (n) 3ft. (Will 
12. 2(«Ht. t3. Sim. * 

16. 7r2Hsq.il!.; r. In, * 

* t 17. 477.2 lbs, ■ , 

EXAMPLES. xv.Vb,. 

2 8} sq.ft. & £10. KM. 

5. 1(550. 6. til ill. 

8. -00(5 111 . 5 # ;iiSin. 3fsoc. 

• 11 50-5 ft. # 

IS. 1885in. liuiuly. 75’5 oz. 

16. 2 in. 




15. 

18. 


i4t;-7 ft., im%ibs. 
1 in., or 2 in. 


II 

20 sq. ft. * 

fit. Its. 94. . 

• (i) 7 in., ( 11 ) 1 ft. 
2 tons 9 cwt. 12 i b - 
1729 lhsTl) •/.. 


EXAMPLES. XVI. A • % . 

• • . f 

* 2. 10*). ft. 3. «W[. ft. 1‘2*S 

( 1 ) SOc.ii*, oil 128c. in., (iyi 90 0 . in. 
7 . Mm 8 . I ft. (tin. 

]fi. fill. • • 0 

12. f43(i»q. ft. 

* „• 

. EXAMPLES. XVI. E. . 

2$Wysq. ill. 2. yt ; *in.. '3. 4(i H#sq. in. 

32 sq. in* 5. >1-31 in.; 443'4U sq. m. 

^l.jbj.Syi.; HIll’SS tij. in. # 7. 2ft.*J in. 8. #779c. in. 
■sin. 10. 7.00 c. in. •• 1}. # 10392 3c. ill. 

lft. 8 in. * * 1 J. “ 2122 .* 

1 13 S - 1 

-,a 3 c. in.; N - a* sfq. 


* <e&c c. in.; * JuVfl- 


1 .; . 

b-c-ifcW h^. ii»; 


ubc 4 


ii-b*+ + cW 
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1 a 1 ' . p 

16. 68 c. ft. 18-93 sq. ft. 1 . 17. —r m. 18 . Gin. 

s n + .i 

19. 10 in. 20 . 34-95 sq. in. 21 . -~~v e. ft. 22.' r SO ft. 

EXAMPLES. XVII. A. 

1. (i) 330 sq.m., . " (ii) 28 sq. ft. 38fiq. in. 

(iii) 21Gsq. ft. 70 sq. in., (iv) 3 sq. ft. 118 sq. in. 

2. lft. f 9in. 3/ 7 in. 4. £3. '.5. 01 sq. yds. 1 sq/ft 

6. (i) bOc. in., (li) OlGe. in, 7. (i) lft.' 9 in., 

(iii ; 1232 c. in., 4 (iv) OOic. ft. (ii) 2 ft. 4 in. 

8. (i) 1 ft., 3 ft. 1 in., (ii) 2 ft. 9 in., 5 ft. 5 m. 

9. 42 J gallons. 10. 149 lbs. 11. 2 tons 3 cwt. 24 lbs. 

12. 3-84 f t. 13. 17-32 in. 

14. r>r ft. 1210 c. in.; 15sq. ft. 40sq. in. 15. 329*12sq. in. 

example xvii. b. 

1. 389-56 sq. in. 2. 204-20 sq. in. 3. 1016-02 sq. in. 

‘ 4. 3-90in. 5. 27ft. ^ 1ft. Sin. # 

7 36-26 gallons. 8. *16 min. 40sec. 9. 32-(^in. 

10. 1822Jso.il.. 11. 1232 c. in. 12. 44*91 c. i^. 

13. 1914 sq. in. ‘ 14. .*i3 C3i).. 15. 4*M3c. in. 

c °l6. ’24-25in.; 14in. 17. 1 6*8in. 18. 9-5in.; 19in. 

, o 

L EXAMPLES. XVIII. A. 

'* 1. llO sq. in, 2. 6 sq. ft. 120 s-j. in. 

3. 10ro. ft. 56 sq. in. 4. 5 sq. ft. 96 sq. in. 

5.' 12 sq. ft. 70 sq. in. 6. 11*. lid. 

7. 148 c. in. 8. 130 4y c. in. 

9. ^i) 616 c. m., (ii) 2 c._ ft. ^02 c. in. * 10. 110 c. in. 

lx. 88 c. in. 12. 4 c. ft. 1712 c. in. 

EXAMPLES. XVIII. B. 

1. 5 sq. ft'.* §6sq. in: 2*. C22-2 sq. in. 

8. 3644-26 sq. in. i 4. '*376-99 sq. in. 

5. 200-43 sq. in. , 6. 4 in. 1 7. 105-65 c. in. 

8. 329-09 c. in. '* 9. 1575 gallons. 10. 28-6 c. in. 

lx. B4l*14 c. in. t 1?. r 667i c. in. 

13. 1 c. ft. 472 c. in. 14. 66-W in. r • 
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.NSW 

» 

J|KS. 


16. • 

w 

145-49 sq. in.* 

• 

: * 

v 3 - (n- l) c 

4 « 3 

•l7. 

18. 

2J^*y°ns. 

^19. 

3*2 pints. • 

20. 

21. 

G in. 

• , 22. 

10 in.; Sill* 



• • examples’. XIX. . • . 


1. 45 c. ii^ 2. 463 0 ». • * 3. 185 t<pis. 

4. 1284 sq. iu. 5.* 5773-5 c. m.; 1G<J0 sq. in. # 

7. 409} c. in. S. 3124#toils. . 9. 009 days. 

*10. ljft., 4ft.; 49 * 80 . ft.; 194 sq.ft.* .. • 


* h 

1 *Giii. 


'« -EXAMPLES. XX. A. % 

1. (i) 610 sq. in'., (ii)*38J sq. ft., (lii) 273 sq. yds. 7 sf ft. 

2. £23. 2*. , . 3. 261 sq. ft. 4. * 55 sq. ft. 

5. (i) 3{ in., (ii) 1 ft. 2 in. 6, #24^n. 

7. (i) 1437} c. in., (ii) 22}} c. ft., (in) 38'HO.t *.”in, . 

8. 735f oz. 2! 20-J#%allons. % lo. 86»gallons nearly. 4 

Jl. 840. .12. 5. ' . 13. 2592. 

14. 36816s. 16. 381} c.in. 16. 208} £>. 

. 17* 286 sq. in. * 18. . 47’7^sq. in. 19. 1945 oz. 

20* 5491b». 21. 101 -PUw. • 22. 951 oz. 

23. (if 3 in., (ii) 3*ft. 6 in. , • 

24. (i) 1437?c. in.,* (n) 22 c*,*7!l?e. in. ’ 

• , 

f.28. ( 9 ) 154 sq. in.,* (ii) 12} sq. ft. 26. '2 ill. * 27* -in. 

• *2 


N EXAMPLES. XX.«. • 

1. 2299*6*Bq.*in. 2. 11-31 sq. in 

3. (i) 2 : 3, (ii) *5230 : 1. 4. 104-72 sq. in. 

5. 32*48 s% in. 1 in. 7. # 14 oz. 

* 8. 4188-8 o. in. \o. 26*GJ cni^ ii.* 2J iu. 

12. fO'ft g^lons. J • 13. 3-3 cm. 

14. 2764-6 sq. in.; 25 gallons, nearly. m 16? -47lj4. 

18. ' 17. # 1 fj. *’. 18. *yt. 

19. 11-88 in. 20. fc-olcm. * 21. 22-6 i«. 

32. 7’34 in. 33. 1 in. nearly. • 24. 1 cm. 

25. 3-6 in. # 26. 1-1 in. * 27. in. pearl 

% # 28. 8 oz. 5 dwts. 29. 2*04 9 in« # # 30. 1*37 cm. 

31. 1$ in. . 32. *1-77 cm. 



ANSWEKS. 


' 

fiXAMPLES. XXI. A. 

1 . (i) 110 sq. in., (ii) 11 sq. ft.. ; 2. (i) I’lOsq. in., (ii) 2J sq. ft. , 
3. 44 sq. in. 4. {<) 113} sq. in., (n) 7sq. U. 98^ sq. 

5. 37 sq. ft. 62 sq. in. 6. 4r»*»1 sq. ft. 

7. 27 sq. ft. 13f> sq. in. 8. (i) 34 (; c. i..„ (n)201c. in. 

, 9. (i) 132 c. in., (iiVHlOJ c. in 

10. (i) 409-Jc. m., (ii) 2 c. ft. 10H c. in 11. 154 ;i c. in. 

12. 3358* c. in. . 13 8125:1701. 

* EXAMPLES. XXI. 3. 

1. (i) 62-83 sq in., (m) 10 sq. ft. 52 s<^. in., (in) 31-416 sq. ir 



(iv) 157*28 sq. 

in. 2. 2011 sq.ft. 3. *2647 

4. 

Distance of centre, 8 ft. 5. 

42 ft. a.* 099 lbs. 

7. 

- . 8. r 

l 

*87 in. 9 

13 cm. 


9 10 


11. 

904 82 s?{. in. 

; 2r.2*75<• in. 


12. 

1263-1 sq.in. 

.. 13. 

•1464. ; -0580G . 



EXAMPLES 

XXII. A. 

1. 

16 : 9; 61>i 

r. 2 125:8 3. ‘30625. 

4. 

11 : 9. 

5. 15 ft 4 l.i. 

6. *J1 lbs. 

/. 

u.iiii. 

8 75 : r «6. 

9. 161, c. in. 

10. 

2-47 m. 

11. 12 23 in. 

12 0-1 • l r n 

13. 

1 :7. n . 

14. 1:7 : 19. 




EXAMPLES. 

XXII. B. 

1. 

(i) 847 sq. ii: 

i.; 741J c. in., 

(ii) 75J sq. in.; 33-08C. 


(iii) 154*88 sq 

. in.; 54*21 c. in. 


2. 

6^*8 in.; 15*4 in.; 18*2 i;.. 3 

•28 iii. 

4. 

4jrr; r (4?r 

,1). 5. 3jr:4;9:lf,\ 



examples. 

XXIII. 


1. 43 ac. 1 r. 8 {>. 0*7 sq. yds. 2. -1-331 yds. 

3. 439 98 ft. 4. 15-925 in. o. 3r. 34p. 22-6 sq. yds. 
6. 15958 sq. in. * • 7. *60591 ac.—2r. p. 28-6 sq. yds. 

8. 13-365 in. 9. 1^7-^2 sq. ft. 10. 2626 sq. ft. 

11. 30614*7 sq. in. 12. 17625*7 sq. yds. 13. 48° 35'25". 



* ^ i Aitawras. ^24’ 

• • • T 

205887 m|. in. # 15. ^1)28-33 miles. #6. ^ 

17. ' 15)5000 gallons. 18. «32> 203 ij). 1$' 100,000 shot. 

„2t). 1025^6 c*in 21. j»4!)14i|j. £2. 105-min. 

23. 12*ffiffiin 24.^ 32661201*. in 259* 33’<J'10". 

£6. 11198*11*. in. , «7. 5-f* 28 28"2.*£'lB". 

29. 148(104 02*. 30. 268*.272j£tlt»n 31. ?176H5m. , 

32. .14° 1(1' 33 ^30 in. **, 3* 3923*0(fce. it. 

35. 8250)28 c. in 36. ^37 57:14 ill 37. 44'' 85' 47". 

38. 3*79720 in. J9 70 : 81'48" . 40. 111!! 1 28' 17". 

41. 1-J7808 in. 42 Mi'i:212in. :‘]A7 *i;Im].4«. * 

•43. 2lli 33'51". .44. 395.IIWIftliy) 4885*38 wj. ill. . 

45. 100 in.; 1 8* II" , * 46, ll*HS3J8in.;*l*!M7H«»in. 

47. 70,567 tuns 48. (I*4s,*!85 m. 49. 1SU4oz. 11 ,hvt. 

50. 100 tim.'sr • 51 115 171c. in. m ‘ 

62. 801*911 si|. in.; 1705 68 i*. in 83 I:i059*3 *|. i«.^113097 c. in 

* « , 

. BXAMPLES. ’’kxtV. 

. • • £>eotion f. 

" ‘ , ’ ; . 

A. 1. V^ll. 2. ,lli*0(5«q. IT. 3. 204ft*, , 4. 40 ft 

5. (i8mi. ftj 6. ,282150 h'*ll»ns > 7. 14319c. ft.; 3465 aq. ft. 

8. 9 ft. 9. 1000. * , 10. 25 in. 

.»J?* <i*25, l.i 75, 11,3*75, 231*25 .*, II 13, 10 It 14 *12*71<*res. 

u* 15* 12 ft. 16. 4*1.10. 17. 250000 gallons. 

18. 144ga!l^is. 19. 19800000 galfcns.J * 

20. 10290 Slf.fff.; 125 ft.; 82*37 ft. 21. 173* c. i^ 

22. 16*H75ilt. 23. 45. 11s, 94. 24. 157-W sij. L. 

25. 11*. Id. # 26 150aq.yds.3wj.fi. lt)8sq. in. 


27. 

115-5 sq. in., 

205 * sq. 

.in. , 


* • 

28. 

8 #z. f> dwts. 

29. 

J)9?*92 \ us. 

30. 

014 : 15)15. “ 

31. 

08-02 sq. In. 

32 

.8200*811*. in 

% * 

3044 $: 

2 8<j. yi. 

33. 

7-21721 acjt s 

t. 34. 

f 32-yisq.in # \ 

35, 

1 

36. 

31-5 sq. ft. 

37. 

•i-S-fh c. ft. 

1 

• 


C. 38. 4020. 39. (^chains; 2.J chain % 40. 3 : 1 : 5. 

41. 1214 yds. * 42. 21-240. 43. -.til acres/ # 

44. £1. 10tf. 45. 408 ft. f # 46. # 2 yl. 47. 10. * 

48. 31-05 gallons. 49. 35-30 oz. 60. 125-71 h<j ft. 


H. K. M. 
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ABATERS. f r 


51. 

1 197*7*2 c. in. ‘ 

52. 47rd; (4ir- r l)</. * 

* 

54. 

4200 0 . ft. 

55. 2(-02 o.'in. 1 56. 

1,26 c. ft. 1152 in. 

57. 

22*48 in. 5§. 

30-16 c. 111.; 62-Vw sq. in. 

59. f fl63-89 sq.’ir 

D. 61. 

£198. Us. 

6?. 44359-64 sq. yds. 

63. f 1869-73. 

64. 

42,ac.' 1 r. 20 p. 

65. £10. 10#. 11^(1. 66., 

11581c. ft. 1332 *n. 


198956300 sq. mi., nearly; 263883000000 c 

. mi., roughly. 

68. 

19kc. 3r. 2-Bp. 

«9. 9 ac. 3 r. 39*58 p. 

.70. 6 ac. 3 r. 

*71. 

1-3V5 acres. ‘ 

72. 0-873 acres. 

73. 66360-59 c. in. 

74. 

4 ft. f 

75. 48 c. ft. c 

76. -52 c. ft. 0 

' *7. 

212 c. ft. rf 

f 78. 429-63 c. ft * 

79. 128-03 c. ft/ 

JO. 

2 - 4U acres. 

( 



*. p ‘ 


Section II. 

A. 1. 3-33772% 3-W262; mean=3-340495. 2. 9 54 tons. 

*3. 2*534in, 4. -52 in., nearly ; t -8Bin. nearly. 

5. 19:7:1. 6. ?o ‘21 y8a., 38*105.yds., 30-403yds. 

^ 7. 3§6425 lbs. = 172 tons lOcwt. 25 lbs.' 8. 6*48 in. 

9. 1341/3 sq. yds. - 2 ac. 3 r. 3 p. 2*25 sq. yds# 

10.* 784 sq. ft.; 23 ft. nearly'. * * 11. £5. c 10#. 

12. 4*G9 ft* r* '• 13. 59-55 c. ft. * 44. £466. 7* Id. 

^IB. JL*°27sq. in. * r ,16. 643000. 

17. '*2130-62 sq.ft.; 12016-frc. ft. 18. 21-7 in. 

19.' 12jta 6-6 oz. *>. 1612*5 sq./t. .... 

. a. 4*^89c. in.; *524 c. in. 22. 1*3 ft.; 8*16816ft. 23," 4 in.' 
' 24 . 933*59 c. ii;**.; 1581*70 e. m. 25. 4/33. 17s. 3<1. 

26i 573f,* in. 27. 37*7 sq. in., nearly. 28. *56*57 sq. in. 

29. 1 143 ytls. 30. 10*5 in. 31. 950 sq. yds. 

32. 9*42 c. ft. ' 33. 93*98 sq. in. , 34., 1889*67 sq. ft. 

35. $2*4 sq. in.’; 14*941 in. < 36. 20 ft." 37. 1*24 in. 

3? * 1 in. r 39. 183*26 sq.'ini 40.. 13'in.'nearly. 

42. 39*37«ft. ]>er minuVi. 48. 3*36 ft. 44. 4*06293 in. 

45. 1*819 ft 4 ;,9 in. 46fU084 grammes. 47. 8*29in.;237*fisq.in. 
48. 225 nearly; 113*1*sq. in. # # 1 49. 1856 os. 

50. 119*7299c. in.; 8B8-1091 c. in.;/fl)2*625G sq. in.; 307*8768sq.in. 

B. 51 . 233*509ft.; 239 tons. 62. 165*748 i. yds. 53. 960*08sq.ft. 

6*. 19*21*4 o*. ' 55. 101548*26 sq.ft.,: 1129*01 ft. 

56. jj of height of vessel. • 51. *22*6544 sq. yds. # 

53. in. nea|iy; diameters 3*4648 id.; 4*4097 in.;,height 6*609^in. 



• ! ? ISWERS, . J^4l! 

’ _ •» ' 

09. ' 133-785*ft. , 60. -292187 tons. , *61. * £WWT:\** «*. 1 

62." 1221-88 o. in. 63,* 96 c. ia; 138-528.sq. in. * 

64. 2-33j31 ftnis. 66. ^09-58*9. yds. 66. 13-2098 sq. inT 
67. 19»7*5 sq. ft. 6% 7-432 ft. * $9. 1 ft. * 

,70. 27-713 sq. in.; J7#2 <4 in. ,71. >151-74 c. ft. 

72. 382674 sQ. miles nearly. 73. 114582 *q. ft! 

74. 4-0825 in. « €5. ir 8^. ft. 

76. 12-188 *sq. in. 77? 15 ft, 
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